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ABSTRACT
This report deals with the surface fields or the surface charge and
current densities on a right-angle corner reflector induced by a polarized
uniform plane wave. Equivalent circuit parameters of a short monopole
and a small semi-loop mounted on the wedge are derived and explicit corre-

lations between measurable quantities and local surface fields are established.
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1. INTRODUCTION

The class of problems related to the measurements of electromaynetic
field quantities have attracted the attention of many éhgineers engaged in
sensor’research. The major difficulty encountered 1n the measuring process
of any energy related physical quantity is the interaction of the measuring
device(s) with the physical field that always produces a perturbation of
the field. Therefore it is essential to have an apriori estimate of the
amount of the energy extracted by the sensor and the extent of the pertur-
bation. In this report we will consider a canonical problem of this class,
namely, the measurement of surface fields on a right-angle corner reflector.
The characteristics of many sensors are discussed in [1], and some related
problems are treated in [2].

The geometry of the problem is shown in Figure 1.1. The walls of the
wedge are perfect]} conducting and the medium of propagation of the waves
is air with parameters (e, u, o = 0). We will assume that the illuminating
polarized uniform plane wave is propagating in a plane normal to the axis
of the wedge. Furthermore only linearly polarized waves will be considered
with polarization of the E-field either perpendicular or parallel to the axis

of the wedge.

Figure 1.1. Plane wave illumination of a corner reflector.




o SURFACE CURRENT AND CHARGE DENSITIES FOR POLARIZATION PERPENDICULAR
TO THE AXIS OF THE WEDGE

To obtain expressions for surface current density XK and surface
charge density ps,iet us replace the above problem with an equivalent
problem as shown in Figure 2.1. The time dependence eJ”t will be under-

stood throughout the report. Then

ER,t) = Re.[?(ﬁ)ert] - R [Eo‘eJ(“’t' ke R)} (2.1)
with:
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Figure 2.1.

Equivalent problem obtained using image fields
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[k, = &

G .
E |l = E « = 2,3,4
122 = gind ;< - cos?H 2 )
123 = sinG; + coseg
124 = -5ind ;( + c0362 (2.2)
Eg] = Eo1 (-cosB X + gind z) >
Eéo = E,, (-cosegg - sind 2) ;
E30‘ = E30 (cos® f - &%nbd f)
E'4O = El‘o (cos® x + siné z)

For surface current density we have

= r:x%(lsz

Y

Ko= nox Hyotal

where
n = Y(u/e)

is the intrinsic impedance of air. On the surface x > 0, z = 0 we have

K(R) = i.x%{(% X E;i + E4 X F.4o)eijS7:”e + (EZ X Eéo + E3 X E&O)e'jkxsin?\
- 3 ZHOi(ejkxsine + e—jkxsine) 5(2.3)
= -x 4Hoicos(szine); J
on the surface x = 0, z > 0 we have
R(R) = x xyH (2e3470998 4 po73k20088) = 5 4y Toos(kzcos0) (2.4)

To obtain the surface charge density pg We will make use of a boundary




condition derived from the continuity equation. When one of the media

is a perfectly conducting surface this boundary condition reads:

Therefore, on the surface x > 0, z = 0, we have

Pe (R) = % 4H01 ksin® sinlkxsine)
_ (2.5)
DS(R) = j4eEo1s£ne gin{kxsing) ;
similarly on the surface x= 0, z > 0 we have
P (E) = -j4sE01cose sin{kzeose). (2.6) .

2.1. Surface current and charge densities for polarizations parallel
to the wedge axis

For this polarization as it is apparent from Figure 2.2 the following

changes should be made ihifhe fqrmuﬁation of thé previous section:
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Figure 2.2. Equivalent problem obtained by using image field.
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ﬁ; => H, (cos® x - sind z)

géo = Hoi(-cose X - -sine 2)

HBO = Hoi(-cose X + sind ;)

ﬁ;o = Hoi(cose X + s8ind 2)

E(E) = ;/jleoicose sin(IRXSine) x>0,2=0
E{E) = ;j4HOisine éin(kzaase) x=0,z>0
Ds(ﬁ) = 0 for either x>0, z=00rx=20,2>0.

3. QOPEN CIRCUIT VOLTAGE OF A SHORT MONOPOLE MOUNTED ON THE RIGHT-
ANGLE CORNER REFLECTOR S ' ;

The geometry of the problem and the significant parameters are shown

in Figure 3.1 We assume that the probe is electrically small. MWe will

g
Lﬁ\

Figure 3.1. Short monopale mounted on a wedge.

7.

(2.7)

(2.8)

(2.9)




consider only the non-trivial polarization of the incident field. As
a result of the image theorem, the induced current in the receiving antenna
is related to the open circuit voltage by
r
r Voc

I = S (3.1)
Zin /2 + ZL

where

1" = current at the base of the receiving antenna
Ziﬁ = input impedance of two transmitting parallel dipole antennas
‘ obtained by removing both conducting planes and using
the image probes
VOE = open circuit voltage of the receiving monopole.

In this section we will deal with open circuit voltage only. The
input impedance problem will be discussed in a separate section. Using

the vector effective height Ft of an antenna, we can write
Rt. (3.2)

The vector effective height of a short cylindrical dipoTe {or equivalently a
monopole on a ground plane) is given by

RY(R) = -2 sine 6,




which corresponds to a linear current distribution

1%2) = 1,01 - |zl/2) 2| <2, with ke << 1.

‘l/\

For the problem at hand we have

vl o= Ry - BER)
(R" = d, ¢! = -g— $'= 0)
= (-2sind 6) Eoiejkds’;"e + 25in8 52 'E'ZOe'jkds’“"’e
or
| SN B . .
VOC = JZEO 25in8 sin(kdsine) (3.3)

3.1. Open circuit voltage of a semi-loop probe whose axis is parallel

to the wedge axis

—E'1

Figure 3.2. Small semi-Toop mounted on ‘the wedge.




The open circuit voltage for the probe shown in Figure 3.2 is defined

as
ro_ i -t
Voc =-3EF +h
For a small loop with constant current distributioﬁ‘ﬁt is given by

Et (R) = j %(ka)2 sind $

-
-~
i

i ! —t =
e = "LER ) wm)

2,
= .- }E{j“(ka)zsin % ( - 8) - f:) eJkdsan
+.]'1T(ka)2‘?in 72l { - 92) - £ e-JkdsznG )

i
- jzﬁ(ka)z Eg-cos(kdsine)

- j2w{u naZ)H;cos (kdsing).

(3.4)

3.2. Open circuit voitage of a semi-loop probe whose axis is perpendicular

to the wedge axis.

d Eﬁ
i’
P
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Figure 3.3 Small semi-loop probe with axis
‘ - perpendicular to the wedge axis.

10




The pertinant polarization of the incident field for this configuration
of probe is depicted in Figure 3.3. Following the same procedures of the
previous section and considering the direction of the current density of the probe

we can write:

VY‘=_Z€‘i Ft

R' = d, 8' = %3 ¢' = 0)

i.e. V"= L o2u(umad) H! cose sin(kdsing) (3.5)

4. INPUT IMPEDANCE OF THE PROBES

Equation (3.1) of Section 3 indicates that for comp}etion of the equi-
valent circuit parameters we need to evaluate Zgn, which will be simply
referred to as Zin from now on, in each of the probing configurations considered
previously. Let us once more recall that Zin is the input impedance of the
transmitting antenna in the presence of its images. With this in mind we
will begin by deriving analytical formulas for the input.impedance functions
involved in the problems at hand under the assumptions imposed on the electrical
sizes of the probes. The problem of determining the impedance for the cases
considered here has been extensively explored previously; however, most often
in the form of tables and curves. We will include here the complete express-

ions for these functions.

4.1. Impedance parameters of two jdentical, parallel, and short transmitting

dipoles.

The problem arising from the application of image theory to two antisymmetric-
ally-driven antennas is shown in Figure 4.1. Since the probe is assumed to be

thin and short (a << 2, k& << 1), a linear current distribution is a suitable

11




approximation and the induced EMF method can be applied successfully to " ‘l'

determine the input impedance. L
: . I Ry
For convenience we will proceed by
assuming a sinusoidal current distribution. 1
: v *
At the final stages the results will be sim- & 0

plified by using the conditions imposed on

|
a, %, and p. ] | hegt2
E A s

Based on filamentary current distri-

o)
bution we have for the magnetic vector ) Figure 4.1
potential A(R): Two identical,parallel transmitting
antennas.
A(R) = %%-JE. & (RIR)TIE®') dv
~3kR -jkR
N A 1 2
- I iy 8 e !
=z I(z'){ - } dz'.
4 :';J R1 R2 .

R] and R2 are the distances from the observation point to the source points

on the axes of the dipoles. For R on the surface of one of the antennas we

have
Ry = /llz - 2132 + a%y, R, = /I(z - 2932 + o8] for p >> a. (4.1

The electric field on the surface of the right hand side antenna is given by

: 2
. 1 - ~ o, 1 93
E=-ju(l+=WdA=-230+—- ~— A{z)
k2 k2 az2 z
= - z VO §(z) (4.2)
where as usual a slice generator has been assumed. Multiplying (4.2) by I(z) .
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and integrating over the source region we obtain

. 2
= M 2 2 1 ] 3 - '
Vo 1(0) o l& 1; I(z)I(z')(1 + ;ﬁ-gzy)(G] GZ) dzdz
e-ij] . ~e-ij2
where G](z,z ) = O Gz(z,z ) = R

1 2
G(z,z') = G](z,z‘) - Gz(z,z').

The first integration with respect to z amounts to the evaluation of the z-

component of the near zone electric field due to a current distributicn of the form
I(z) = I_ sink(s - 1z]) lz] < 2 |

Therefore it is given by (3]

[ 10+ 5 8506(z,2') dz = T (G(r,2) +

+ G( - 2,2') - 2cosk2 G(0,z')}.

" We then have

Jup
Zip 1200) = —ml'ﬂ fi {G(2,2") + G( - 2,2")
- 2 cosk? G(0,z')} I(z')dz',
: 2
Ziy = P—s— [ {G(2,2) + G( - £,2) - 2 cosks G(0,2)}x

orsinky -0

x ain k(& - z) dz- (4.3)

13




Let us note that from the circuit relations for these antennas

2,1, +Z,,1

Vi =i 0

Iy + Zpl, -

[{]

\
It follows that for antisymmetrically driven antennas we have

Lin= 4y -4y - . (4.4)

Let us define

2 R
g{a) = Jr {6;(2,2) + G (- 2,2) - 2cosks 6,(0,2)}sink(2 ~ z) dz. (4.5)
0 .

Combining {4.3) - (4.5) we obtain

nyy 7l gla), 2y - I g, (4.6)
Tein KL 2nsin K&
Therefore the problem of finding the input impedance reduces to the evaluation
of z(a) and z{p).
z(a) has been previously evaluated by expressing it in terms of sine and
cosine-integrals [ 4] We will choose another approach which enables us to
obtain a series expansion for z(a) and z(p) and in particular to reduce the

results to simplified forms under certéin assumptions on the parameters. We

have

14




' fl (2.2) : ) % -jk‘v’(x2 + a2)
G,{2,z) gink (2 - z)dz = sinkxdx
o ! 0 /(x2 + a2)
2 2 -jk/(x2 + az)
j. G](- 2,2)sink(2 - z)dz = Jﬁ € 5 5 sink(22 - x)dx
0 o V/(x% + a%)
) 2 e-jk/(x2 + a%)
[ 6(0,2)eink(s - 2)dz = [ & sink(2 - x)dx
0 O V/(x¢ + a%)
Therefore we are led to define
2 -ik/(xE + a2 |
s(€,a) = 55— sinkxdx (4.7)
o Y(x° + a%)
g e-jk'/(x2 + a%)
c(g,a) = coskxdx (4.8)

d

/(x2 + a2)

Then in terms of s{%,a) and c(2,a) we can write

z(a)

z(a)

In order to e

s(%,a) + stn2k2(c(28,a) - c(&,a)) +

cos2ke(s(2%,a) - s(z,a))'- 2sink¢coskzc(z,é) + 2 coszkz s(%,a)

2 s(2,a) + (2 s(2,a) - s(22,a))eos 2k% - (2c(2,a) - c(22,a))sin2ke

(4.9)

valuate s(%,2) and c(2,@) let us introduce the following dimension-

Tess parameters:

€=k2',0.=
Then
1
s(2,2) = [
0
1
c(2,a) =

!

&,8=/(01+dd) (4.10)
35/ (68 + o) n = s(E) 0.7°)
singExdx = s(&,a A
/(xz + az)
e-J'E/(Xz + of)
5 57— cosgxdx = ¢ (§,a) (4.8')
(xS + af)
15




with

it 2 2
LI 2 2 1, -3&/(x° + a”)
_g_i - . J'f e JE/(XT + a )sinEde + f Xe 5 > cosExdx
3 o) 0 V(X + o )
. 2 2
1 o-d&v{x® +a%) i el . 2 ]
Xe > 5 coskExdx = - lE- e JEAxE + )cosgx -
o (x° + a%) J 0
S f] e-j&:,/(x2 + az) sinExdx
J %
Hence
: 2 1 . .
3s _ 1 _-jgAxS + o) = . 1 (.-38g PR 12
5 3E @ cosEX . T (e cosE-e ) {4.11)
Similarly
. 2 2
1 2, 2 1 omiEAXT + a%)
.%5_ = - j f e“JE‘/(x a”) cosExdx - f Xe 5 > ginExdx
0 o /(x5 +a%)
2 2 1 s
EE = l“ -Jg Y(x + o ) 7 = 1_. -JEB .
5 3 e sin&x 3 3E e sing (4.12)
We will proceed by finding a series expansion for 35 and 2. For the sake of

3& 3E”
numerical compution we will develop two different series expansions depending

on the relative values of af = ka.

1) af << 1
%.E. = - %.E_ {32_ (e“jE(B'U + e'jE(B‘H)) _ e 8y
® . oaN=1
=3 E iﬂ;%)—«-r (e - M+ (s + N - 2dM
n= -
o IO ¢}
sga) = - b £ AR (o) (g )" - 2™ (479)

16




© : n
25(g.a) - s(26,8) = - 77 n£11;%%%l_ s
o = 21 TM(e-1)™ + (841)"H- (8PN + (B(H+™ - 2! Na"
o (4.18)
Similarly we have
S fp e Pemne - f 1 (3" gy - (pe)™
c(g.a) - c(0,a) = - 5 z L‘-ﬂ%{ (8-1)" - (8+1)")
c(0,a) = f] da =2n (x + /( + a°)) ] = gn BXL
0 V(x%+a?) °‘
- g+1 102 (Cie) n n '
clga) = an B -z T LIEL (s-1)" - (a+1)™) (4.15)

2(8($)+11 L ® (igg)T
2¢(g,a) - c(2g, 3)= -on Tz ez 1 Lz o
e = 2 Me-)" < (8+1)™ - (B(-D" - (8PN L (4.26)

The previous expressions are so far exact. Let us introduce

approximations under the assumptions

a = % << q g = k& << 1
Then
B(a) = 1 + % a2 + O(a4)
218(5)+11 2 2
o2 e 4(1 + Sz 4 ..0) - 2m2(1 St en) = 0(af)
(B(a)+1)

17




n 2m
2! gM(a) - 8™$) = 2"+ &®)Z - (1 + 27 - ®
1-n 2
(2 - 1) + 0{(a®)
n
o = 12T QO DT - ey 0a?)
m:

= (217" - 1) 2" - wsy + 0(ad) = (2 - 2M-as ) + 0(a?)
where Gnl is the Kronecker delta.
(M 8" - (- s

0 m m

ne-13

; (M ™3P 0 - (-nt M

(2" - 2) + 0(a?)

Thus we have ihe following approximations:

o . n
s(&,a) = 332— { 21 1;,1%%_ + j2ag} + 0(a2£) (4.13")
, W& !
o« . ]

25(8,0) - s(2e, §) = 33 ¢ ] EHD " - o) - gzae ®

+ 0(aE) (4.14")

<] . n
2c(g,0) - c(28, $)= - ana - & 7 (2R (50 L g
n=1 nen
+ 0(aE) . (4.16")
Finally for z(a) we obtain
[>-] . n
z(a) = sin2&na + (sin2f - jcos2t) Z !_*%?_%_2__ X
n=1 :
0 . n
x (2" 11y 45 Z] L:—%ZT%—L - (2 + cos2E)ag + 0(aE)
g{a) = 2¢ - -—5~(2&;)3 - 30f + 8in2&%na - —3‘1(2&)4 +
36 48
+ 0{maz(£°,0%E)}. (4.17)
18




11) ag >> 1

For this case we have £=k&, aé%. Following the above formulations

we set:

s(c,a) = s(0,a) + e 95

c(g,a) = c(0,a) +

Then
3s _ ,-J&a
3 ¢

- e-Jia
n

1
= -3¢ (e

x {(8 -a-1)"+ (8

UM (-38)
n=1 n:

ns
n=1

!

-JEB

where we have defined

N —

o =
n

Therefore we have

-jas 4 (n¥l)s 4 = (-i)" T

(B -a-1)"+ (8

consequence of (4.18):

80 =
3.l = O]
. O
= _ 3.2 _
s, = - 71l

ne-18

e-Jﬁa

n&

cost - e_jga)= -

"N

W+

Recurrsion relation (4.21) starts off with sy

ae'jga X s &

n=0 n

[-jas_ + (n*1)s 18"

a + 1)”}

jga 3 é jgg”.

- a -

= & L mF)T Onel
n=0

« + 1) n=0,1,2,...

+1
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-jta ©« _sp\n
e ( .lg)
“Fze L, Tn

; n=0,1,2,3,...

(4.18)

(4.19)

(4.20)

(4.21)

0 which is an immediate




9, ag
53 % °3 C (,_:3___2__2_+a201) ®
2
-1
_ (" %90 @%p-) | @ op-p oL _qyn-1_n-1
*n ni ( n n-1 n-2 +{-1) o 01)
n=1,2,3,... (4.22)
Similarly for %5 we have
3c _ ,-~i&a - n
SE < e nZO (-Jac, + (n+l)c . )¢
1 -3EB . .1 -ita [CH 13 MY
3T © sink 5T © nzl s (B ~-a ~1)
- (B -a+ 1)
_ _-jEa T (-ig%"
e ngo n+i1)1 Tn+l »
with
T TR LU SESI
Finally
. ".n v |
-ja ¢ + {n+1) Chey = %E%%TT Yp+1s n=0,1,2,... (4.24)
c0 = {
99 M
s Y a¥
= - 3 22 __ 1
¢y = - 37 (3 )
n-1 Y ay . - -
R - T Y S PP (4.25)

In general (4.18) - (4.20) together with (4.22), (4.23), and
(4.25) are compact enough to permit numerical computation of s(&,a)
and c(g,a). However we wolld like to discuss the approximation and

further simplification under the conditions: .

20
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"' a = % > 1, & << 1.

We have ]
B - a=/(14a%) ~a = J (-1 ym] LQEQQLLL -(2n-1)
m=1 me'
with
(2m-3) = (2m-3)(2m-5) - - - 3.1 m=2,3,
(=1)11 =1
n | .
o = % Ug-at1)" + (8-a-1)") = 3 b () (=) "1 (-1) "
m:
el (et - (feaeD)™ = o T (M(e-a)™0-(-1)"™
Ty T g3 UB-e - (Bra- 25 Ly ‘m B
(8-)™ = (J & H"1 ¢ § ()7 J———l——rf‘{” (2
r=0 (r+2)!
. - (_;_ a-1)m(] +m z (_.l T+] __é'z_!l"*'iw_ 2r+2) +
r=0 (r+2)1
-4 \
P BlEl) e 1y et QEli clrhyz L
2" (r+3)!
B-a = %a-]('l - %a-z + ]§ a-4 - -& G—G) + O(a_g)
(BTG)Z = z.lr a2 (1 - 32-(1-2 + -.l—g a-d') + 0((1-8)
(8-)% = $ a2 (1 - Fa7%) + 0(a™))
(g-a)? = %g «t + 0(a™®)
oy = (g-a) = Lol s 1t e oS L 0T o)
g, = 1+ (B-a)? = 1 + % a2 - % ot 4 g% a %+ 0(a™®)
. $ (4.26)
_ o3 = 3(B-a) + (g-a)3 = % oV - % a3+ g% a3+ 0(a”)
o4 = 1 + G(B-a)2 + (B-a)4 = 1 4 % a % - %l o+ O(a'e) )
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Also,

T %

PRI (CRIER KR K b I
v3= $01 + 3(g-a)?1 = %(1 +3a? - 2a™ v 0™
i %[4(8-&) + 4(8-a)°] = %(Za“]) + 0(a™)

1

i

let us

c{0,a)

c{0,a)

.22), (4.25) and (4.

)

26) it follows that

(2a)71 - (2a)73 + o(a”?)

lc.:

L (2a)72 - 2(20)7% + 0(a7%)

= =

W

ECOMES ER RO

} {%(2a)‘2 - 2(2a)'41 + o(a"s)

-J
B %?(-a £ (20)77 - (20)73) + 0(a™D)
T+ 3(20)7% - 3(20)7% + 0(a”5)

¢+ H2a)™ + 2(20)73 + 000D

. Ml

note that

in(a win{l + a

o+
m

+ /(1+ ™2y (_])m+1

)
=1
§2m-3)!! a-—Zm)

me!

-1

o +

m

(_])m+] §2m-3)!! a-Zm -

1 me !

We~18

22

? (4.26)

> 14.27)
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(Ve 7 (-1)™2 (2me3)ir -2my2y

1
2 m=1 _ me!
= a-] - % a-3 + O(a-s)

2¢(0,a) - ¢(0, &) = o™ + 0(a”%)

Now we can proceed to evaluate z(p).

t(p) = 25(£.a) * cos2e(2s(gsa) - s(2g, )
o
2

- sin2&{2c(t,a) - c(2g,
= e-j&a Zm (2£)n{2]-nsn(a) + c0s2f X
(%))M- sin?E(ZT_ncn(a) -
- ¢ (§))} - sin2£(2¢(0,a) - c(0,3))

-3 2-
= o JEa Zo(zg)”{z nsn(a) - sn(%) +

n= =
2 4
(260 (287 (2% () - 5, ()
3 S o
Seg - R oL @M e (0) - o (B

- sinzg (2¢(0,0) - c(0,9))

clo) = e 80 (2 a3 (2g) 43 o 7P(26)% - (260 (ge) #

-5 3a-3)}}-

+ 0 {maz(&a ~, &

- a—B(ZE) + O(ﬁax(a-3€ 3,a-55)).
Noting that

o= 2=

=
m[o

we can write

23
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(4.29)




d0) = 1z e IR (20) ko) T + 53(ke) 2 + 3(ke) TS

- %(25)4(k 073 + 0{maz(ga™®,5% 7). (4.30)

Using (4.6) together with (4.17) and (4.30) we finally obtain expres-

sions for Z and Z]Z:

11
Z, =——ii—i;(a) = 40 o2y _g__2_+§i+ C0 8 x zla)
1. 2ﬂ$in2€ 2T 6 24
=38 (g%« L+ 0(g") wla)
=40 (e - ea)(28) 7T - (B o+ P2y + :
200t€ tna - 35 (26)2) + 0imaz(£,%E71)) (4.31)
with
a = %, E =k&;
e =l ate) = 2 (7P e g0 e @
Tein §
= - 00262 (ko) ! + 33(k0) 2 + 30k0) ™
- 3228)% (ko)™ + otetmaz (ko) 3, (ko) P12 (4.32)

Then the input impedance for the problem at hand is given by
Lin = L1 - ha - (4.4)

Let us note that in (4.32), as in previous sections, we have p=2d.

4.2 1Input impedance of two coaxial small circular Ioops in transmitting

mode.

For an electrically small Toop we assume that its current distri-

bution is uniform when driven by a localized voltage. The conventional .
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induced EMF method will be applied to determine its impedance. How-
ever, the formation is much more complicated than the case for linear
antennas. Therefore assumptions imposed on the geometry of the probing
antennas justify adoption of simpler approximate methods in ad hoc
bases for evaluation of self and mutual impedances.

As can be seen from the application of the EMF method to the anten-

nas of the previous section the se]f\imbedaﬁce~can be obtained

z
I
0
a
yl
R T
X1 P
e l
// ' y
X Io

Figure 4.2 Coaxial transmitting loop antennas

by removing the image of one antenna and evaluating the input impe-
dance of the isolated loop.

The input resistance of a constant current loop may be simply
evaluated by an application of Poynting's theorzm [ 5 ]. The result
is

R, ~ =2 [w(ka)]g 2. (4.33)
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A rather simple way of obtaining a compact formula for the input
reactance of the loop is to make use of the reactance of the loop based

on the circuit theory. According to [6] the reactance of the loop is
]

given by:

Xm = u)(L_i + LO) s mu{%—_ﬂ- + a(&n -8—% -~ 2)} (4.34)

where Li is the internal inductance of the wire, L0 is the so-called
selected mutual inductance, and b is the radius of the wire of the
loop antenna. This resqlt compares very well with the leading term
of the formula obtained for Xin by application of the wave theory as
discussed in [7]. Coﬁbining {4.33) and (4.34) we obtain the self

impedance of the loop:

. n 2,2

+ Juw {Jg-.,; + a{ﬁn(g%) - 21} (4.35)

4.3 Mutual impedance of the two coaxial loop antennas

As for the case of monopole on a corner reflector, we will pre-
sent a simple and compact formulation for 212 of two small coaxial
loop antennas. We will use the EMF method again and therefore the
Fresnel field of a constant current loop is needed.

The Fresnel field of a constant current loop antenna has been pre-
viously obtained in the form of a rapidly converging power series in
81, [9]1,:{10]1, and [111. We will obtain another series expansion

which closely follows the ones given in [9] and will prove more suita-
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ble in application of the EMF method.

Using the addition theorem for Legendre and spherical Bessel

=

Figure 4.3 Geometry of a constant
current circular loop antenna

functions the potential integral for A(R) is evaluated. For R > a
we have [9]

jukaIO

A(R) = o(- — ) X

>
~—~

71" ans3)(an)
=0 2%2M(n+1)(n1)?

n
; (2) 1
Jope1tka)hori  (KR)P, L1 (cos8). (4.36)
Let us set
IR - R'} = /(\)2 2 2vv'cosé') (4.37)
with
v2 +u2 = p2 4 42
v v' = aReing ,

comparing with:
27




IR - R'] = /(R2 + a% - 2aR cosy)
where cosy = sinb cos¢', '
We conclude that ¢ is the angle between two position vectors v and V'
with angular coordinates:
8 =72, =0 ; 8' =7, = ¢,
8

Fronm (4.38) we have

o= (H(RZ + a? £/((R? + a®)? - 4(aRsins)? )}

b = (RE+ a®)il(1 1 /(10 - By ' (4.39)
. - 2aRsins®

e v

R™+a

Now we can use the addition theorem for the spherical Hankel function

SCUCTE I D IS CO TR A P

and the addition theorem for Legendre polynomials:

E n-m)!

m
| Tnem Pn(cose) X

Pn(cosy) = Pn(cose)Pn(cose') + Zm

X Pﬁ(cose')cosm(¢-¢'),

where ¢o8Y = cosBeos®' + sinbsinb' cos(¢y- ¢') = cosy'. Following

analogous steps which led to (4.36) we obtain

'ji—lkal © i
A(R) = .-—-—.————-O dn+3 1 2
A(R) = ( 4 ) ngo (n+~l)zzn+]y[P2n+1(0}] X,
X j2n+1(kvl)h§§l1(kv), v' o< v, {4.40")

Furthermore we have [12]
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] ] ]
T I'(z + 3v + zu)
PR(0)= 2 1/Zcos[lﬂ(lﬁ V)l 2 2 2 ;
A% 2 F( + l_\) - l )
2 2
Therefore:
P] (O) - ( n+] 2n+]2
2n+1 2n 2
(nt)
Finally we have
~ Jukal @
(R 0 (4n+3)(2n+1) (2n)! .2
(R) ¢( _—E—_-_) Z: n+l [ 2n 2] X
= (nl)
X Joppp (kv dh, (k) v o<y, (4.40)

Thus electric field intensity can be oﬁtained as:

E(R)

w(l + %7 vv-) A = -juwh =
2.
(ka)®rly 4n+3

2
= ) L G omeTT P2ns1 (0]

kv')h kvl V' < v (4.41)

Jon+1! 2n+1 ¢

Note that in obtaining the expression (4.41) we have used the follow-

ing relation:

v-A =

9 -
Reind 9¢ Ay = 0.
Now we are in a position to obtain the mutual impedance of the
antennas shown in Figure 4.2. Application of the reciprocity theorem

to one of the two antennas, say antenna 2, yields [13].

e - g TTt vy
I V!
where
vl open circuit voltage of antenna 2 in receiving mode
It = current of antenna 2 in transmitting mode
fi = incident electric field when antenna 2 is removed
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'J't

z current density of antenna 2 in transmitting mode.

Noting that

-
-2

2

Z. 2 e = —
21 Iy 7
11, 1

we can equivalently write:

7

1 T o
Ly = - 71 [ ET.3,(R")dv! (4.42)
21 0,y 2

where
— — ~ J -
T,(R) = 3" 1,8(cos0") §Rza)

Using (4.41) in (4.42) we have

2 o
= (ka)n 4n+3 1 2
22] - 6,(- 4a )nZg (n+])(2n+])[p2n+1(0)] X

% j2n+i

(kv')hégl](kv)ﬁ(cose‘) §13%;il x R'%5in8'dR'do ' dg’

2 o
_ (xa)%n 4n+3 1 2
g2 Ly Ty (znsTy Panser (0017 X

X Spnaq (ko InE2) (k) SICIIN DR R Zaing dR" do " ds ',

so that

_ T 2 3 4n+3 1 2
fa1 = mptka)® I ) (zneTy Pane (0017 X

Syney (o ISE) (ko). (4.43)

For Jka] <<1 and a << p we have

ZZRS’bng = 5 2a 5 << -I (4'39I)
R™ + a p- + 2a

¥ =
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V= (RE o+ aB)E g0 2 v - A
- (R%+ 2% £ (1 - P e o))y
vio= (R? + aH)E 401+ 0(x?)) = o 1+ 0(x%))
P '
2 (02 + 2a2)2
vi= (RE+ )% 1 - BE e o) = (0F ¢ 228 11+ o).

Therefore:

4
2 a a

kv' = ka —5—— [1 + 0(x°)] = ka [1 + 0(%5)])

(p%+2a%)% (% + 2a%)* p4

4

’ F 0+ 00 = k(e? + 2a8)% 0+ 03,
p

kv = k(p? + 2a%)

Let us note that [141:

- (T _ o 2 (D™(n*m)t Lem
(z) = (53)* Jn+%(2) =2z Lo mrCeneameT) z

The asymptotic expansion for héz)(z) for large argument z reads:

h(z)(z) = (I Hﬁf%(z) = % e-j(z-(n+1)%0 X
-1 (-n)_(n+1

< {pz \ nmnm)m+0(2_p)}
m=0 m!(-2jz)

7

J

N

(4.44)

>(4.44')

We conclude from the above that under the conditions imposed on a and p

the first term of the series (4.43) will be sufficient for computation

of ZZ]:

Zyy =

N‘w
)

(ka)2(P)(0)) %5, (ko ' )ni2) (ko) +
+ 0 (k) (v )3

3m

ka
] (kp)
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n3l(ka)? 3y (ke )n{B) (k) + o(lkal (4.45)




i
[}
3

) : 8
%(ka)2 A\j— e~ Jkv 4 o ((ka) .
: (k p)

%1

2
T(ka)? =27 expl-ik 2+ 2a%)%) +
p° + 2a

"
!
3

8
+ oglkal (4.46)
(ko)

Let us once more recall that the impedance which should be used

in (3.1) can be obtained from (4.35) and (4.46) by means of

VA = Z = 2 - 2

in 11 ° %12 11 217

and changing p to 2d.

4.4 Input impedance of two antisymmetrically driven identical coplanar

circular loop antennas.

The self impedance for this configuration's of loops under assumptions‘l'
imposed on the geometry of the antennas in Section 3.1 is identical to
the input impedance of a single loop antenna and can be obtained from
(4.35). The mutual impedance can be obtained in exactly the same man-
ner as followed in Section 4.3, however the integrals appearing in this
case are a little involved and for the purpose of the problem at hand
it suffices to use an asymptotic formula for Z]Z which is developed in

{ 15 ] based on effective heights of the transmitting antennas:

- RN

"Figure 4.4 Coplanar loop antennas
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-Jkp -Jkp
. e Il v -2 e
27 = 30 gy (hyhy) = dn Spyp- x

2 . j 2 . A
X [%’"(ka) Sﬂne]]e]=% X [%ﬂ(ka) Sinezlezz%(‘ﬁz'(bz)
-3k
L . T 4 g Id%0P
2y, 2 -1 7 n(ka) T : (4.47)

5. Correlation of the unperturbed surface fields to the equivalent

circuit parameters of the probes.

In previous sections an attempt was made to completely describe
the equivalent circuit parameters of the different probes mounted on
a corner reflector. Since any physical measurement performed by the
probes can be described completely in terms of the open circuit voltage
and the innut impedance of the sensors, we will attempt to relate the
surface field quantities in the absence of the sensors to the equivalent
circuit parameters of the sensors, or in other words;to the measur- -
able quantities.

In section 2 it was shown that for a plane wave illumination of the
wedge with electric field polarized perpendicular to the wedge axis

surface current and charge densities are respectively given by

K(R) - 4Hg coe(kxgind) X >0 z2=0 . (2.3)

o (R) = j 4e E} sindsin(kxsin8)  x > 0  z=0 (2.5)

On the other hand the open circuit voltage of a short monopole mounted

on the wedge was found to be

- 4 .i . . -
VBC = JZZEosznesmn(kXSzne). (3.3)
Comparing (2.5) with (3.3) we establish that
- 2 .r
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The unperturbed surface charge density is therefore related to .

the open circuit voltage of the probe by an equivalent capacitance per

unit area
Ceg 4 %ﬁ farad/m2 . (5.2)

Equation (5.1) is the manifestation of the electric coupling of the
monopole probes and further justifies the name of 'charge probes' given
to this kind of sensor.

Similarly the Vgc for a semiloop whose axis is parallel to the
wedge axis was found to be

VI"

o 2.1 .
oc © -j2w{urwa )Hocos(kXSzne). (3.4)

Comparing (3.4) with (2.3) we have

a2
34 k

roo_
Voo = dv T k. (5.3) q

Thus, the equivalent inductance relating Vgc to unperturbed current -

density is given by

Leq

u(naz) henry-m. (5.4)

PO —

It is obvious that the coupling of the probe to the electromagnetic
field in this case is of magnetic type. Let us finally note that for
the plane wave whose electric field is polarized parallel to the wedge
axis the surface currents and the corresponding surface magnetic field
can be detected by a semiloop sensor whose plane is parallel to the

current lines. From (2.7) and (3.5) we obtain for this case

T pra® k | (5.5)
oc ¥ T2 y .
That is to say the equivalent inductance for this case is also given .
by (5.4).
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Let us conclude from the above results that as long as our sen-
sors are electrically small, Tow frequency elements relating the open
circuit voltage of the probes to the surface fields only depend on
the geometrical characteristics of the probes and are independent of

the characteristics of the source.
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