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PREFACE

This study is one result of RAND's continuing interest in the
electromagnetic effects of nuclear explosions. It is & contribution
to theory, and may be of interest to students of systems intended td

function in the environment of such explosions.



SUMMARY

This Memorandum presents a theoretical expanding electromagnetic
field structure enalogous to that produced by a nuclear explosion.
The model displays time-and-space varying conductivity and current,
but can be solved analytically. There ere certain long-time non-
physical effects, but the fields are plausible for en interesting

portion of the time scale.
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There have been mumexrcus investigstions of the electromsgnetic
fields produced bWy nuclear explosions. The nomal procedure is to
develop a model which is reasonably close to physical fact, then £ind
an epproximate mathematical solution to the model. This approximate
solution may be purely mmericel, which may lead to considereble
difficulty in ascertaining how the results change as the persmeters
of the problem are varied.

The major physical process occurring in atmospheric muclear
explosions which gives rise to electramagnetic filelds is mam~uniform
production of charged particles. The gemme rays from the explosion
will be sbsorbed in the etmosphere, and will produce Compton electroms.
‘Motion of these electrons corresponds to currents, end the atmosphere
is also remdered comducting. The tims end space variation of these
currents then produces electromagnetic flelds. Also, the process is.
campliceted by the earth's megnetic field, which deflects the electremns
to produce additional currents.

This combination of processes is sufﬁ.ciqnﬂ;r camplex that it
appears worthwhile to study a model which vetsins certein features
of the physical situatiom but is capeble of being solved enslytically.,
Although the approximation to the actual situation is very rough, and
there are certain non-physical espects, still the feature of time end
space varigtion of conductivity and current- is retained. Such &
theory is of considersble msthematicel interest, over and sbove the
direct physical applications.

In a low-level nucleer explosion, the gamme rays will be emitted
with V-amroudme:be spherj.cil symnetry. The scale height of the atmos~



phere is ebout 8 km, so the varistion of density with altitude will

be neglected. Consideration of the proximity effects caused by the
presence of a conducting esrth is exceedingly camplicated. The

effects should not producé more than & factor of 2 difference in the
rasults, so they also will be neglected. As the gsmme rays are
scattered by the atmosphere, they produce Compton electromns, which
retain g large portion of the momentum of the gamma rays and therefore
principally move radially outward. These fast primary Compton electrons
produce slow-moving secondaries by ilonizing the stmosphere. The
secondaries will perfomm three-body attechment reactions with oxygen

maolecules, wheare the attachment time constent is about lo'8

sec. Ths
-major paxrt of the atmospheric canductivity cames from these secondaries.
The earth's magnetic field will deflect the electrons. BSince
the deflection force is proporticnal to the velocity, the primaries
suffer greater deflection. However, the electron gyration frequency
in the earth's field at sea level (0.5 gauss) is 1.k Mc. The distange
the electrons move in an attachment time 1s thus a smsll fraction of
a8 gyroradius, and the deflection may be regexded as a streight line.
Taking the field €6 be vertical, the deflection will be azimuthel.
A secondary magnetic field will be yroduced by this azimuthsl current,
mdanazimubhalelectricﬁeldwuldsvelop_.toopposethembim.
Take a system of spherical coordinates, with the origin at the
centar of the burst, and the pole in the direction of the earth's
field. There will be redial end azimrthal componsnts of current.
The radiel current, arising from the redial motion of the primary

end secondary Comptons, will be a function of distance and time only.



The azimithal current is proportiomal to the campouent of the earth's
magnetic field perpendiculsr to the radial direction, snd therefore
to the sine of the colatitude, as well as depending on distance and
time. The secondary magnetic field will also produce & deflectiom,
but this deflection is a higher order tem.

Under these conditions the Maxwell equations split imto two
groups, one containing the rediel electric field, the other the
radial magnetic. This is akin to the separstiom into transverse
electric and transverse megnetic weves. o latitudimal electric or
szimithal magnetic field will be generated. The radial electric
fleld equation states that the time rate of change of the redial

_component of electric fleld is proportional to the total redisl

current. MGcmmbismde@ofaaErtmaﬂadnﬂngcmt
term. The equation is & first-order linear oriinary d4fferentiel
equation, which may be solved immediately, and will not be comsidered
further. 'meaecmﬂgror@ofequaﬁmsinvolwe;theazmmm
electric field, the radial end lstitudinal magnetic fields, and the

azipnithal cwrvent, and appeers as follows:

1 ) a:Br
TS oM OBy = - g S
3B o
1Ere - (2)
12 1B,y &

vhere MKS units have been used throughout,



The problem is to solve these equations with the appropriate
dnitial conditions. Since the situation is & spherically expending
f1eld, when t < % the electric fleld, conductivity, and current
venish, vhile the megnetic field is uniform and equals the earth's
‘magnetic fleld B. The sngular dependence is esteblished for ell
time by the factor sin € in the current. A representation vhich
integrates Egs. (1) end (2) is:

g, = 28 2 w(s,r) ()
By = -Bain 8 + E28 L w(s,r) (5)
B, =B cos 0 - 2298 8 p(s,r) (6)
r
wvhere F satisfles the wave equation

The analysis to this point has remained reasonsbly close to the
physical situation. However, an attempt to solve Eq. {(7), vith the
appropriate initial conditions, for the actual functional forms of
conductivity and current leads to very great complications. Accordingly,
the model to be further developed here will use functiomal forms for
conductivity snd current which permit analytic solution of Eq. (.
memquenﬂyuaedfomre@xdsthecmduﬁﬂﬂtyasinﬁnﬂemside
an expanding sphere snd zero outside, with which form Fq. (T) vecomes
quite simple. However, the physical structure is such that the con-
amuwmmwaumpmmmnfmmmm
electrons arrive, increase repidly to & maximm, and then decay in
sage manner with time. .A Punctional form of this type which still



permits analytic solution has been found by sscertaining the conditions
wnder which Eq. (7) possesses a "similarity" solution. The initial
conditions are that F and % vanish for r =2 ct., Let us sttempt to

find a "similarity" solution of this equation of the form:
F =12 ME) = 1F Al2) (8)

The initial conditions are satisfied by setting A = 0 for z = 1.

When this form is substituted in the wave equation, with primes repre-

gsenting g derivetives, there results:

(l-za)A"+(%-22+uccr)A'=*-‘-—;i (9)
A

‘For this equation to depend only on z, the conditiomns mist be imposed
thet

cu-ﬂ( )==-¢(t) (10)
3 =23E) = 330) @

The physics requires thet at z = 1, o has & simple zero, and J
a double zero. Since the conductivity and current must venish at
large times, ¢ and J must venish at z = 0. Equatian (9) can be
solved anglytically; the result being:

1 (1 2 “[ 1—!
-zl) dz, 3 42 J(za) d:l;2
A(z) = - NN —
L
1

o (l-z )

(\

(12)



The conditions on ¢ and J make all the integrals comverge. The field
camponents are given by:

Eq’ = -c 8in 8 £ A’ (13)
By = 5in 6 (~B + 2A + zA’) | (%)
B, = cos 6 (B - 24) (15)

The conditions on o and J meke A’ bounded at z = 0. Therefore,
Eq’ tends to zero, andBe andBr combine to produce & uniform field,
whose value is changed from B to B - 2A(0). For ¢ close to unity,
AEcPand -cA‘Be are approximately equal.
The simplest form for ¢ end J which satisfies the several

conditions end permits simple integrations is:

o(z) = a, (1l - z2) (16)

3e) =7 =(1 - 22)2 (a7

These tend to a constant ratio as z approaches zero, which reassonsbly
correspondls to the physical situation. The parsmeters % and' J'o are
constants.

The peak value of the conductivity, obtained by differentiating
Eq. (16), 1s .386 o, which will be telen to match the peak condue-
tivity st & distence of 1 km from & 1 MI burst. The conductivity
equals the product of the number of elsctroms per cubic meter times
the elsctron charge times the mobility. Experimemtal date indicete



that the mobility is about 0.2 metersz/volt sec. .The number of
elsctrons pexr cubie meter may be caloulated from the expussiom(l)

% ,
a(r,t) = 4 x 1017 '::“E ny [, as'e(ed - I o B(t-t)  (1a)
r

N

vwhare A is the mesn free path of the gamme reys in air et sea level
in km, r the radial distence in km, Y the yleld in KP, 7 the fraction
of energy emitted as gamma rays, B the attachment rate of elactrons
to oxygen, end £ & function describing the temporal variation of thé
ganme ray production. Assuming en exponential rise end fall, with
reasonsble constants, the peak value of n at r = 1 km is ebout 2 x
107 for a 1 M burst. The comductivity is therefore sbout 6.6 x
1073, 50 the constant g_ will be teken to be 17 mho. This mmber
should be regarded only as representative.

At long times, the ratio of current to conductivity tends to

e constant. Again, using Ref. 1, the constent is determined by:

To .o B (29)
E&;ﬁ m & cp
where e is the alectron charge, m the electron mass, ER the mobility,
R the range of the Comptom electrons, mdp.thnsecondar&elec‘bm
mltiplication factor. All these are lmown constents, end the ccmbi-
mation is equal to 0.1. The constant J accordingly is 2.6 x lol"

amp/meter.



The comductivity o versus distance r at varicus times and
versus retarded time at various distances is plotted in Figs. 1and..
2, and the current in Figs. 3 and 4. While the qualitative behavior
is correct, the time variation i1s slow compared to the actusl time
variation. The characteristic time is on the order of microseconds
rethex than shakes. However the results shouwld still be worthwhile
in showing the transition of the Pields from the early to late time
structure.

When the indiceted functional forms are substituted for ¢ end
J, Eq. (12) becomes:

L}

1 zZ

1
' ~-Zme co(zi-zg)
Alz) = =u I L

1
L 23z, e (20)

2

(1 - zl) dz,
ot

1

F‘orthelisbedvulme,a:%-pca°=3x103. The integrael over

Z, WAy be pexformed essily, and ylelds:

1 > 2
3 1-2%) az
Az) = 'i_% ¢ z%) 1 (azf <1+ e'az") (22)
2sa

“
The explicit evaluation of this integral involves error functions.
The result in full detail is:

i - 2
Ll-z)acsaza-az-g_igazhgz_-x) e
30z a5

J
A(z) = -E%—

L*%(1+3).°'a‘;‘/§(1+§a) (erz /& - ext Ja z!l
' (22)
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For z > ,07, the temms involving exponentials and erfs may be
neglected, since all arguments are greater than 5, Thus

J 2
Me) = - o Loz) (1%#) 2> .07 (23)
2
bl Leay L, (24)

'.r\

To within 10 per cent » the field components are glven by:

~

E, = - .1 eB(1 - %) sin 6 (25)
By =~ B (1- 2Q1 -'zz)jjz_- 1)) 8in 8 > =z > .07 (26)
2
® B =B (1+'—111—22L) cos © . (27)
J

For z very small, the limiting forms of A, A’ and the field com=

ponents are:

A(o)u-&-‘@.lBu-TB (28)
A’(0) = .05aB=1508 (29)
B, = =150 c Bz 6in 0 (30)
By = - 15 B sin 8 (31)
B, =15 B cos @ | (32)

The magnetic field tends to a uniform field 15 times the strength of
® the unperturbed field, while the electric field tends to zero with



i

large mitiplying constent. Such conditions camnot be & close approsch
to reality. Thie long-time behavior represemts s nou-piysical
sspect of the'moﬂ.el.

The electric field rises 1o & maximm value of «096 ¢B, which
for the earth's field is sbout 1.4h kilovolts/meter. The peak is
near azl":l, which for a = 3x103, r =1 kn occurs et t = 25 micro-
seconds (22 microseconds after the leading edge of the pulse arrives).
The rise is quite rapld, theﬁeldmachinghalftbspeakinom
microsecond and nine-tenths of the peak in 6 microseconds. The decay
is much slower, being down o nine-temths after 55 mieroseconds, and
taking until 130 microseconis to the half-field value, The nagnetie
" fleld exhibits a leng slow rise to the large asymptotic velue. The
electric field in kilovalts per meter is plotted in Fig. 5.

The reason for the large magnetic fields at long times is the
large megnetic momertt of the canfiguration. A current distribution
of the indicated type has & megnetic mtproportionaltot3, end
the results cen be expected to be singular.

The enalysis of this section cen be generalized to more compli-
cated angular dependence. A gemeralization of the wave Bq. (7) to
wider engular dependence is:

Fr,1 2 1 ¥
W BT F W= uone) §

{33)
+ 1 J(x,%,0 )]

(\
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This may be expanded in Legendre polynomials as follows:

F =Z Fn(r,t) g@ Pn(cos 8) (34)
1
7=Y 3(rt) & B (cos 6) (35)
1 g
3 3% - o
aran _ n(nrg 1) F_ = i-.é.. géﬁ +u I:a &’3 + rJn(r_,'l',_):I (36)

It has been assumed that o is independent of 6. Now try a similarity

solution as follows:

g = % a(z—t = % o(z) (37)
3, =25 () (38)
Fn = rn+; Fn(z) (39)

When this form is substituted into Eq. (36), there results

" nJ
-y [M 2+ peota)] 7y - Lpm (ko)
Z
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The solution of this equation and the ususl initial comditioms is:
z

1
” -pcf 0’(Z3)6.z3
1 1 — s
22)n dz ) (z,)az l1-32

_— Q-z) a 2 Ta\% % T2 3
n- " H n+2 2\n+1
z; (1 - 22)

Z [+

(41)

This expression mey be inserted back into the expressiom‘(3k)

angd, the sum over n performed. The result l1s:

P(r,t,0) =

-,

T 2,

L plag(1e®)? P 1-25) r2y(1-cf) |
-wsiﬁi%;_l_’._flmme”(_ﬁi_;_:;_;)
(e) zl(l-za) ( )
ct

(k2)

The complications of this result are sufficient that no further
use has been made of it. The condition of velidity is that J possess

en expression of the type indicated

E: n-2 5 \EE) gﬁ Pn(cos 9) (&3)

This can be regrouped into a power series in ——, yielding

- }E Z ( ) u (r,0) ’ (k)

where K 'is a solution of Laplace 8 eqpation. This indicates the degree

of the generalizatiom.
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The model presented here is of both physical and mathematical
interest. The physical situation is governed by & munber of time
constants, which in incressing order ere: (1) the time constant
€/s associated with the megnitude of the conductivity, (2) the attach-
ment time constant, (3) the rise snd £8ll time constante associated
with the electron production, (%) the reciprocal of the electron
gyrofrequency. The relative valuss of these have been preserved in
the model, so a rough correspondence with the physicel s;tuation
should also be preserved, even though the mathematical functional
forms have been changed.

_ There are certain nonphyoicel aspects to the model. The
functional form for the conductivity is equivalent to an electron
charge density which incresses logarithmicaelly &t large times, which
condition of course cammot occur in practice. However, the conduc-
tivity model is less singular at the spece origin than the usual
'models, 5o there 1 & partdel compensetion of singularities in the
modeling structure.

,_’\
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