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Abstract

The fields excited by a vertical current sheet source inside a
parallel-plate waveguide are.studied in this work. The analytical
expressions for the fields have been derived, and the results of the
numerical evaluation are presented. The field distributions have been
obtained as functions of the longitudinal propagation constant and the
transverse coordinates of the guide. The numerical results are presented

in graphical forms, and the computer program used to obtain the results is

contained in the Appendix.
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I. INTRODUCTION .’
The finite-width parallel-plate waveguide is used as an EMP simulator
for guiding electromagnetic waves. rInere have been a number of studies
devoted to the analysis of the guide. Rushdi et al. [1] and Marin (2], [3]
decompose the field in the guide into two components (for the exp(jwt)

time convention):

E(r) - El + Ez
where

—jY A
+ n
gl g AQ(X,Y)Q »

£, = 1/ Bla,m)e 0BT gqq

The firat term El describes the contribution from the discrete spectrum,
i.e., the so~called "leaky~wave" contribution. The second term Ez is a "
superposition of plane waves, the contribution from the continuous spectrum.
In references [l1] - [3], only El is studied in detail. This information is
useful, of course, ounly if EZ is negligible (for certain guide geometries
and source configurations). To test this assumption, we can eilther evaluate
EZ directly or calculate the total field E instead. We take the second
approach. 1In references [4}, [5], Krichevsky and Mittra determine E due
to a current sheet in the guide by the Wiener-Hopf technique. Their results,
however, are valid only 1f the cross-section of the guide is large in terms
of wavelength. 1In the present report, we again calculate E by a different

technique moment method which is suitable for a guide with small-to-moderate

cross-section.



®

To calculate the field, we can first write the current source in the

form of

$& = 1 a® ooy
We can then calculate the field due to the integrand in the above equation
for differenﬁ B vélues, and obtainrthe total fieid by superposition. 1In
this report, we investigate the electromagnetic fields due to the current

jBz

source in the form of 3(x,y)e- for different values of the longitudinal
propagation constant 8. The step involving the integration over the spectral

variable R is not carried out in that work.



II. STATEMENT OF THE PROBLEM .'
The geometry of the problem is shown in Fig. 1, the open parallel
waveguide of width 2L, height 2H is infinitely long in the z-direction,

and is excited by a y-direction oriented c&rrent source Ji defined as:

T o= gutx, et
. sin ¢y -i8z

= y6{x ~ x) P rect _1_1 e , (L

[o} Zh}

cos a_y 0

P
where
a 3_%?— H p=1, 2, 3, =~ (2)
P o

and 6 is the Dirac delta function. Rect is the rectangular function defined as:

1 ;e <172
rect () = . (3)
0 s elsewhere

In Equation (1) and all the following equations in this report, we have .’
adopted a coanvention in which a2ll equations are given in both cases of odd
and even mode current excitation with the upper equation for the odd case,
the lower, the even case.

The total electromagnetic field can be decomposed into two parts:

*i

ES = EY 4+ E° it - B + % . %° and §° are the Incident fields produced

r

by the current source in free space with the waveguide removed. E° and B°
are the scattered fields gemerated by the induced current on the wavegulde
when illuminated by £ and ﬁi. The incident field is first examined in the

next section.
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Figure 1. Geometry of the brobleﬁx.



ITI. INCIDENT FIELD
- *i >1 -

The incident fields E™ and H™ can be computed via the y-oriented
magnetic vector potential Ki produced by the impressed current source.

2= jal(x,y)e B
The z~direction variation for all fields is eJBz. Therefore, it 1s suppressed
in the subsequent equations. Also, the subscript p in a will be omitted in
the following equations for convenience of notation.

The vector potential Ki gatisfies the Helmholtz equation:

32 32 21,1 i
('3;2' + 352 + RC]A (%,y) = -uI " (x,y) , (s)
where kg =2 -p824+0 (6)

in which k = w/ue is the wavenumber. The solution to (5) is

i
AT(x,y) =57

43

h  |sin ay’
= fo G(x,y 3 x_,y')dy’ » (7)
_.h o

T
o lcos ay
where G is the Green's function defined as
(2) (S . 2 :
HO (kt) ; ke >8B

G(x,y ; x',¥y") = ; (8)
j2 Sy . 2 2

and s = /(x - x")% + (y - y")? . (9)
HéZ) and KO are zero-order Hankel's function of the second kind and modified
Bessel's function of the second kind, respectively.

Ei and ﬁi can be derived from Ai by using the following equations

i 1 3 BAi(x )
E (x,y) = Joue 3% -—§§*X* ) (10a)

@

@



i 1 (a2 21,1
E‘,y(x,y) Tone (——ayz + k )A (x,y) (10b)
i
i . 1B 3a7(x,y)
B, () juwue 3y ’ (10¢)
i -iB i
iy < S Ategy (104)
i
Hy(x,y) =0 , (10e)
1 1 3at(x,v)
Hz(x,y) = ™ . (10£)
. i
Now, we define Bl(x,y) E ié.é%;ll
From Equation (7), we have
‘ ‘ sin ah
= - . -+ . -
BT (x,y) %3 (G(x,y 5 x_»h ) £ G(x,y 5 X »=h )]
cos ah
@
ho cos ay'
Fa J G(X,Y H Xo,‘]')dY' . (1D
~-h_ lsin ay'
X . . i i .
The partial derivatives of A” and B~ are obtained from
i h sin ay'
JA (XZV) = __1-_1T (X - x ) (o] G'(X,y DX ,yl)dyt , (12)
3x 43 o ' o
-h cos ay
kt (2) 2
- = =) ¢ L2
sHI (kto),k > B
where G'(x,y 3 x',y') = . (13)

k
__tis .2 2
s - Kl(kcs) ; ke <8

ng) and Kl are, respectively, the first-order Hankel's function of the

second kind and modified Bessel's function of the second kind.



Also, we have

i sin ah
136952 RN, o\ rar . +at i
3% 4] (X XO) [G (X:Y ’ xO’hO) LG (X,Y ¥ xO’-hO)}
cos ah
)
bo cos ay'
Fa J G'(x,y 3 x ¥y dy?y - (14)
-h |sin ay'
i sin ah
ifé_a%xl -5 Ny =BG Gy 5 xh)
cos ch
o}
) . -
t (y + h)IG(x,y 5 X, h )l
cos ah
*a [G(x,y ; x ,h ) 7 G(x,y ;5 x_,=h )]
sin «h o ° ° °
ho sin ay’
+ a? ! G(x,5 ; xo,y')dy' . (15)
-h_|cos ay’

Substituting Equatioms (7), (11), (12), (14}, (15) together with

Equations (8) and (13) into Equation (10), we can obtain gi and ﬁi.

10
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IV. SCATTERED FIELD

In this section we examine the scattered fields Es and ﬁs'

-
the induced current J° on the waveguide has two components,

*s ~ .3 -~ S
= x) + ;
J xjx(x) sz(x) H

(16)

. ..y 1S
the magneti¢ vector potential A" due to the induced current 3% also has

two components,

=iy + éAi(x,w

Both Ai and Ai satisfy the Helmholtz equation:

32 32 2.8 s
+ + = -
(axz 32 Tk a (x,y) I,

where u = x or z, and the solutions are

U

i+

43

L
Az(x,y) = - f Ji(X')[G(x,y ; x',h) £ G(x,y ; x',~h)}dx'

-L

1+

L
s = St . ot
Az(x,y) 43 j_LJz(x YIG(x,y 5 x",h)
=S

aZ

G(x,y ; x',-h)}dx'

-
E° and B° can be derived from A° by using the equations given below

=S . 48 1 s ., 9 .S
tx(x,y) JwAX(x,y) + Tane [s;z Ax(x,y) - 3855 Az(x,y{l )

1 32 s .3 s
jwue [}xay Ax(x,y) - 38 dy Az(x,yi] ?

#

.5
ay(x,y)

Ei(x,Y) = 'jWAi(an) + —(.:lQ —a— Ai(x,}’) - jSAi(X,Y)] s

jwue | 3x
H (x,y) = % é% Ay,
HE(x,9) = T [-3BASCRY) - 2k AT
K00y = - TS Al

11

(17)

(18)

(19)

(20)

(21a)

(21v)

(21c)

(21d)

(2le)

(21£)



Note that Ji and Ji are still unknown quantities; however, they can be
determined by enforcing the boundary condition that the total tangential

electric field be zero on the surface of the waveguide, viz.,

ELGoh) +ESGOm) =<0 5 x] <L, (22)

ELGoh) + ESGoR) =0 5 [xf <L . (23)

Due to the symmetry of the problem, we do not have to enforce the boundary
condition on the lower plate (y = -h). Equations (22) and (23) can be

explicitly written as
2 + k2 As(x h) - iB 2 As(x h) = —jmueEi(x h) : Ix[ <L (24)
3x? x' ax z°7? x ! ’ - *

(-82 + kZ)AZ(x,h) - 18 g% Ai(x,h) = -jmusEi(x,h) i Ix]l <L o (23)

We then substitute Equations (19) and (20) into Equations {(24) and (25) and

numerically solve for Ji and Ji to obtain Es and ﬁs'

i2

9
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V. NUMERICAL COMPUTATION
To solve Equations (24) and (25) numerically, we first transform

them into finite difference equations:

Ai(x + 4,h) + 22 - Z}Ai(x,h) + Ai(x - A,h)

‘ : 252

_. BA 8 _ aS(e - 252,85
and i [Ax(x + 4,h) Ax(x A, + ktA Az(x,h)

k242

S . N
= sz(x,m s ixl L, (27)

= -]
where A is a finite imcrement in X. Equations (26) and (27) can be solved

by the methodrsf moments. We expand Ji and Ji in sets of N subdomain basis

functions as shown in Figures 2a and 2b. We write

5 X X - X
x(x_) = nél a rect 3 (28)
where x =nd - L (29)
n .
2L o ) - 7 S .
A <0

and (28) satisfies the end condition

-
Jx(tL) = Q (31
I(x) = P ove (x) (32)
z n=l 0 a ’
N A
where Pl(x) = = ;o cLixix +v3 (33a)
X - X
Pn(x) = rect( 3 d; ; a=2, 3, *++ (N=-1) , (33b)
/A A
pN(x) = — ; Xy~ 7‘5 x <L . (33c)

13
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It should be pointed out that the A's in Equations (28) and (32) are not
necessarily the same as those in Equations (2§) and (27); we have chosen
the same symbol for the sake of convenience. Next, we enforce (26) and (27)
simultaneously at a set of N match points {xm's}. Again, (xm's} are chosen
to coincide with those points {xn's} in (29) for the sake of simplicity.

We then havé

222 _ S 7 S
R) + (k2% - 2)A°(x ,h)

+"

s
Ax(

xm+l’ AX(Xm_l,h)
-y 88 (a%(x hy - A%(x h)j = -j Ezéi Ei(x h) 34
) z Tmtl’ z ‘m-1’ o oxCm? (34)
- _B_A_ S _ S 2.2 s
and  -§ 55 (A (x 0 h) = ALGx g, R)] + kEalA (x .h)
k22 ;
o R A O (35)

where m = 1, 2, <«+, N.

By substituting Equations (28) and (32), the expansion function expressions

for J° and 33, into Equations (19) and (20), AS(x ,h) and As(x ,h) become
X z xm z''m

a

s K
Ax(xm » B 43 n=1 ansm,n ’ (36)
a xn+A/2
where S = J {G(x ,h ; x',h) =z G(x ,h ; x',-h)]dx' ; (37
m, m m
x_-A/2
n
n =1, 2, *, N,
m =0, 1, «++, (N+1),
N
s L oH b
and A (x,0) =93 L) bS (38)
b xl+A/2 3
where Sm,l = J_L /L o [G(xm,h i x',h) = G(xm,h ; x',-h) Jdx! y (39a)
Sb = Sa ; no= 2, 3, <+, (N-1) (39b)
m,n m,n A > ’

15



‘*—A-——r [G(x_,h ; x',h) £ G(x ,h ; x',-h)]dx’ (39¢)
L-~X m m

Sb N - IL f
™, .
Xy t/2

m= 0, 1,°*+, (N+1)

Substituting Equations (36) through (39) into Equations (34) and (35), we

arrive at
a 272 a a _ 84 ,b - b

[sm+l.n v (ke 2)sm,n * Sm-l,n}[ 13 (Sm+1’n Sm-l,n)} [an]
88 (g2 - g 2,2gb

(-3 5 Gpn ~ Spe1,n)! (kfas [b]

[ 8 ()]
4

- -2 1 Y (50)

(-1884(x 1) ]

The above equation can be readily solved for a, and bn' The unknowns Ai and

Ai can then be calculated using Equations (36) through (39), and the scattered

fi{eld can be determined from Equation (21) and, therefore, the total field. .’
The equations for calculating S; n's and SZ n‘s are given in the following:
(A), Evaluation of s? g
m,n
(1) Ifm=n .

s? =1 % image (41)

m,n (o I i

® +A/2
where image = f n G(x ,h ; x',-h)dx' , (42)

i}
x -Af2
n

xm+A/2

and I, = I G(x ,h ; x',h)dx’ (43)
0 m
x_-A/2
m
m+A/2
= 2 fx G(xm,h ; x',h)dx! (44)
X
it

16



prony

xm+A/2 (2) ) ,
[ '
2 f HO [kt(x xm)]dx ; ke > B
Xm
= , (45)
4 xm+A/2 ) )
v '
f KO{kt(x xm)]dx k¢ < B
xm
( k a/2
= f ©a{® (0)de 5 k2 > g2
t ‘0
= § . (463
- B P ktA/Z
-JL-f K (t)de ; k2 < g2
nk 0
SR

Since simple élgdritﬁmsrhave been devélopedfto evaluate the integrals
of HéZ) and KO from zero to any positive number [6), Equation (46) can be
evaluated efficiently and accurately.

(i1) If m + n s

7~ X X
J = G(x_,h ; x',h)dx' - I m G(x_,h ; x',h)dx' £t image ; m>n
x -a/2 ¢ x +0/2  ©®
a n n
Sm .= (47)
’ x +A/2 x ~A/2
f o G(xm,h ¢ x',h)dx' - j G(xm,h ; ®x',h)dx' £ image ; m<a
<~ *n *n

where the image is given in Equation (42).
(B) Evaluation of sP 's
o,n

First consider Sg 1 which is expressed as:

b (48)
Sm,l Il + 12 s

= M . ] . v []
where Il { Tr [b(xm,h ; x',h) = G(xm,h ; x',-h)ldx (49)

+A/2
[ . :

~ .t e '
Xl_A/z '/L + % [(-’(xmsh y X )h) G(Xm,h y Xy h)]dx .

+

1}

and I2

I+

17



(1) Ifanto , )

~L+4/2
I1 = J T+ =" + [G(x \h

[G(x h -L,h)

-e

x',h) £ G(x ,h ; x',-h)]

G(xm,h ; —L,-h)}} dx'

-L+a/2
+ [G(xm:h ; ~L,h) £ G(xm:h ; =L,-h)} J / L_: r dx!

i+

-L 4 X
~L+4A/ 2 < (51}
where f TF =" dx' can be evaluated analytically,
-L
-L+48/2 n
which is J fL e dx' = V2 4 . . (5la)
-1, X

(ii) 1f _m = ( »

first, the small argument behavior of function G is obtained:

vk (L + x")
1im G(-L,h ; x' h)--—lln——t-——z———] , (52)
x'+-L

@

where vy = 0.5772156649. Then, in evaluating I. in Equation (49),

1
the singularity at x' = -L is first subtracted from, then added

to the integrand, and by using Equation (52), we have

~1+a/2 //——Z——-
= . - . ' - . t
Il I_L T+ = G(-L,h ; x',h) £ G(-L,h ; x',-h)
vk (L + x"}
+ %} Zn[;-E——§—~——{]:}dx'

-L+8/2
—ﬂf / {&(L+x)+&x( )}dx . (53)

-L
The first integral in the above equation is amenable to numerical

integration, and the second integral can be evaluated analytically:

18



- » + !
2 L+a/2 % ra «Wnﬁﬁ x") i
4 L+ x' 2
-L_ - _
Yk A
_ Cm - |NM_,.H Y2 A anI -2 . (54)

On the other hand, HN can be evaluated as '

xH+D\N A
2" a T+ x (O0gph 5 xTh) 2 60 h s xT,mh)]
NHlD\N

. . ] . 1 ‘ - ) 1 a [
- Moﬁxa.s ; x',h) 2 nANB.w s x',-h)] )dx' + mB.H , (5%)

m=0, 1, *"* AZ-THV 4

Substituting the above expressions for HH and HN into
b

a1 Following similar

procedures, we obtain the equations for mc :

m,N

Equation (48), we then obtain S

mB.z = Hw + Hb s

HL —
A
where I, = % Aw — [G(x_,h ; x',h) = G(x_,h ; x',-h)]
3 1-4/2 L-x m m

8
L - x'

Mmﬁxs.w ; L,h) 2= oﬁxavv ; L,=-h)]) dx'

* [6(x,h 5 Lh) £ G(x ,h 5 L,-m1VZ & . (56)

when m = N + 1,

19



+A/2
and I, = fxu ; {:/ifé;;T [6(x »h 5 x',B) £ G(x ,h 5 x',-h)]
xN-A I '

- [6(xh 5 x',h) £ G(x ,h ; x',-h){} dx' + SZ’N ; (58)

m=20, 1, so¢« (N+ 1)

Using the equations obtained above to compute S: n's and Sb s in

2

Equation (40) and inversing the matrix, we then are able to determine the

a 's and b 's.
n a

20
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VI. NUMERICAL RESULTS AND DISCUSSION
The results evaluated by the methods discussed in the last section
are now presented in graphical form. The physical dimensions of the
waveguide and the current source for which we perform the coﬁputagion
are (see Fig. 1 and Equaéioﬁsr(i) and (2))

Lf 12.5 m

o sd
L}

12.75 m

The frequency used is 25 MHz, and the current source 1is of even mode.

The magnitudes of the induced-current éomponents,l}i[ and }jzl, are
plotted in Figs. 3(a) and 3(b) as functions of the transverse coordinate of
the waveguide. They are presented for different 8/k values in the range
between 0.86 and 0.99. ’ - o

The plots of the maénitudes of ﬁhe electrical field components, IEX[,
‘Ey[’ and ]Ez{, consist of two parté.

(A) Field components a;;functions of B8/k:

Ex , Ey , and E, arefplotted for 8/k in the range between O and
0.999 in Figs. 4(a), 4(b) and 4(c), when x = 0.5L, y = OQ.47H.

It is observed from these plots that for most values of B8/k between
0 and 1, IEXI, }Ey[, and |Ezl are relatively small and vary rather slowly
with respect to B/k; however, for 8/k in the region between 0.7 and 1,
the magnitude of the field component is found te have a sharp peak.
Therefore, the major contributions to the total fields should come from
this portion of the spectrum.

21
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Figure 3(a). ‘Jil as a function c¢f x coordinate.
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Figure 4(b). ';Evi as a function of 8/k for x/L = 0.5, y/H = 0.47.
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(B) Field components as functions of the transverse coordinate of
the waveguide.
~ -> ES ->
In Figs. 5(a), 5(b) and 5(c), !EX[, lEyl and IEZI are presented
as functions of the x-coordinate for y = 0.47H. They are plotted for
different B/k values in the region between 0.879 and 0.999. When 8/k
approaches 1, Ey becomes the dominant component and [Ezl diminishes to

zero as we would expect.
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APPENDIX ‘l’:

A computer program for determining the magnitude of all six components
of the EM field is presented here. Data were obtained for x/L between
0 - 1 with step 0.05, R between 0.879 -~ 0.999 with step 0.02, and y at any
given value. The program can be readily modified to obtain the real and
imaginary parts of all field components as functions of the x-coordinate
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