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The EMP Fields at the Surface of the Ground and Below the Ground
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Abstract:

T oy

This note describes the calculation of the EMP magnetic field below
the surface of the ground and the radial electric field at the surface
and below the ground. These calculations proceed from a knowledge of 3
the magnetic field at the surface of the ground. We shall consider the 3
propagation into the ground of electromagnetic fields typical of those 3
generated by a nuclear weapon detonation.lsZ From the onset, we will J
work with the Laplace transforms of the electromagnetic fields, and -
develop the necessary inverse transforms which will allow us to calculate j
the radial electric field and magnetic field below the ground by perfomming
a single integration. The ground is assumed to be a flat half-sphere with

the electrical parameters € , G andF .

i. The Magnetic Field Below the Ground: Maxwell's equations for the fields

in the ground, ,

Ux T x = —S}L(G"+se>ﬂ o

may be expanded in spherical coordinates into the form (with the assump-
tion that H$ is the only magnetic field component):
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d in the diffusion approx-

lrhe problems we shall consider have been treate
“"E.M. Pulse Fields

ijmation by Dr. J. Malik in Los Alamos Document J-13-459,
in Dissipative Media™.

2rhe diffusion approximation will not be made in the following development.
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The assumption will now be made that the fields change much more rapidly
with depth into the ground than they do in the horizontal directicns.

The mathematical requirements for this assumption will be stated later
in this note. Then equation (2) reduces to

S (T+ se)ﬂgs
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pefine a new variable, 2, such that,

z = ¢ cosb (4)
d . rSing d
- — (5)
de Iz ’
and L CP— = -2 CDSQaCi e 3|V‘\L9 dl
r> dp> r F3 dz* : (6)

By the previous assufption,

L4 & snedt oA d°

= dg= T dz* dz> 7
Then equation 3 becomes 4% ﬂg — S/Af (T+ SG.)‘ ﬂ-¢
dz*

whiqgh has the solution __
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As Z , which is negative below the surface of the ground, becomes large
in magnitude, this solution must tend to 0, hence

®=o0 (10)
If we know H¢ at the surface of the ground, Hy (0), then
JShErsey =
Bz) = fp0) € : (1)
II. The Radial Electric Field Below the Ground

From the radial component of Maxwell's equation

vx B = C¢+Se)€ 3 (12)
we find that
L a_é _;_;CDLQ = (T+s€)E. . (13)
-

Again, by assumption, this is approximately

' dfs = (G+se)E.
~ - 14
~ de . (e
or, using the 2 coordinate,

. . . % .
ait (15)

Using equation 11, this just states that
P (16)

Ei—(i) - 1it(o) JS%A(G“+S%) =

JG+S€



In particular, at the surface of the ground,

—_— e

8r(0) = *Hgs(o)_\ﬁpt_

\\Tﬁ- se (17)

III. Mathematical Form of the Assumption Made on Sections T and II:

The requirements for self-consistency of the assumptions may now be stated:
For equation (3), the requirement is

PRETN
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Z aﬂ,, 5 F OH y CojrB\‘S}*(q"’Se)ﬂqs . esclel‘bjél
or or* r
< | rsm(T+ Se)‘ﬂdl
(18)
for equation (7) and equation (15) the requirement is
| J N\ ' 2.
1| aose I Speerse)| (¢ | Sulse)| swb
v - (19)
and | an’e & 1
% . (20) -
The approximation leading to equation (14) is
act ® << JS/U«(¢+S&) . (21)
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Several of these approximations are wvalid by virtue of the fact: that
8~ W/2, The rest of the approximations will certainly be valid
when €> €. or T >>ise}.

IV. Fields Below the Ground in Terms of Convolution Integrals: If

the equation relating two variables in terms of their Laplace transforms
is known, for example

Exz) = 7Z(z)ﬂ¢(o).

(22)
then the dependent quantity may be expressed as a function of time in
terms of a convolution integral:

t
Er({:)‘t) = { N(az)lg (t-+,0)dv ,
(23)

wvhere E H-_ z) U(‘L i) flV\Cl H @ 0) are the inverse Laplace trans-
forms of the orig:.nal qua.ntities. Thus, these inverse transforms must be
found, and then the convolution may proceed. We shall assume here that

Hg (1,0) = Hg It) is known:

A. Er (t,0) as a Convolution of Hg (i’.)

From equation (17),

Encse) = Mg
where ‘)Z(s) = ‘]_—SB____ . (24)
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Hence, to express E- ('t)O\ as a convolution integral of Hg ({;)
one needs the inverse transform of ﬂl(s).
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1 TR { "“‘*q/ie)v L - =2 ]
e Li(s+%e-(Yae)" [ (ss Ye) - (%ee)

[ (s+ Ve ) - .J(9+¢/:e)"- (%e)L
J (s+ Vae)* - (Tre )~

he 1]
- +
J (3+%e )™ ( %e)*

"l‘g) = &

mt=|

(25)

From the Handbook of Chemistry and Physics, thirty-ninth edition (1957),
p. 288, transform ne. 59, one finds

o » o
< {(s—ds"—a") }: I ) , v>-2 .
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(26)




Thus from Equation (26) and the fact that f—'{ffﬂa)—l[ = éatF({:)b
where Z-'{F(s)] = E(&) , one finds that f"{-,l(s)}
can be written

" . -2+
L iqe)} ‘_'AJ& e 5'—*11(%_&*:)—3%5(:%&)*-5&)]

¢
€ ) (27)
The convolution integral can then be written
. t £ t-t/) -
£, ({:)0) = \),& H¢ HL) + S e, IJ-—(:TQ (‘l:“f’))
E FE
o
- T (‘i” (£-¥) Hg (t’)d{:/
DY) | 56‘ -
(28)
It is interesting to note that at early times, E_(t,o) is WR
directly proportional to Hy (t,o). r
B. H¢(t,a) as a Convolution Integral of Hd(t,o).
From equation 11,
p . 3 .
ﬂ¢ (S)i)'_: ‘H¢(.S)OSC 3 Z <0
where R
¥ = \)S/M(":r-i se)
. . & . -
(29)

Thus, the inverse Laplace transform of e“E is required. Again, from the
Handbook of Chemistry and Physics (ibid.), p. 290, transform no. 93, one finds

I—; é—RJSL 7—— e_—kS} _ \J___f;.ﬁ.:— Ii(QM,)uH h)),



where W 1is the unit step function. The inverse transform of interest
can be written :

f_'{exi _ f_,g’[ _Jz,J(s‘m L az _ é‘k(’“‘):{-l- e&(sm)? 3

where
K= -2 , 0= and o= .,
/
The inverse transform of e bl is

-1 ya —at
il = e {_ﬂﬁ___ L(am)u({--&)

Jt“--fz?— (30)
+ 5(%—&)3 ,
The appropriate convolution integral is then
7 T2 - ' t4&L T
-~ - N 'l:*‘{:,
l¢{£Ji) = {eaec Jr|¢(-t+z/c10) —‘3(1_‘ f e“E( )
AE
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c. Er-(‘l;ﬁ‘:) as a Convolution Integral of HA(t).
Lal

From equation 16,
B (s5,2) = - B e

(32)

-1 ¥z
Hence the kernel of the convolution integral is given by —f )—7(5) < ;
Following the approach of the preceding sections pne can write

— 4 (stay—a*
E
€ J (9+a’)-a“

71(3) ot

e

¢ L (sef-a J(9+E)' P

(33)
where a and k are defined in the preceding seqgtion. From the Handbook of

Chemistry and Physics (ibid.), p. 290, no. 90, one finds

~kis*ar

1) e = L, (AR w k) -
\] 8*_ a4t : ’ “, .

(34)

Equation (34) is the transform needed for the second term on the right of
Equation (33). To find the inverse of the first term, use the relations

[t D P B

a:L



Z {Fl(f)—)z = gfts) - F(o)

. ?s&:)} = Fit) + Fo)Sl)
(35)
If F(t) = ID (dJE-F)U(H—"&-) Equation (35) becomes

lf—l fr S‘eéb*LJZSE:;;: jF

N

_ _at -
= J::_&Llo (M\t h)u&a&)nt (o)cg(£—h>

= 0{: T, CLéf? ﬁ}%)LL({, ?ﬁ) + - -&L)
e

(36)

Using Equations (34) and (36), the inverse transform of "2(5) L=
may be written

P g mormcs
| + J({-Jo.) - 0T, (adJc’—Pf) oy }

(37)
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Finally, the convolution integral is

Eé({:,z)=_&_’é_ 5% u¢&+a/c)

t+2/c
+ S (£ —t’) + (¢ — .
e J \jT%—t’ 2 (z:jﬁ_ Ly (:Té \l('& '*)—(it') >
_'E'q(-( -t / /
14 (g ooy & ek o

* u(-l:+-2/c) )

(38)

where of course 8 <O

Even if an analytic form for H, (t) is not known, it requires only a
simple machine computation to determine E_ (t, 3).
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