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Abstract

The transmitted electromagnetic fields from a thin vertical monopole over
a reasonably flat earth are computed for any point in space. The theoretical
model is a finite line-current element of sinusoidal distribution oriented
vertically over a perfectly conducting flat -earth. : The assumptions of a sinus-
oidal current distribution and a perfect earth are reasonable for radio frequen-
cies below 10 MHz.

The nonzero field components (E,, Ep, H%) in cylindrical coordinates are
computed from closed-form solutions and plotted for various combinations of
antenna length, radial and vertical position of the observer, and transmitting
frequency. The results indicate distinct differences between the current
distribution and a point source. The conclusion is that, within a distance of
two antenna lengths of the antenna, the infinitesimal dipole fields can differ
considerably from the distributed dipole fields regardless of the electrical
length of the antenna. Consequently, the distributed source must be used to
compute reasonably correct fields within a distance of two antenna lengths from
the antenna.
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I. Introduction.

The fields everywhere outside of a vertical thin-monopole transmitting
antenna over a reasonably flat earth can be determined analytically under reasonably
ideal circumstances. A transmitting thin monopole (one whose length is much larger
than the cross-section radius) can be replaced by a finite line-current distribution
for most radio frequencies. For frequencies below approximately 10 MHz, the earth
is a much better conductor than it is a dielectric, so the reasonably f£lat earth
can be replaced by a flat, perfectly conducting ground plane. The transmitter
coupler can be replaced by an infinitesimal source gap under normal circumstances.

By using this model, the ground plane can be replaced by the mirror image,
thus creating a symmetrical dipole model and a symmetrical line-current distribution,
which are convenient for analysis. This model is most easily described in a
cylindrical coordinate system.

II. Current Distribution Model.

The line-current geometry and coordinate system are shown in figure 1. The
thin, cylindrical monopole antenna of height 4 and equivalent radius a is replaced
by a line-current distribution of length 4. The current element is a function of
height z and is positioned at p = 0 in a cylindrical coordinate system. The ideal,
infinitesimal source is positioned on the ground (perfect image plane) at the origin
of the coordinate system.

The line-current element is assumed, ideally, to be centered on the axis of
the antenna. If the antenna has a polygonal cross section, it can be represented
by an effective or equivalent circular cross section (Lo, 1953). The ideal
line-current element passes through the center of this equivalent circle. The
functional form of the line current on a cylindrical antenna is approximated by the
following sinusoidal distribution (King, 1956):

I (z) = I, sin k(2 -]2z{)], p=0, (1)
where

IO = peak value of current (amperes)

4 = antenna (current-element) length (meters)

k = W/c = 2T/A, the propagation constant (meters_l)

w = 2Tf, the radian frequency (seconds-l)

£ = frequency (hertz)

A = wavelength (meters).

This current approximation is correct within a few percent for most cases, and it
bermits calculation of closed-form solutions. An extremely accurate line-current
distribution is available (King and Wu, 1965), however, if one is willing to use
numerical integration techniques to evaluate the solution integrals.
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ITI, Electromagnetic Fields: TFormulation.

The electromagnetic field components of the sinusoidal line-current element
have been computed in closed form (Jordan, 1950) by using the vector potential A
in Maxwell's equations. The vector potential A for the current distribution given
in equation (1) contains a component only in the z-direction, is a function only of
p, and is

L

. I e-jkr
A = Au = = v/asin k(L - 2) dz
z zZ 417 r
0
0 oo kT
+f sin k(L + z2) —— dz u , (2)
r Z
-4
1
(2 2)2
where r = 0P+ zZ
\
u = unit vector

By using an exponential representation of the sinusoidal functions,

. _‘l_ - Ry i
Jr(L E ) -3k(L £ 2)

sin [k(L £ 2)] = 5 , (3)

equation (2) can be written as a collection of exponential integrals.

-
The magnetic field H, as defined from the vector potential, is

- —

H = VXA , (4)

which in cylindrical coordinates gives simply

z
H = -~ — (5)
¢ op

Substituting equation (3) into equation (2) and then into equation (5) gives the
¢-component (the only component) of the magnetic field as a collection of four
integrals whose integrands are, fortunately, perfect differentials. Hence these
integrals are easily writteg in closed form. Having the magnetic field vector, one
obtains the electric field E, or displacement D, directly from Maxwell's equation:

= [ —_— = VXITI) (6)

where € 1s the permittivity of free space. For a monochromatic radian frequency W,
then, tRe electric field is simply



J

- VXE
E = - s (7
jWey

where the monochromatic time factor e+3wt is understood.

By using equations (2) through (7), it can be shown (Jordan, 1950) that the
nonzero field components (vertical electric E,, radial electric Ep, and azimuthal
magnetic ) are written in closed form. The other field components (azimuthal
electric E.,, vertical magnetic H,, and radial magnetic Hp) are theoretically zero.
The fields are normalized to the product of the terminal voltage Vt and the
terminal capacitance Cs, assuming terminal impedance Zyg, defined by

V.
Ly = zZ, = JUe Ve (8

The normalized fields are summarized as follows:

E
2 - K G, + G, - 2(cos ki) G] (9)
Ve by ame, | .
Ep ~k
- + < 6 tateon 1 q]
v c i o _(Z L G, + (z ) G1 2z(cos k1) G (9b)
tt ©
Jo -z
= ; - 3 ’E/ ]
7eCe PP [rsz + rlGl 2(cos k) rG , (9¢)
where G = e—Jkr/r (9d)
-jkr
Gl = e l/r1 (9e)
-jkr
G, = e 2/r2 (91£)
2 24 2
r = (p + z ) (9g)
3
2 2
I'l = [p + (z - 4?1) J (9h)
2 2 %
r, = [p +(z + D ] (91)
o
and e+J t is understood.
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The electric and magnetic field equations (9) give the nonzero field
components everywhere for z 2 0, p = 0, as functions of (z,p). All of the field

components are independent of ®. It is interesting to observe that the solutions
are a remarkably simple closed-form collection of variations of the generalized
Green's function, eJ (¥t - kr) /.

For completeness, the corresponding equations for an electric dipole point
source are included as follows (Jordan, 1930):

B 2 .
Z_ . - LHK™ ;-3 1 5 G sin © (10a)
k
Vtct i 4ﬂ€o r (kr)
E
4
Lo 4 (eHk <1 - i—) 8 cos 8 (10b)
ViCt Zﬂeo kr r
H 2
© (MYK™ J .
—_— = o X S T 5 1
T e (l kr> G sin (10c¢)
tt o

where AL is the infinitesimal dipole length. The dipole moment in equation (10)
is M = ItA% and with equation (8) can be written as M = ijtVtA%.

Iv. Electromagnetic Fields: Computation and Graphs.

The three nonzero electromagnetic field componentstZ, Ep, and HCP given by
equation (9) are computed and plotted for various combinations of parameters. All
the field components are functions of position (p, z), monopole length 4, and
transmitter frequency f£f. The component E, = 0 for z = 0. Since each of these three
components is generally a complex quantity, the magnitude of each component is
plotted. The magnitudes of components E, and HQD are plotted as functions of p in
figure 2 for z = 0, for monopole length 4 = 33m, and for the frequencies £ = 0.51 MHz,
2.4 MHz (quarter wavelength), and 7.0 MHz (three-quarter wavelength). The components
E,, and E_, and H, are plotted as functions of p for the same three frequencies in
figures 3"and 4 for a fixed height of z = 9.15m and in figures 5 and 6 for z = 18.3m.
The components E,, Ep, and H, are plotted as functions of z for the same three
frequencies in figures 7 and 8 for a fixed radial position of p = 20.3m and in
figures 9 and 10 for o = 40.6mn.
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V. Discussion

The results for the EZ electric field case at z = 0 are shown in the upper
graph of figure 2. The variations of EZ with p at £ = 0.51 MHz are listed in table 1.

Table 1
Variation of E Range of p(m) Zone

with p
-1 .

~ D 120 < p Radiation (kp = 1)
-2

~ D 80 < p £ 120 Induction (ko =& 1)
-3 .

~ P 50 < p < 80 Static (kp < 1)
-9 '

~ P 15< 0 < 50 Transition (p < 24)
-1

~ P p < 15 Uniform (p < 4/2)

current

The E_ 2.4-MHz (quarter-wavelength) curve in figure 2 varies as p—l in the radiation
zone (kp = 1). However, the slope approaches zero as p — 0, because the antenna
supports a quarter-wave current distribution. The 7.0-MHz (three-quarter-wavelength)
curve in figure 2 also varies as p—l in the radiation zone. There is a minimum at

fp A~ 10m caused by the three-quarter-wave current distribution. As in the case of
the 0.51-MHz curve, the 7.0-MHz curve varies as p‘l for p < 10m. If the source

were an infinitesimally small (point) source, then the E, component would vary as

p=3 for 0 < p < 80m a 24, that is, for kp << 1 for all frequencies. However,

because of the distributed source, the variation of E, with p for O <p <24 is
slower than the variation in the static region for all three frequencies.

The results for the magnetic field component H_ are shown in the lower graph
of figure 2. The slopes of all three magnetic field lurves vary as p"l for p 2 120m
and for p < 15m. The slope for 15 < p < 120m is slightly larger for 0.5 MHz, the
same for 2.4 MHz, and slightly smaller for 7.0 MHz. If the source were a point
source, then the H, component would vary as p'2 for 0 < p < 30m, that is, for kp << 1
and p < 4. The distributed source causes the variation of Hy, with p for 0 < p < L
to be slower than the variation in the induction region (p >'24). At distances
within one antenna height, both Ez and HQJ vary as p‘l, as is the case for the
radiation zone., However, the phase variations of E, and H, for o < 4 are different
from those for the radiation region (0 » 24). ‘

The results for the E electric field component for a fixed height of z = 9.15m

are shown in the upper graphzof figure 3. The variations of E, with p for £ = 0.51 MHz
are listed in table 2,

16



R
)

&R
W

RS
'

‘Table 2

Variation of Ez Range of p(m) Zone

with 0
-1 R

~ P 120 < p Radiation (kp - 1)
-2

~ P 80 < p < 120 Induction (kp ~ 1)

~ 8 40 < p < 80 Static (kp < 1)

~ 0 15 < 0 < 40 Transition (p < 24)

~ Constant p < 15 Uniform (p < 4/2)

current

As in the case for the 0.51-MHz curve, the slopes of the 2.4~ and 7.0~MHz E_ curves
in figure 3 vary as p'l in the radiation zone and are constant in the uniform current
zone. The 2.,4-MHz curve is also monotonic, but the 7.0-MHz curve has a peak at

p Az 50m caused by the current distribution.

The results for the E_ electric field component for z = 9.15m are shown in
the lower graph of figure 3.p The variations of EZ with p for £ = 0.51 MHz are
listed in table 3.

Table 3
Variation of E Range of p(m) Zone
with o
-2 s
~p 120 < p Radiation
~ 073 30 < p <120 Induction static
-2
~ 0 15 <o f 30 Transition
-1
~ P o < 15 Uniform current

As in the case for the 0.51-MHz curve, the slopes of the 2.,4- and 7.0-MHz E_curves
vary as p‘2 in the radiation zone and are constant in the uniform current zones.

The results for the H,, magnetic field component for z = 9.15m are shown in

figure 4. The slopes of all three curves vary as 0 ~ for p 2 120m and for p < 15m.
The slope for 15 < p < 120m is slightly larger for 0.5 MHz, the same for 2.4 MHz,
and approximately constant for 7.0 MHz.

In comparing the results in figure 2 for z = 0 with those in figures 3 and
4 for_z = 9.15m, several observations can be made. All the curves vary approximately
as p—l in the radiation field (p » 120m). The fields increase with increasing
frequency in the radiation field. 1In the transition zone (p < 30 m ~ 4), the slope
of the fields is always less than that in the static zone. In the uniform current
region, the slope of the field components is always less than or equal to the slope
in the radiation zone. The two magnetic field graphs are quite similar in slope
and magnitude, with the exception of the 7.0-MHz curve in figure 4, which is reduced
approximately one order of magnitude for p < 30m.
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The results for the EZ electric field component for a fixed height of z = 18.3m
are shown in the upper graph of figure 5. The variations of EZ with p for £ = 0.51 MHz
are listed in table 4.

Table 4
Variation of E Range of p(m) Zone
with p
-1 R
~ P 120 < p Radiation
. pT2 30 < p <120 Induction, Static
~ o7t 15 < p < 30 Transition
Constant o < 158 Uniform current

As in the case for the_ 0.51-MHz curve, the slopes of the 2.4- and 7.0-~MHz E, curves

in figure 5 vary as p - in the radiation zone and are constant in the uniform current
zone. The 7.0~-MHz curve has a minimum at p a~ 50m, and the 0.51-MHz curve has a

slight maximum at ¢ = 15m. For the uniform current zone, the value of the E, 0.51-MHz
curve in figure 5 is about 0.1 that in figure 3. The 7.0-MHz curve has a minimum
around p = 50m, while it has a maximum in figure 3; for the uniform current zone,

the value of the 7.0-MHz curve for EZ in figure 5 i1s that in figure 3. Otherwise

the magnitudes and slopes are about the same.

The results for the E_ electric field component for z = 18.3m are shown in
the lower graph of figure 5." The variations of EO with p for £ = 0.51 MHz are
essentially the same as those of the 0.51-MHz curve for E_ in figure 3 and are
listed in table 3. The results for the H, magnetic field component for z = 18,3m
are shown in figure 6, The 0.51- and 2.4-MHz curves are essentially the same as
those in figure 4. The 7.0-MHz curve is the same in the radiation zone and is ten
times larger in magnitude with the same p~~ variation in the uniform current zone.
However, in this case there is a distinct minimum in the 7.0-MHz curve at P a 40m,
which does not exist in figure 4.

The results for the E, field variations with height z for a fixed radial
distance p = 20.3m are shown in the upper graph of figure 7. The E_ field is constant
for z < 15m ~ 4/2 and varies as z 2 for z > 70m ~ 24. The 0.51-MHz curve has a
distinct minimum at z ~ 20m a p, and the 7.0-MHz curve has a maximum at z ~ 30m a 4.
The corresponding results for the E. field variations with z for p = 20.3m are
shown in the lower graph of-figure 9, The E. field varies as z'% for z < 15m a 4/2.
The 0.51- and 2.4-MHz curves reach their maximum at z a 30m ~ 1, but the 7.0-MHz
curve has a local minimum there. The 2.4~ and 7.0-MHz curves vary as z™2 for
z > 70m ~ 24, but the 0.51-MHz curve has a slightly larger slope.

The results for the H_ field variations with z for p = 20.3m are shown in
figure 8. The slopes of-the'H,_ curves are approximately the same as those of E7 in
figure 7, except that there is no minimum in the H@-MHZ curve at z = p. Consegilently,

the impedance ratio E /H at the same frequency is'almost constant in each zone,
except for the 7.0-MHZ cdse for z =~ 1.

The results for the E, and E, variations with z for p = 40.6m, shown in
figure 9, are eéssentially the same as those in figure 7. The magnitudes are reduced
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slightly, since the observation points are further away from the source. Similarly,
the H . variations with z for p = 40.6m, shown in figure 10, are essentially the
same as those in figure 8. The minimum in the 7.0-MHz curve is slightly sharper

in figure 10, and again the magnitudes are reduced slightly.

VI. Conclusions.

The important observations from the graphs and discussion are summarized.

1. The E and H_ vary as p—l in the radiation zone for p > 120m ~ 41 for
z = 0, 9.15, "and 18.3m and for £ = 0.51, 2.4, and 7.0 MHz. The E
varies as p~2 in this radiation zone for z = 9.15 and 18.3m. Thus,
for these heights and frequencies, the fields in the radiation zone
behave 'as they would from a point source.

2., The Ez fog z = 0 varies as p_z in the induction zone (80 < p < 120m)
and as p~° in the static zone (30 < p < 80m) for f = 0.51 MHz, again
as in the case of a point source. However, the E varies as p_ in
the transition region (15 < p < 50m) and as p"l iﬁ the uniform current
region (p < 15m =~ 4/2). The E_ for f = 2.4 and 7.0 MHz never varies
faster than p~~. Thus, -for thése two higher frequencies, there are
no induction and static zones, because these zones occur so close
to the antenna that the distributed current changes the variation
with distance from that of a point source.

-1
3. With minor exceptions, the H_ varies as p for o = 44 for the three
heights and for the three frgquencies.

4, The EZ and HCP are constant near the earth (0 < z < 4{/2) for
p = 20.3 and '40.6m for £ = 0.51, 2.4, and 7.0 MHz. The EZ and
H@ decrease as z © for z 2 4. Thus the impedance E,/H, 1s a
constant within each zone (except for a few specilal cases mentioned

in the discussion).

5. The Ep increases with height as z+l, reaches a peak around z ~ 4,
and decreases as z © for z = 2%, for both radial distances and
for all three frequencies.

Finally, the distributed source must be considered to determine accurately
the electromagnetic field components from an antenna for p < 24; however, a point
source gives reasonably accurate results for p = 2{4. The effect of the distributed
source is to cause the components to vary with p and z considerably slower than they
would from a point source.
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