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SECTION I

INTRODUCTION

The working volume of most bounded-wavesimulators consistsof the forward

region between two parallel plates (figure1). The desired electromagnetic

field in the working volume is establishedby launching a pulser-generated

transientwave on conical-platewave launchers. To avoid unwanted reflections

from the passive end of the simulator the two parallel plates are terminatedby

a conical-plateterminationsection. Test objects such as aircraft and missiles

are placed in the simulator’sworking volume during tests:

To analyze the electromagneticfield in the working volume it is necessary

to know the field distributionof the TEM mode both on the parallel plates and

on the conical plates. The TEM mode on LWO finite-width,parallel plates have

been studied in great detail (refs. 1, 2, and 3). In all these referencesthe

method of conformalmapping is used, the actual transformationbeing identical

to that derived in ref. 4.

The characteristicimpedanceof the TEMrrmdeon two,conical plates is

investigatedin ref. 5 for a wide variety of cone angles and plate widths.

The TEM mde impedance for the special case where both conical plates are

located in the same plane is also calculatedin refs. 6 and 7. In this report

we continue the investigationof the TEM mode on two conical plates and present

results for the distributionof its electricand magnetic fields. In the course

of finding this field distributionwe also determine the field distributionof

the TEM mode on two cylindricalplates of circulararc. It should be mentioned

that an investigationis given in refs. 8 and 9 of certain properties of the

field generated in the parallel-platesectionof a bounded-wavesimulatorby a

pulse launched in the conical

In section 11 we briefly

ref. 5 to project the conical

and (2) the conformalmapping

feeding section.

repeat (1) the stereographicprojectionused in

plates onto two cylindricalplates of circular arc

used to map the curved plates to a simple structure

whose TEM mode field distributionis well known. The conformalmapping is then

used in section III to find both the electricand magnetic field lines as well

as the spatial variationof the field strengthof the TEM mode on the cylindrical

line. Finally, in section IV, we stereographicallyproject the field distribu-

tion of the TEM mode on the cylindricalline to obtain the electric and magnetic
~<,”

fields of the TEM mode on the conical line.
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SECTION II

THE STEREOGRAPHICPROJECTIONMD CONFORMAL TMNSFORMATION
.

To analyze the field distributionof the TE21mode on the two conical

plates the methods of stereographicprojectionand conformalmapping are used

in ref. 5. The geometryof two conicalplates is shown in 2, whereas the projec-

tion procedure is shown in figure 3. In this procedure, a point (x,Y,L) in

the z = 2 plane is first projected ol.tothe point (X’’,y’’,z”) on the surface

of a sphere with radius t ad center at the origin (the apex of the two

conical plates, see figure 4). The point (X’’,y’’,z”)is”then stereographi-

cally projectedback onto the point (X’,y’,1-) as shown in figure 3. It

is easy to see that the mapping of points (x,y) to points (X’,y’) is a

one-to-onemapping that maps the entire z = % plane onto the interior of

a circle with radius 2E and center at (O,O,L) . In fact, we have

(1)

Y’ =
Y .

?f! + t2+x2+y2

It is also shown in ref. 5 that the stereographicprojectionmaps the two conical

plates onto the two plates of circular arc (figure5). In the special case

where 60 = 90° then the centers of the two circles both are located at the

or?gin of the X!,yt plane. This case has been treated in ref. 10.

By consideringthe x’,y’ plane as the complex z’ plane it is shown in ref.

5 that the first quadrant of the x’,Yf plane can be conformablymapped into

the shaded region of the w plane shown in figure 6. In figures 5 and 6 we

also indicatehow certain points A , B , C , D , E are mapped by the conformal

transformation. The complex W plane can be interpreted as a com’plexpotential

plane where Vo/2 is the potential of the plate BCD . Since the equipotential

lines map conformablythis means that the potential on the upper plate of

circular arc of figure 5 is also vo/2 .

4
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Figure 3. Projection of (x,y) to (x’,y’).

6

. .



L
OmRi

NAP .

pllates

u
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The mathematicaldetails of the transformationthat conformablymaps the

shaded region of the z’-plane in figure 5 to the shaded region of the W-plane
o

are derived in ref. 5. We therefore do not repeat Che steps leading up to

this transformation,but merely mention that the relationshipbetween points

z’ = x’ + iy’ and points W = U + iV can be expressed implicitly in the

followingmanner

z’ 5 2L tanh(zl/2)

‘1
=- J(l-n)(m-n)/n [uA~l- II(n;ulm) +fi f(m,n,u)l+ ioo

1

[

in 2(1-n)(m-n)+ (1- nsn2(u))(n+nm - 2m)
f(m,n,u)=

2 J(l-n)(rft-n) n(m-1)[1- nsnz(u)l

+ 2n i(I-n)(tu-n)cn(u)dn(u)

n(m-1)[1- nsnz(u)l 1 (2)

u“- 2K’(m)W(z’)/Vo+K(m) + iK’(m)

where ll(n;ulm) is the incompleteelliptic integral of the third kind and

m,n,A1 are solutionsof (12) in ref. 5.

From the set of equations (2) we can determine the transversevariation

I

of the stream function u(x’,y’) and the potential function V(x’>Y’) ~ and

consequentlyalso the electromagneticfield distributionof the TE24tuodeon

the curved plates. With the aid of the stereographicprojection relationship

(1) we then determine the field distributionof the TE24mode on the conical

plates.

10

●



.

_ .-)

SECTION III

TEM-MODE FIELD DISTRIBUTIONON TWO PLATES OF CIRCULAR ARC
.

1. Electric and Magnetic Field Lines

It is well known that the electric field lines are identical to the stream

lines (U = const.) of the complex potential function W(z’) and that the “

magnetic field lines are identical to the equipotentiallines (V = const.).

In figure 7 we show the equipoten,tiallines and stream lines.for three different

plate configurations(only the first quadrant is included for symmetry reasons).

The potential change between two consecutiveequipotentiallines is Vo/20 and

change of the stream functionbetween two consecutive stream lines is

[K(m)/K’(m)]Vo/10 . The directions of the correspondingelectric and magnetic

field lines are also indicated in,figure 7.

2. Electric and Magnetic Field Strengths

The electric and magnetic field distributionsof the TEM mode can be

obtained from the derivative of W(z’) in the followingway:

dW av++ivZ7=ax

av av=_
‘~+iax’ E’ - iE~

Y’

(3)

= au ~ au
ax’ —= (H’

ay’
- iH’)Z

x ,y o

where t =sn(u) and where we have made use of the Cauchy-Riemannrelationships

for harmonic functions. Equations (2) and (3) together give the electric and

magnetic fields of the TEM mode a.tan arbitrary point (x’,Y’) in the plane

transverse to the curved plates.

11
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It is easy to see that dW/dzt is a real function along the X1 and yt

axes. Thus, the only nonvanishing field componentsalong these axes are E;,

and ‘H’ and these
x

tionalityconstant

Et=-

quantities are proportional

Z. . At the center point

J
to each other with the propor-

Z’ =0 we have

2h ‘o *— .,J.

(l+AZ - Al) i(l-n)(m-n) K’(m)
E’2h y

(4)
~ - E;;

~1 = (E:/zo);

The variation along the x’ axis of E~ (and H;) is shown in figure 8.

We notice from these curves how the field strength rapidly decreases for x’ > c .

This fact can also be observed from the graph of the field lines in figure 7.

The variation along the y’ axis of

The discontinuityof

(current)density of

these quantities at

the TEM mode.at the

E; (and

Y; =h is

center of

Hi) is shown in figure 9,

proportional to the charge

the curved plate.

.
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SECTION IV

TEM-MODE FIELD DISTRIBUTIONON TWO CONICAL PLATES.

The field componentsof the outgoing T~ mode on two conical plates can

be expressed in the followingmanner:

E(r) =~(r,6,~) =~(O,$)exp(ikr)/r-—
(5)

H(r) = ~xE(r)/Z—— —— 0

where (r,O,$) are sphericalcoordinatesas shown in figure 3. It is obvious

that ~(8,$) can be obtained from the gradient of the potential function in

the followingmanner

av “
g(e,+)=-me-csceg $- (6)

where V is the imaginarypart of the complex potential function W(z’) .

But from the definitionof the stereographicprojectionwe have the following

relationship:

x’ = 2JI tan(O/2)cos$

Yv = 2Jl tan(6/2)sin$

*

(7)

so that with the chain rule we have

(8)

18
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Here, E’ = E’(x’,Y’) is the field distributionon the curved plates determined—— .

in section III. With matrix notat:ionwe have ref. 7.

where

(9)

To sum up, we have the following relationships

~(r) =Zs*~’(x’,y’)exp(ikr)/r

(10)

~(r) = $~”~’(x’,y’)exp(ikr)/r

Expression (10) gives the field components in a spherical coordinate system

which-is the natural coordinatesystem for the two conical plates. But the

conical plates are only used as a feed and terminationfor the two parallel.

plates between which most of the testing of various objects occurs. The

natural coordinatesystem for the two parallel plates is the rectangular

coordinate system. To make the results of this report useful when determining

the excitation of the electromagneticfield on two parallel plates we will

therefore consider the TEM mode field distributionof the conical plates on,

the z = L plane.

To determine the electric and magnetic fields at the point (x,y,t) in

the z = 8 plane we first express the field in rectangularcomponents

19



Using maerix notation

g(x, y,l) =

where

Ex(x,y,t)’

()

Ee(9,~)
Ey(x,y,l) =Zca = ~c*~~*E’(x’,y’}

Ez(x,y,t),
E+(O,$)

(cos e cos + -sin f#I
&c = exp:ikr) cos 0 sin $ Cos +

-sin 0 0 )

and

r = (X2+y2 i-12)4s 6 = arc cos(L/r) , $ = arc tan(y/x) .

(11)

(12)

Thus, we h“avethe followingrelationshipbetween the field componentsof

the ‘EM mode on the curved plates in the xr,y~ plane and the field components 4

of the TEM mode on the conical plates in the z=L plane

~(x,y,l) =S=dg(x’,y’ )

(13)

&(x,y,t) =Lc*L#(x’,y ’)

The only nonvanishingfield componentsalong the x-axis are E , Iix, and
Y

Hz whereas the only nonvanishingfield componentsalong the y-axis are E ?
Y

20



Ez , and Hx . In figure 10 we show the strengths of E , Hx , and Hz along
Y

the x-axis. The phase factor exp(ikr) (whosemagnitude is unity) has been

suppressedin these figures and so the quantities displayed are Eyexp(-ikr)

etc. We notice how the field is mainly concentratedto the region between

the conical plates. Figure 11 shows the variation of E , E= , and Hx
Y

along the y-axis. The discontinuitiesin these curves occur at the location

of the plate and are proportional to the charge and current densitfes at the

center of the plate.

A more detailed descriptionof the field on the conical waveguide is beyond

the scope of this report. It is expected,however, that this detailed descrip-

tion will be the topic of a future report.

,..
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