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I. Introduction

There are two types of TORUS (Transient Omnidirectional Radiating
Unidistant and Static) simulators. One of them is shown in figure 1 in a
full tOI‘Oidl configurationas appropriate for simulating an incident plane
wave without reflections from the earth surface. Such a simulator will
be held by some kind of dielectric stand (such as a trestle) high above the
earth surface in order to reduce the effect of earth reflections. Another
type of TORUS includes a ground reflection as part of the simulator.
Figure 2 shows an example of this class. It consists of only a half toroid
connected to a ground or water surface. The plane of the toroid can be
angled with respect to the vertical plane. Both types of TORUS simula-
tors would have some impedance per unit length Z' distributed around the
antenna for wave shaping purposes in order to simulate the electromag-
netic pulse (EMP) from a nuclear burst.

It has been suggested that a section of bico'ne3 or a distributed
SOurce4 be inserted in the toroid as a generator such that the field of
radiation is a biconical wave at early time. The distributed source is
assumed configured to reproduce the bicone electric field distribution or
some other appropriate electric field distribution tangential to an appro-
priate surface, such as a circular cylinder.

In this note, we will consider the field from a full circular toroid

with a pulse generator configured to initiate electromagnetic fields from




a position on the circumference: A half toroid on a vertical plane above
a perfectly conducting earth, by the method of images, also forms a full
toroid. Therefore, the derivations in this note are applicable to both
types of simulators. It is assumed that the toroid has a mean major
diameter of 2a and a minor diameterof' 2b, and a2>> b2 in order to simplify
the analysis. The system under test lies roughly in the center of the
toroid so that the distance of the system from the center of the generator
is "a', and is independent of the orientation of the toroid and generator.
In the study of the frequency response of TORUS an impulse genera-
tor will be used for the purpose of mathematical convenience. However,
an impulse generator is not appropriate for simulating the strong electro-
magnetic pulse of a nuclear burst. A high power generator may be
achieved by charging a large capacitance to an initial voltage VO. If the
source decay time is sufficiently long it may be considered as a step
function generator in the time range of interest. In any event, the step
response will illustrate features of both early time and late time response.
The source, in this note, will be regarded as occupying a delta-gap
only, and located at ¢ = 0. For a vertically oriented half toroid, the total
field at the test volume then is the superposition of the field radiation
from the source and its image. Techniques developed in this note may
be‘ extended to more complicated sources, such as an approximation of

a biconical source, in the future.




A toroidal coordinate system is convenient in performing calcula-
tions for fields on the surface of TORUS. However, rectangular and .
cylindrical coordinate systems have some advantage in calculating the
fields in the test volume. So, some switching back and forth in the three
coordinate systems will be done in order to simplify the problem. The
relationships among the coordinate systems are given in the following e
chapter.

Very general solutions of the fields in space and on the toroid are
derived in Chapter III. These solutions involve some integral equations -
which can be simplified by Fourier expansion techniques, discussed in
Chapter IV. For uniform impedance loading the Fourier coefficients of —
the current are solved in Chapter V. The fields at the center of the loop —
are calculated using simpler techniques in Chapter VI. An important é
part of this chapter is the search for a loading impedance such that the
ratio of E to H is that of free space in order to simulate plane waves at
the center ofthe toroid., Extensive numerical results for the fields at the
center with various impedances are shown in Chapter VII. Finally, a

discussion is given on extensions of this work for future studies.




u.?

II. Special Toroidal Coordinate System

A special right-handed coordinate system based on the center of the
toroid's minor circle is defined as a toroidal coordinate system and will
be represented by the symbol (X, &, ¢). Its relations to the rectangular
(x,y,z) and cylindrical (¥, ¢, z) coordinate systems are shown in figure 3.
A unit vector € of a particular coordinate in terms of the others may be
formulated, as well as the vector identities in terms of these three coor-

dinate systems. The relation between the rectangular and cylindrical

coordinate systems are well known,

X = ¥cos (¢)

y =¥ sin (¢)

EX E‘\ycos (¢) - —e'd)sin (¢)

?y E’\Ilsin (¢) +E’¢ cos (¢)
\Ifz = Xz + y2

¢ = arctan (%)

e = _e“X cos () +E'ysi_n (¢)

T, = —-—e“xsin(dJ) +”€y cos (¢) (2.1)

¢

where € with a subscript is a unit vector in the appropriate coordinate

direction.

The toroidal coordinates in terms of them are,




tan (§) = —2— = i
-4 "/X2 +y -a
EA =¢e_ cos (§) - E‘Z sin (§)
(2.2)

Eg = —Te'\Ilsin(E) —'€Z cos (§)

Tsf)l =€ _cos (§)cos (¢) +_e‘y cos (§) sin (¢) - € _sin (&)

Eg = -€_sin(§)cos (¢) —Eysin(E)sin(¢) - cos (§)
The other coordinate systems can be written in terms of toroidal coor-
dinates as given below,

¥ = a+ Acos (§)

z = - xsin(§)

X = |a+)tcos (E)]cos (¢) 2.3)

y = Ia + X cos (E)] sin (¢)

E@ = _e‘xcos (€) —‘é‘gsin (§)

_e'Z = —Te'xsin (§) —'é"g cos (§)

e = 'é">t cos (¢) cos (£) —737§ cos (¢) sin (§) —_e“d) sin (¢)

Ey = _e“Asin(d))cos (&) - é‘g sin (¢) sin (§) +—e“d) cos (¢)

Note that the restriction ¥>0 is made.
Using these formulas, one obtains the scalar product of two unit

vectors as follows,

o




e .¢ =8 -F =% - =1
x x y y z

= ~ B — - At
(e\y)qf e €y cos (¢ - ¢")
€'), ="7=¢ €,= ~-sin(¢ - ¢")

a
N
I
[en)

(€') = sin(¢ - ¢")

(é"qs)d)= c?s(d)- ¢") .
(_e‘:b)zz 0

(_e"k)A = cos (§)cos (§')cos (¢ - ¢") + sin(§)sin (§")

(é“i)g = -cos (§")sin(§)cos (¢ - ¢') + sin(§') cos (§)

Cé}’k)d> = cos (§")sin(¢' - ¢)

(—e‘;g)A = -cos (§)sin(§')cos (¢ - ¢') + sin(§)cos (§")

(E‘}g.),g. = sin(§)sin(§')cos (¢ - ¢') + cos(§) cos (§')

(‘é‘é)q5 = sin(§')sin (¢ - ¢")
(é"qs)l = cos (§)sin (¢ - ¢")
e'qs)g = sin (§)sin (¢' - ¢)

(E"qs)q5 = cos (¢ - ¢")

Another interesting set of components of the unit vectors is for the

relationship between the toroidal (1A', §"', ¢') and cylindrical (¥, ¢, z)




coordinate systems.

(Te}'t)\lf =e! - Te‘\If = cos (§") cos (¢' - ¢)

(é“x = cos (§')sin(¢' ~ ¢)

)¢
(E“'K)Z = - sin (§')

@é)g = - sin(§')cos (¢ - ¢") (2.5)

(_éé)qﬁ = sin(§') sin(¢ - ¢")

(E‘é) - cos (§")
Z

1

e(’l))\l_( = sin(¢ - ¢")
("e*:b)d) = cos (¢ - ¢')
(é‘:b)z =0

The distance between r and r' in terms of rectangular coordinates is,

= -
r -r

= (X—X')ex+(y—y‘)ey+(z —z‘)eZ (2.6)

There is a particular surface of interest on the toroid itself described by
(b, &, ¢) in toroidal coordinates or (a + b cos (§), ¢, -b sin (§)) in cylindrical
coordinates. With r' taken on this surface S' and using eq. (2. 3),

T -7 = [(a + xcos (§) cos () - (a + b cos (§) cos (417,
+ |@@ + xcos (E))sin(g) - (a + beos (') sin (¢") 2, -
+ |- xsin(8) + bsin(E|E

By simple algebraic manipulations,
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D2 - j‘r“—?‘]z a2 b - 2b>\[cos (§) cos (§') cos (¢ - ¢')

+ sin(8)sin (€1 + 4asm2<9—§-ﬂ>[a + A cos () + b cos (£)
(2.8)

If, instead, the cylindrical coordinate system is used with (b, &', ¢')

on S', then,

T -7 = [\I_rcos (¢) - (a + bcos (E")) cos ((15')]5‘X

+ [wsin (§) - @+ beos @Nsin (4] + [z + bsin(en|g,

(2.9)
and

D2 = ‘\I/ -a - bcos('g")]2 + Iz + bsin(f;")]2 + 4 sin2 <£;—d)‘>|a + bcos (&)
| (2.10)

The vector r -~ r' can also be written by using various unit vectors.

In the cylindrical coordinates, this is,

r-r'=ve_ +ze - [a + b cos ('g")]_e" + b sin (§')e!
I Z \\/J Z

i

[\I/ - (a+bcos(§))cos (¢ - qb')]?\lf

+ [a + bcos (g')]sin(¢'- 41 + lz +bsin (e (2.11)

In the toroidal coordinate system (X, &, ¢),
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|
H
sl
H]

[(a + xcos (§)) - (a + bcos (§"))cos (¢ - ¢')]€\y

+[a +bcos (€] sin (g - §E, - [rsin(®) - bsin@ne,

I

X+ 2acos (’s')sin2 (9—5—9'—) - b[cos (§)cos (§')cos (¢ - ¢')

et [ 22 sin (£) sin’ (452

+ sin (§) sin <§'>] _

+ b[sin('g')cos (§')cos (¢ - ¢') - cos ('s')s'm('s")]lé'g

+ l[a + b cos (E')]sin(qs - ¢’)]€¢ ) (2.12)

A line element may be represented as,

- - -

—)
dg = h,du,e, + hyduge, + hyduse,

= dxe +dy€ +dz¢€ (2.13)
X y z

The magnitude is,

2 2 2 2 2 2 2
‘dﬁ‘ = (hldul) + (h2du2) + (hsdus) = (dx)” + (dy)” + (dz) (2.14)

In this expression ul, u2, and u3 are orthogonal such that,

__1:5_ . (2.15)

and the hi are scale factors which can be found from eqs. (2. 14) and

(2.15) as follows,

2 2 2
2 _ [ dx dy dz
by = <dui> * <dui> + <du,1> (2.16)

-12-




Using the relationship among the coordinate systems it can be shown

that

h == a+ Acos(g)

h =2\ (2.17)

With these scale factors defined, the vector operators may be determined.

The Gradient Operator is defined as,

0
9 3 au3

(2.18)

therefore,

(2.19)

The Divergence Operator is given in toroidal coordinates by,

e 1 ) 0 )
v A=———[——(h h A )+ —(h,h A_)+-"—(h_h A ):l
h1h2h3 8u1 2731 8u2 371772 8u3 172773

1 9 5
= X[ voos B [B_A[Ma + X cos (g))Ak]+ 5_5[(a + A cos (g))Ag:l

+g—¢[7tA¢]l (2.20)

-13-




The Curl Operator is defined as,

hiey hyeg hg€q
- 1 9 9 )
VX A = —— - P T
h1h2h3 aul 8u2 ou
hlAl h2A2 h3A3
—— A —_—h
_ e a(h3 3)_ a(h2A2) N €, a(hlAl) ) a(hBAS)
h2h3 du,, du, h3h1 8u3 aul
€, a(thz) a(hlAl)
+ T h - (2.21)
1 2 aul 8112

A A . '
vx A=¢e 8—%—8 ¢ 15 aA\I/ -ﬂ +EE 8(\I/A¢)—8A\If (2.22)
T | wod 8z o | oz g v T 99
and in toroidal coordinates,
€ a + ) cos (§)|A A
ox F - ?,7& | ] A ] 6 ] I
a + xcos (&) A0 € 99
X —65 aA7t ~ala+)\cos(§)Aqs
a+xcos(&) | g¢ BN
e alNA ) A
) £ (2.23)
Y Y 5§

The scale factors can also be used to determine the surface integral.

Using primes for variables on the toroidal surface one has &', ¢' and the

. — — —_ .
three unit vectors ei, el, ande' on the surface. Here ei is the surface

g’ )

-14-




normal (pointing outward) and the other two unit vectors are parallel to

the surface. The scaling factors on the toroid surface, according to
eq. (2.17) are,
hi =
£ b
h:b:a+bcos (€") (2.24)
The increment on this surface is then,

dS' = bla + bcos (§')|d&'d ¢’ (2.25)

The formulas derived in this chapter will be used in the calculations

in succeeding chapters.
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III. Fields and Currents

It is well known that the vector potential A and the scalar potential

® can be calculated from the current density T and the charge density p.

¥ -2
— e_‘Y

S - M ) =2, '
A@) 4ﬁ[[V?(r e nt\l

'vl? -1

gl av'? (3.1)

a(F) = 477(cr+ 4o ¥ iwe) [f[ p(r‘ )<

Here, the frequency dependent factor elwt is omitted (or equivalently the

two-sided Laplace transform of the quantities is used) and

Sionlo T ine) 3.2)

In general, an antenna is made from an impedance loaded toroidal
surface (including conductors) which makes the current and charge con-
centrate on the surface. Actually, knowing the current distribution will
be sufficient in determining the potentials since, by the continuity equation,
the surface charge density pS can be obtained from the surface current

density 3; by,

p =-—=—v"J (3.3)

Define Green's function as,

-16-




-vl? -7
: (3.4)

) 47r|r-r

Then, the potentials become,

Aw) = ff T aET)ds
Sl

s(r) = - U+ — ff lv's - T 67 as! (3.5)

The electric field can be found from the potentials by,

E=-Vo - iwA

——»—», p . 1 o_ 7yl 1
— e ff GET)|ve - T @) ds 1wuff G(F, 7)T_(F")ds

(3.6)

On the toroid there are only &' and ¢' components of surface current,

i.e., J;&= 0. From eq. (2.20),
r-'j’(—’r)_ 1 9 (a + b (21))J (£, 4')
Vs ¥ " bl[a + bcos (§')] a'g"[a cos (& sg,g’d’

5 IbJ ; (g, ¢')]} (3.7)

Using the scalar product relationships in eq. (2. 4) and the vector

identities of eq. (2.19), one obtains,

-17-




2 s
Y _ G(r,T oo
]E,L_EK—.-Z_ /fb[a+bcos(§:| \agli(a+bcos(§ )) Sgl(g,(i))
o LR )]] bla + beos (£1)|dg dg:
¢
¢'
- vszG(EF’) [‘—cos (§)sin(§") cos (¢ - ¢') + sin(§) cos (§') I (&', ¢")
1 gl
+ cos(E)sin(¢-—¢')JS (&', ¢") b[a-+k>cos(§ﬁ d&'dg’ (3.8)
¢I
where ZO = \/iQu/(g_+ iw€e) is the characteristic impedance. Similarly,
2
o .Y Ll G(T, T G , -
EE‘E = ZOE =X g]f b[a-l—bCOS(g )] ’ag,l(a+bcos(§ ))JS§|(§ s ¢ )
8¢' (E', ¢' 4 [a,+ bcos(§')ld§'d¢‘
@
2 el | 3 : 1 1
- [[CHr,r )(SLn(E)51n(§')cos(¢-¢')+ cos(E)cos(’g‘)IJS (', ¢")
Mg g
+ sin (§) sin (¢’ - ¢)JS (E',¢')J bla + b cos (§")[dE'd¢’ (3.9)
qsl
and,

-18-




Y 7 _ 1 K3 G(r,T')
iquqS—TEd)_ a+2Acos(§) 9¢ /fS'b[a+bcos(g')]

——

gz.-,—l(a +b cos (EI))JSEI(EI’ ¢')l + ;T[b JSQS,(E" ¢|)]]
') dg'dg' - ? (_:_")[ in(g")sin(y - ¢')J_ (&', 4')
b[a+bcos(§ ]dEdqs Y ffSlGrr [sm g)sin(y - ¢ SE,E p

bla + bcos (£ ag'dy (3.10)

+ [cos (¢ - ¢')JS (g1, ¢')]
¢

Rearranging these equations,

dg'd¢'

—ZT—EX= a_if/ GE,T") ‘ [(a +beos (8T, (8, ¢ )]+ b ——J (g, ¢'>]
0 St % ¢

-7 [[ GEF)[a + beos (&) “- cos (g)sin (&) cos (4 - ¢')
Sl

+ sin (§) cos (g')]JS (&7, ¢") + cos (&) sin (¢ - ¢')JS (g‘,(b')) dg'dg'
gl t

¢ (3.11)
v — 1 i A | 8_ 1 1 1
ZO—EE uly jf’G(r,r ) ’85'[(a+bcos(§ ))JSE‘(E s ¢ )]
9 ! 1 1 1 2 = 1
+b8—¢,[JS '(g,cb)] dg'dg' - v b[[G(r,?)[a+bcos(g)
¢ St
[Sin(E)Sin(E')cos (¢ - ¢') + cos (£) cos (E')JJS (E', ")
- sin(E)sin (¢ - ¢")J_ (§',¢") ¢ dE'dg’ (3.12)
¢l
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and,

24 _ 9 ' Y
ZO E¢_ a+ lcos (&) 8¢ ff G, [-é?‘(a +beos (8 ))Jsg‘('g' $ ¢ )]

8¢)' [J s ¢ )]l dg'd¢' - v bffG(r la +bcos(g')l

“sin(&')sin((p - ¢')JSE'(§‘,¢‘)] + cos (4 - ¢‘)JS¢'(§', ¢‘)]]dg'd¢r
(3.13)
Equations (3. 11) to (3.13) are the exact solutions for the electric
field in terms of the surface currents on the toroid.,
Wu5 obtained equations (3.12) and (3. 13) in the same form as above,.
But there exists a discrepancy in the results. There is an opposite sign
in the sin(§)sin(¢ - ¢") JSqS' (§', ¢') and in the sin (§')sin (¢ - ¢')Jsgl(§', ¢')
terms. This difference has been carefully checked and it has been con-
cluded that the two signs in Wu's results are in error. However, this
error does not affect his calculations on current distribution. This is
because Wu considered only eq. (3.13) and neglected the JSE‘ component,
Eq. (3.12) in some cases does not contribute new information; this point
will be clarified in the next chapter. Wifhout the JSEY terms, eqgs. (3.11)
to (3. 13) have precisely the opposite sign as obtained by Fante et al6 for
all terms.
The electric field components are expressed in cylindrical coor-
dinates, but with the surface current density components still expressed

in toroidal coordinates, are,

-20~




Y _‘_‘ 9 1 1 t 0 ' 1 1 1
— / G( l—a_g—'[(a-l_bCOS(g ))Jsg'(g,(i))]‘F bWJS(b,(g,(b)]’dg dd)

-7 [[ GEF)|a + beos (£1)] l sin(§') cos (¢ - ¢') I (E',¢")
S! lg'l

+ sin (¢ - ¢') I (’é',d)')]d’é'dd)'
d)l

z B3 ad,ffG< l @+ beos (51 5 o, . gn|+ b2 o Jsd) ('é',d;')”d'é'dd,'

- 'yzb//G(?,'f'")la + b cos (E')] [sin('g")sin(d) - )T, (ELgY
S £

+cos (¢ - ¢V (&', ¢)')‘ d&'dg'
Sd)'

zv_ - .éa_//g( [ - |(a + b cos (& NI s, (&', 0|+ [b—J (€, ¢>>]] dgdg'
¢'

- vzbffsf;@,?)[a +beos (5] |- cos (8NI_ (&1, g1)]dEdy

g! (3.14)
The magnetic field can be derived from the vector potential of
eq. (3.5), which gives,
H-=2vx A=vx[[ T @GET)ds (3.15)
M gt S
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Using eq. (2.23) and the scalar products of eq. (2.4),

- 5‘)\ 8la + Xcos G .. ey . , |
VXA TN cos (§7| X1 [sm('g' )sin (g - ¢1)Ag, + cos (¢—¢)A¢'
- 5% <[sin (§)sin(§') cos (¢ - ¢') + cos (§) cos (5')‘A§|

—

e

£

+a+7\cos &)

+ sin (§) sin (¢' - ¢)A¢>

% <I— cos (§)sin(§')cos(¢-¢',
+ sin (§) cos (E')]A§| + cos (§) sin (¢ - ¢')A¢‘> - %({a + Xcos (§)

[sin (E')sin (¢ - ¢")A,, + cos (¢ - ¢')A¢,]>‘

e
+ % [5?{ <A[sin(§)sin(§')cos (¢ - ¢') + cos (§)cos (§") A,g-,
+ Asin(€) sin (¢' - ¢)A¢,> - %(l—cos (§)sin(€') cos (¢ - ¢")

+ sin (§) cos (*v;")]A,’;.l + cos (§) sin (¢ - ¢')A¢,> (3.186)

and thus, the magnetic field components are obtained as follows,
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sz a+>f;os ) li Py ]G(r T )la+xcos (E)Ha+bcos(§ )]

{sin(’g“)sin((b— d)J (€', 9")+ cos(p - ¢")J (E‘,(b')ldg‘qu'
Sg' s¢,

= ]G(?,?’)Ia+bcos (E')] [ [sin('é)sin(’é')cos(q& - ")
Sl

dgtde!

+ cos (§)cos (EN I (5, ¢) + sinE)sin(e' - §)I_ (E, 4"
Sg' S(i)'

HE:a+Acos(§)[ d)]fG(rr),a+bcos(§)][l-cos(&)sm(&')cos(q& é")

+—sin(§)cos(§')]J (&', ¢') + cos(&)sin(¢d - ¢')T_ (&', ¢")
Sgl S(bl

dg'de!

sin(§')sin(¢ - ¢')J_ (§',4")
Sg,

- a%//scl}(ﬁ?')[a + Acos(’é)”a + bcos (E')J

+ cos (¢ - qS')JS (€', ")} dE'd¢’

(bl

sin (&) sin(£') cos (¢ - ¢')

=pi ffG( '))\la+bcos(§')]

+ cos (§)cos(§')]JS (8, ¢") - sin(§)sin (¢ - ¢>')JS (5',(1)')] d&'d¢!
EI d)r

l— cos (&)sin (&) cos (¢ - ¢")

- é%//s'(}(f:‘f")[a +bcos(’g")]

+ sin (£) cos (E')]J (8',¢) + cos(&)sin(¢ - ¢")T_ (£',¢") ’ dg'de’
sg, S(b'
(3.17)

-923-




The magnetic field components expressed in cylindrical (¥, ¢, z) coordin-
ates, but with toroidal coordinates (X', €",4') for the surface current

components, are,

(gl’d)!) dgld(bl

H = 5%]@9@,?)@ + b cos (§'>] ’ cos (£1)3_

3

sin(§")sin (¢ - d;')JS (€' ¢")

_bé;a_Z‘/./S_f}(?,_f‘)[a+bcos (E‘)] .

+ cos (¢ - d)')JS (5‘,4)')\ d§'d¢'

¢
H¢: bé%j]s('}(F,?')[a+bcos (E‘)] - sin(§')cos (¢ - d)‘)JSg'(E‘, é")
+sin(g- ¢)I_ (5,4)| d&'dp’ - ba%/](}(?,?‘){a + beos (£1)
¢! S '
(- cos (§1)J, (81, ¢') | d€'dg
El
b & T — =y . . 1 1
. \i—a—g![/sf}(r,r')\llla + b cos (E')] sin (§') sin (¢ - ¢')Jsgl(§ s @)

ba

d&'d ¢ ~\Ir8¢.

+cos (g - ¢")J_ (&', ¢')
S

[/éf}(?,?')[a + b cos ('g")}

ag'dg'

~ sin (§') cos (¢ - (;S')Jsg‘(g', ¢') +sin (¢ - ¢‘)JS ¢'(§" ¢") (3.18)

Therefore, knowing the current distributions on this special config-
uration of TORUS, the eleciric and magnetic field in space can be calcu-
lated either in the toroidal or in the cylindrical coordinate systems.
Unfortunately, the current in general is unknown. It will be shown in the
next chapter how to solve for the current distribution from boundary

/

conditions.
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IV. Solution of the Integral Equations

—
=

If the sheet impedance Z is given, the electric field
on the toroidal surface can be formulated in terms of the source field

Eg and the current distribution as follows:

ES(§,¢)= Eg(§,¢)+'Z(§,¢)- JS('s',(i)) (4.1)

It is also known from eqgs. (3.12) and (3. 13) that the surface electric field

is,
Y _ 2
?Es¢_a+bcos(§)a¢// \ E[a+bcos(§)]J§(§ ,0")
+b—aFJ¢(§'¢)]d§'d¢>'—’}'b[/G(r, [a+bcos(§)]
‘sin(g')sinw) —¢>')JS (§',¢") + cos (¢ —¢>’)JS (§',¢')  d€'d¢’
g é'
(4.2)
and
v 19 N
- = - GF‘, ! a + bcos (&' (&', ¢")
Z, S b Eff 's' [ )]'s‘gl

+b-8TJ¢(§' ¢)] d€'dé' - v bffG(r ,_*)[a+bcos(§)

“sin (§)sin (§') cos (¢ - ¢') + cos (§) cos (E')]JS (€', 9"
gl

- sin(§)sin (¢ - ¢TI (§',4")
S 4

d€'d¢ (4.3)

-95-




where GS(FS,‘F'S) is the Green's function in eq. (3. 4) with ?‘S = (b, £, ¢) and

p—y

r' = (b,§',¢") on the toroid surface,

t
S
Integral equations (4. 2) and (4. 3) can be reduced to a simpler form

by Fourier expansions of the integrand. The surface current on the

toroid may be expressed in terms of a Fourier series expansion as follows,

w -
T () =T (8) + zz [an(§>cos (ng) +@! (£)sin (ng) (4. 4)
n=1
where,

- 1 27
a (€)= ﬂfo JS(E,q';)cos (ng)d¢ forn=0,1,2,...
1 27,
@ (8) = ﬂfo T.(E.¢)sintng)dp  forn=1,2,... (4. 5)

The coefficients 'c_z‘n and B’ZI'] are vectors (with £ and ¢ components) and, in
general, are functions of §. Similarly, the tangential electric field on the

toroid surface,

ES(I_"S) = ES (E,(ﬁ)?g + ES (’§',¢>)€"qS (4.86)
g ¢
can be expanded in the form
00
E_(£,4) =B (&) + 2> [B_(5)cos (n9) + Bl (£) sin (ng) (4.7)

n=1
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with,

1

7T_A
ES(E,qS)COS(nqS)qu forn=20,1,2,...

—

1 27, ’
BL(&)= -2'7;/;) E_(§,¢)sin(ng)d¢  forn

1,2,... (4.8)

The idea, of course, is to relate the b?n, EI’], En’ and —3;1 Now, the Green's

function on the toroid surface is defined by,

1 —’YDS

47TDS e (4.9)

G (r ,7') =
s(s’s)

where DS = Irs - rél can be obtained from eq. (2. 8) by letting X = b. For

this case,
2 2 . .
D_ = 2b [1 - cos (E)cos (§')cos (¢ - ¢') - sm('g‘)Sm(g')]

+4asin2<¢£¢') [a+bcos(§)+bcos(’g")] (4.10)

Note that GS is even in ¢ - ¢'. Thus, GS can be Fourier expanded with

respect to ¢ -~ ¢' as follows,

G,_ = GO+2§ G_ cos [n(g - 8" (4.11)
n=1
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Here the Gn are functions of & and &' but not of ¢ or ¢'. The coefficients

are given by,

2T
G = %fo G_cos [n<¢ - ¢')] d(¢ - ¢') (4.12)

n

Substituting these Fourier expansions into eq. (4.2), one obtains, .

_Z_ya_[a + b cos <§)] l[g . + ini;l[ﬁ(bmcos (m¢) + B:bmsin (qu)] ]

S m=1 |

3

+ ba%,Js (&, ¢')} dE'dé' - vob [a + b cos (g)][f [a + bcos('g")]
o' S!

[s0]
(E',(b')lGO sin (¢ - ¢') + zz G_ cos (m(¢ - ¢")sin (4 - ¢)

[sin (E")J
s
g m=1

[s0]
+ JS '(E',d)')[GO cos (¢ - ¢') + 22 Gmcos(m(d) - ¢'))cos (¢ - d)')} ! dg'd¢!

) m=1
(4.13)

Hereafter, for simplicity, J

Sg

used to represent the surface current.

and qu5 instead of JSE' and JS will be

¢' ‘

Multiplying both sides of eq. (4.13) by 2i cos (n¢) and using the
T

orthogonality relations, ~
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27
1 f cos (n¢) cos (m¢)d¢ =

D] =

5 (1 +6 )
m

27 0 n, 0,n
1 27 1
§7r/0 sin(ng)sin(m¢)dg = 56, (1-87 )
27
5 0 cos (n¢) sin(m¢)d¢ = 0 (4. 14)
T

as well as the geometric rules,

cos [m((b - (b')] = cos (m¢) cos (m¢') + sin (m¢)sin (m¢')
é%;cos[m(qb - qb')] = - msin (m¢) cos (m¢') + m cos (m¢) sin (m¢')
cos[m(¢> - ¢>')]sin(¢> - ¢') = % - gin((m - 1)¢)cos ((m - 1)¢")
+ cos ((m - 1)¢)sin({m - 1)¢") + sin ((m +-1)¢) cos ((m + 1)¢')
- cos ((m + 1)¢)sin((m + 1)¢")

cos [m(([) - qb')]gos (¢ - ¢') = %[cos (m - 1)¢)cos ((m - 1)¢")

+ sin ((m - 1)¢)sin((m - 1)¢') + cos ((m + 1)¢)cos ((m + 1)¢')

+ sin ((m + 1)¢) sin ((m + 1)¢") (4.15)

it can be shown after integrating over 0 < ¢ <27 that
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Y - ; 1 _9 1 1t
ZO— a+ bCOS(g)]B¢n —[[SlGrnnsm(ngb) l Yy {(a+ b cos (& )]Jsg(g s ¢')

+ b —S%Js (g, d)‘)} dg'de' - %yzb[a + bcos(g)]// [a + b cos {g')]
¢ S'

sin g'Jsg(S', ¢')[Gn+1 § Gn_l]sin (ng') + JS¢(§‘,¢‘)[GH+1(1 + g )

dg'd¢' forn=0,1,2,... (4.186)

+ Gn_l(l - 60’n)]cos (ng')

1

Similarly, multiplying by 5=
T

sin (n¢) and integrating over 0 < ¢ < 24,

) 1 T, o'
3g_'[(a +bcos (£ (', ¢ >]

L fa +bcos <s>]3'¢n [[S G_ncos (n¢') .

0

dg'de' - %yzb‘(a + bcos (g)][[‘a + b cos (g‘)]
Sl

9 1 1
+bWJS¢(§’¢)

- sin g'Jsg(g‘,cb')[Gn_l_l - Gn_llcos(ncb') + JS¢(g" ¢')[G

n+1

+ Gn_llsin(nqS') dg'de’ forn=1,2,... (4.17)

Now, using eq. (4.4) and integrating with respect to ¢', eq. (4. 16)becomes

27

Y |a + bcos (£) =2 G ni-2
ZO a cos g]Bd)n WO "

5

[(a + bcos (g‘))agg_ (g')]

n

- bna¢ (g')] dg' - ﬂyzb[a + bcos(g)]fOZW[a + bcos(g‘)]-

n

sin (£ Gy - Gy fep (®) + 6, 1+ 5y 1)
n J
+G__ (- 50’n>]a¢n(§>l ag! (4.18)
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Eq. (4.17) becomes,

27

Y
——|a+bcos(§)|B, = -27 G n
ZO ] (j)n 0 n

2@+ beos (g, ()]

n

+ bnalbn('g") l ag' - ﬁ'yzbla + bcos(E)]/ézﬂla +b cos('g")]

‘- sing' |Gn+l - Gn_lla,g.n(g') + [Gn+l + Gn_lla:bn(g') ‘ dg (4.19)

Here, B¢n is linked to a'gn and T with B;ﬁn linked to agn and aa’n’ in a
. \ N
somewhat complementary fashion between B¢n and B¢n forn 21. The
B}bn equation can be obtained from the B¢n equation by substituting for qu, 0’
1 ; ! _ 1 :
a,g.n, and a¢n by B¢n’ a,g.n, and a¢n respectively,

In the same way, the ESE equation in (4. 3) expanded in ¢ is

Yb

Z9

B§0+ 21,;1l35m cos (m¢) + Bémsin (m(b)” = s_gfjs;,[Go

0
+2) G_cos (m(g - ¢))] laig,[<a+ bcos (5T _ (8", ¢
m=1 §

+b—8—lJS¢(§',¢')]

-5 dg'de’ - vzbszsja +beos (£

o0
sin(’g')sin('g")Jsg('g", ¢')[G0cos (¢ - ¢") + Zzlecos (m(p - ¢'))cos(e - ¢')
o

o0
+ cos (£) cos (g')JSg(E', 8 |Gy + 2zlecos (m(¢ - ¢'))]- sin(E)Js¢(E', ")
m:

© .
Gosin(¢> - ') + 22 Gméos (m(d - ¢"))sin(g - d)')] (4.20)

m=1
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1 .
Multiply both sides by -z-lﬂ— cos (n¢) or 5-sin (n¢) and integrate over

0 < ¢ £ 27; one gets,

B_Z'l(a +bcoS(§‘))J (€', ¢") l

¥b_ ., _ 8 ,
7 Bg = 58 /[ Gyeos néh)
n St E

Z
0

sin (£) sin (&' )J (&', ¢")
Sg

b g (£, ¢") | d&'ae -——ff[a+bcos(§ )]

3¢’ S¢>

[Gn+1(1 + 50,n) + G (1~ 50,n)lcos (n¢') + 2cos (£) cos (g');rsg(gv,d),)

ag'dg

Gncos(nci)') - sin (E)JS¢(E‘, d)')[GrH_l - Gn_llsin (ne¢")

forn=20,1,2,... (4.21)

& : - i i ' '—8— ! 1 t
Bg BEffS'Gnsm (n¢') l 8&"[(a+ b cos (§ ))Jsg(‘g' , b )]

d&'d¢' - —————ff[a+bcos (g )] [sm(g’)sm('é )J (8',91")
g

+[b 5 o3 <s',¢>'>]

sin(n¢') + 2 cos(£)cos (§")J (&', ¢')GnSin (n¢')

[GI’H-]. + Gn—l] Sg

d&'d¢' forn=1,2,...

+ sin(§)J_ (&', ¢M)|G - G cos (n¢')
Sd) n+1 n-l] (4.22)

Now, integrate over ¢',
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G_{5r|a + beos (£) agn@-)] %[bna;b n@')]lds'

0 n
202 (%[ + b cos €] [sin (8) sin (e (E0]G, (145 )

- Ty /0 a cos sin (§) sin a/gn [n+1 60,n

+ Gn_l(l - 60,n)]+ 2 cos (§) cos (E')agn('g")Gn

_ sin('g')a/;bn[Gm_l - Gn_llld’g‘l (4. 23)
and,
o 29 2 G 18 [+ boosENel (8] - [bna, &) \d'g"
ZOHB/O Az e @] -[pnay (@]

2
b ﬁ[a + b cos (S')]‘sin(&') sin(8ey (80[G .y + G ]
0 n

+ 2 cos (£) cos (gl)argn(gt)Gn + Sin(g)a¢n(§')[Gn+l - Gn_llldg‘.

(4, 24)

Again, Bg , linked to ap and g, , is somewhat complementary to g

n g ¢n g

which linked to a/,g.' and ay - The B',g. equation can be obtained from the
n n

B,g. equation if Bgn’ agn, and a;i’n are substituted by B',g.n, a’gn, and —a/¢

n
respectively. This is not true for n = 0 since B'g = 0.
n
Equation (4. 1) can also be expanded by Fourier series techniques.
Equating it with eqs. (4. 18), (4.19) and (4, 23), (4. 24), the current, in

principle, can be solved. This should be a general solution since no

assumptions or restrictions have been made so far., Unfortunately, these
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equations are still in the integral form and, for techniques familiar to the
authors, Gn can be obtained only by numerical methods. It is rather com- ) .
plicated to solve for an integral equation with numerical parameters.

This study will be left for future investigation. In a later part of thisnote
we will assume that "a'' is much greater than ''b'". This way, the integral
equation can be reduced to an algebraic equation and thus an analytical

approach would be possible. This assumption in reality is true for most

cases, Also, an analytical result could give a check with the existing
formulas for the extremely high and low frequencies. It also provides a

general feeling of the TORUS behavior for future complete investigations. o
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V. Current on TORUS Loaded with Uniform Impedance

According to eqgs. (2.8) and (3. 4) the surface Green's function

depends on Ds in such a way that

T

/ 5 (8dE = G_(m) - G (=m) = 0 (5. 1)

Therefore,

71'8 T
[, 8’5‘—/7! 2% (5. 2)

[(a+bcos(§))J (&', "] + [b 23 <§',¢')]]d§'d¢>'ds=o
£ ®

Also from eq. (2.8), D(&,&") = D(-&,-£&'), which makes
G(&,8') = G(-&,-¢&") (5.3)

From this relation, it can be shown that,

T

_[:G@,s')dga/ G(g, -£")dE

T T
| G(g, g0 cos (91d8 = [ G(g,-£" cos (8)ds
=T =T

i T
| atg,g)sin®ag = - a(g,-5) sin(8)dE (5. 4)
=T =T

T

T
In other WOI‘dS,f G(&,&")dE and / G(E&,&") cos (§)dE are even, and
—T e

T

f G(&, &') sin(&)d€ is odd with respect to &'.
-7
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j—y
jren 3

For a uniform impedance loading (ZS reducing to a constant scalar

ZS), with the source at ¢ = 0, symmetry7 implies that

S

J. (§,¢) = JS (-§,¢)

) )
I (E,0)=-F (-£,9)
g St
E (E,0)=E_ (-&,¢)
¢ o)
E (E,¢)=-E (-&,¢) (5.5)
- Se
Thus,
T
[ 5. (&,¢)aE=0
-1 Sg
K
.f_ E_ (§,4)dE=0 (5. 6)

3

Using these relations it can be easily shown that,

i
- yzb_/f/"es[a + b cos (ss')] sin (&) sin (&') cos (¢ - ¢ ')Jsg(g',¢’)d§'d¢'d§ =0
-

- 'Yzb/f?GS[a + bcos(g')] cos (&) cos(’g“)JS (8',¢')dE'd¢ 'dE = O
- 3

i
- vzb/// G [a + bcos(g')]sin(s) sin(d - 6"J_ (8',¢")dE'dg'dE = 0 (5.7)
=i 5 S¢

Each term in the integration of eq. (4.3) with respect to £ and &' from

-T to 7 is zero before any ¢ ' integration is taken. Thus, eq. (4.3) does
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not give any useful information and therefore can be discarded if the load
is uniform. In this case eq. (4.2) is the only fundamental equation for
solving the current distribution. This equation can be simplified by

assuming that
az > b2 (5.8)

and

kb «< 1 (5.9)

The fields calculated under this assumption therefore are valid only
for kb less than one. For higher frequencies, the charges will be accumu-
lated near the source. The known8’ 9 far field formula of an infinite
cylindrical antenna can be used to represent the high frequency field near
the center of TORUS. Under these assumptions of egs. (5.8) and (5. 9) the
current on the TORUS can be considered as uniformly distributed with
respect to § and we may assume,

JS§(¢,§) =~ 0

~ Ko)
JS¢(¢ ,8) = 575 (5.10)

If the TORUS is located in free space where

2

2 /i 2

¥ =(17°") = (k)

z, = \/NO/E; ~ 377 ohms (5.11)
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then eq. (4.2) is reduced to

ralk g B, =a—a[K<¢> #) g7 o) dg
0 0
2 9 27
+ k%% [K(g - ¢') cos (g - ¢)1(g") dg’ (5.12) -
IA
with .
1/2

_ T L 1T g2 ., B2
K(¢) = Zf_WGSd'g' = ﬁf_ﬁ [(Zasm(z)) + (2bsm(-2—)) l

exp |- ik[(2asin (£)? + (2bsin (517 ] ag (5. 13)

Instead of using eqgs. (4.4), (4.7), and (4. 11) we may expand the current,
Green's function, and surface electric field in the following ways in order -

to compare our derivations with some of the previous works,

[s.0]
I(¢) = z Ime'1m¢
m= - -
w .
K(g) = 25 I<n1e-1n1¢ -
m=-o0 o
w -
E_ (¢)= 22 Erne—ln1¢ (5. 14)
0 m=-cw
where . 7
_ 1 L img o
I = 27rf I(¢)e"™%dg .
K =L 27rK() 1My |
m 27 /;) gle ¢
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27 .
B (p)e' ™ Pay (5. 15)

¢

The Fourier coefficients defined in the last chapter are related to them

1)

as follows,

Iy = 27rba¢0
%(x_m +1_) = 27Tbad)m, m#0

-;-(z_m -1 = 27rba/;5m, m # 0

E, = B%

S(E_tB_)= B(bm, m#0

i§(E_m -E )= B;ﬁm’ m#0 (5.186)

Substituting the above equations into eq. (5. 13)

27 o
K , . ~im(¢$ - ¢') 0 2 2 , ~im(¢p - ¢")
8¢~éd¢ > K e 35 I6N + k a‘/d¢ Z K e cos(¢ - ¢"I(¢")
_4raik ¥ -im
-2 z E_e ¢ (5.17)
0 L=

Multiplying by %elnqs and integrating with respect to ¢ from 0 to 27 gives,
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27 . 2T . .
1 a 1 -
16 T80 3, o[ e TR
m=-eo
27 . 27T s .
k (m+1)¢' -i(m+1)
+ 22 [dgiiten > [elm ¢jo Ko mTdInd,
m= ~co
2T _ _
L Jm=-D¢ A K _e i(m-1)¢ 1n¢>d¢]

27rZ0
m= -~

This reduces to
27 2 9 20

9 ing', . ka N [Ling' + ing' .
{)[%, 1(¢e ™ (-ink )|dg' + =5 jouqs)[e Kk +en?x s

- 4Z7r ak E’n
0

Now, substitute eq. (3.15)

27r © T 1 3 1
—é[ Z imI e MR ING ik )}dw
m n

m=-—g0

+

k2a2 a & -im¢' ing'

+ 1

2 /(; z Irne © <Kn—l Kn+l>dq5
ms=-co

_idrak

Z0 En
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It becomes

2 2 .
2 k a I i2ak
- + + = —
I [n®K )+ KR 7 (5. 21)
Let
(-n’K ).
7Ln = a T + ) (Kn—l + K +1) (5.22)
then
1A =22 g (5.23)
nn Z n
0
Thus, knowing the Fourier coefficients of the surface electric field, the
current can be found. Here Erl is also a function of Irl if the toroid is
loaded.
From eqgs. (5.13) and (5. 15),
27 _s T -1/2
K =25 [Te™agf [2asin($)? + @bsin(2)?
n 2 0 - 2 2
4q g
exp —ik[(Za sin(izb-))2 + (2b sin(g))zllde (5.24)
Now, let,
A = 2bsin(g/2) (5.25)
such that,
7 2
dA = beos(2)dg = b V1 - sinz(-g—)de =b V1 -£de - -;—‘/4b2 -A%ds  (5.26)
4b

and define a new function
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27 . -1/2
Mn(A) =/O emd)l(zasin(%))2 +A2| exp —ikl(za sin(g))2 A2
then,
Q=7 —1/2 6= "']./2
K =L [7 @?-a% M (a)daA - —1f "an? - A%
n 2J n 2
27 Q=-mw T =0

M_(A)dA
n

2 2
Mn(A) can be simplified for small A, If 0 < A"<<b” and kA <1,

exp|-ik(2a sin (g—))

27 .
M (a)=[ ™ 3
n "0 2a sin ( —2-)

dé

The differences are,

27 exp[ 2ika sm( )l[ 1(n+1)¢ 1n(i)

A =M (A) - M (A) =
n n+l n /O 2asm(g)

o0 exp[ 21kasm(¢)] 1(n+—)¢[ g_ _i%]d(b

e

"0 2as1n(§)

27 iexp [-Zika sin(-(zé) + i(n+%)¢]

:f

0 a

d¢

.ﬂ‘ -
j Eal eXp[—zikasin(e)'ﬂ(zn + 1)9] dg
0

n

-4 -

dé

d¢

(5,27)

(5.28)

(5.29)

(5.30)




Now, letn =0,

1/2
.9¢ €exp -ik[(Zasin(Q))2 +A2
2
M, (A) =/ —~7 de
"0 ., 0.2 2
I(Zasm(—)) + A ]
2
. ., 0
- /,27r exp[-1k(2a51n(§))] -1 0 + o7 dé 5.31)
0 2asin(g) "0 \/[2asin(g-)]2+A2

The first term is

27 expl—ik(Za sin(%))] -1

Jo

d¢ = /(")” exp [-i2kasin ()] - 1 4

2asin(§) asin{e)

- -2ka _: ~2ka -~
= —1/ de)/ exp [-ix sin (6)] dx = —-l-j dx/ exp [—ix sin (6)] de
2 0 20 "0

= —‘;—”_/jka [J()(x)ﬂ EO(X)] dx (5.32)

11

3

The second term is1 , for Ala—0,

27 2
f d¢ 573 5 = -2—1n(8xa) +termso<%> (5.33)
"0 \/[Zasin(i)‘ + A a a

Here,
177

J— (z) = ——/ cos[ve - zsin(g)|de (5. 34)

v Y5
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is the Anger's function which reduces to the Bessel function J , (z) if v is
an integer;

E (z) = %/ﬂ sin[VG - z sin(9)| d6

(5,.35)
v 0

is called Weber's function. This is also written as -Q(z) where Q(z) is
the Lommel-Weber function referred by Wu.

The integral of the Anger-
Weber function, Sm(z) is defined as

. .27
5, (2)= -12-/ [ ) + i (x)] dx
0 m m

(5. 386)
and has been discussed in detail in Mathematics Note 25, Therefore,
2 8a 27 A2
M, (4) = =1n (23 ) - 5, (ka) + o<a—2) (5.37)
From eq. (5.30),
n-1 n-1
T 2i . . .
M (A) =M, + ZA = M, + 2 / — eXp[—Zlka81n (9)]8Xp[1(2m + 1)o| dg
n 0 m 0 0 a ’
0 0
Wi T iemr)
= M, + 2—1/ exp[-Zikasin(G)l z HEmTO L 4 (5.38)
0

4 4=




Here

- ; ©i2n i2ng
nzl Jemie | je 1= 1.6 (5. 39)
0

1 - e129 - 2isin (g)

Therefore,

) j : i2ng
Mn(A) M. - /7’ exp[—21ka sin(g)]1 - e ] a6

0 - asin(g)
i2n
-2 <§§) +/'” exp[-i2ka sin (9)] - L g _/‘W%p[-zikas_in(e)]fl-e o] do
T2 M\A 0 asin(g) 0 asin(g)
i i2
2. /8a T [exp(-i2ka sin (9)) - 1]e2R0 ™ [i2n0 _ ] 4
= __.ln (.__) +/ — de + - . ( ) 9
a A ‘0 asin(g) ‘0 asin (9
H 2ka T
2, (8a) i n - ixsin (o)) a
= ln(A) a/O dxfo exp{12n9 ixsin (g )| de
. g |n-1 . ]
+é/ 2 RICI LN
a . 0 0

n-1
:gln<i_a> ——iai‘Zka[J' (X)+1E (X)]dx—% z E_n—l—l-ﬁ
m=0

0 2n 2n
n-1 ) ,
- 210 (%) .27 -2 — (5. 40)
=S (G) S, ) -2 D gy :
m=0
Define, /
1/2
|l 2,2 2
o0 : 3 +-
Nn(A) :f elnd) exp| 1k[a ) 1?2] ] d¢ (5. 41)
~e0 [a2¢2 +A2]
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Let ¢ = é—sinh(t) such that d¢ = & cosh(t)dt = \/¢2 + (é) dt,
then,
1 (% A
N (A) = —f exp {-ikA cosh(t) + in=— sinh(t)dt
n a 00 a
1 /® n
= = / exp —iA[k cosh(t) - — sinh(t)] dt (5. 42)
a Y=o a .

Change variables by letting k = B cosh(x) and n/a = Bsinh(x), then,

[o¢]
Nn(A) = é[ exp {-iAB [cosh(x) cosh(t) - sinh(x) sinh(t)”dt
—o0
[o¢]
= é[_wexp‘—iAB cosh(t - x)dt (5. 43)
Where B2 = B2 coshz(x) - B2 sinhz(x) = kz - (n/a)z. Letv =t - x such
that dv = dt, then,
[o¢]
N (A) = 1 [ exp‘—iAB‘éosh(v) dv (b, 44)
n atog
. .. 13
Referring to Gradshteyn and Ryzhik
N (A) = ﬂH(Z)l\/kz - (E)ZA]
n a 0 a
-2y [\/<5>2 - sz] (5. 45)
a O a




where H(Z) is the zero order of the Hankel function of the second kind and

0

K. is the zero order of the modified Bessel function of the second kind.

0

For small A,

N (A) = -
n

. 14
where v is Euler's constant,

2

n, 2 2 A
alnl: (g) -k -2—1\”"}’]

numerically about 0. 5772157,

(5. 46)

At least for n not too large, the difference between Mn(A) and Nn(A)

is approximately independent of A. In other words,

M (A) - N_(A)
n n

~
~

for any A

M _(A) - N_(A)
n n

for small A

The right-hand side can be obtained from eqs. (5.40) and (5. 46),

exact Nn(A) is given in eq. (5.45). Thus, the general solution of Mn(A)

for any A is approximately

M_(A) = 2K [\/(3)2 - k2 A}
n a O a

If we define,

C

+ 2 ln[\/(g)2
a a
n-1

n- 77 2 z 2
m=0

2. Bay 2 gl

a T

+ 2 Inf==) - &0 -—

al A> aSZn(ka) az
m=0

2 A

- = |+

_1_4.1 (4)

m+ 1 R
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2m + 1

The

(5.47)

(5. 48)

(5. 49)



we obtain
aM_(a) = 2k, [\/@? -k a |+ m|1 - X[+ 2c - 208, (xa)
n 0 a n n 2n
By the same argument, we may assume that the difference of,
n2 2 nA, _ lim n2 2 nA
K =) - - =) = —-)“ - - =
O[ (2 -k A] Ko () = KO[ () kA] Ko (%)

=-7—ln|: (E)z-l«:2A
a 2

-1 o (ka2
21n[1 ( n) ]
Thus,
aM (A) = 2K, (—) + 2C_ -~ 273, (ka)
n 0 a n 2n

15,16
Now, ’

1 nb nb
= I it fubniadl
5770 (3 %0 ()

where Iois the zero order of the modified Bessel function of the first kind

and A = 2bsin(g) is used so that dg = A o

2bcos(g) 4b —AZ
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(5,51)
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The Fourier coefficients of the Green's function can be calculated from

eq. (5,28), which becomes,

K :._1.

(BPyr (B4 - s (ka) (5. 54)
n ar 0" a 0 a n 2n

Now, consider the case for n = 0. Eq. (5.37) shows that for A2<< az

2, 8a, 21
MO(A) =2 In ( A ) S So(ka) (5. 55)

Referring to Dwight, 16

8a 4a
2h dAln(I) 1 dxln(g)

2 1
Zh VR T Via

0

1 dxln(——)

R L 0 e A e

[ln( ) sin X| +—]_n(2)]
7ra

1 8a
';E ln("g) : (5.56)

Using eq. (5.28), (5.55), (5.53), and (5. 56), we obtain

B 8a
K. = o ln(?) - ﬂSO(ka) (5,57)

Equations (5, 54) and (5. 57) agree with Colling and Zucker, 17
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Current distributions on TORUS can be found from eq. (5.23) if the
surface electric field is known. This equation is valid only if the antenna .
is loaded with a uniform impedance. For a load of Z' ohms per unit length o
the surface electric field is the sum of the potential drop in Z' and the

source field Eg which is assumed a function of ¢, That is,

Equ = Eg(d)) + Z'I(¢) (5. 58)

Note that both Eg and the drop Z'I are taken in the positive ¢ direction

and add to give the net Es on the toroid, The Es expanded in Fourier

series is,
w -
E = z (g + z'In)e'mqS (5. 59) |
o 2 °®
and so,
B -g 2T (5. 60) _

From eq. (5.23),

., 27na .
Inkn = l(rZO)(gn + Z In) (5.61)

Thus we obtain the Fourier coefficients of the current distribution in

terms of the total impedance on the TORUS,

Z = 27naZ’' (5.62)
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and the source of excitation g,

- Zﬂagn
I Z A2 5 (5.63)
0n
If the source is a delta-gap voltage VO located at ¢ = 0, the source field
on the surface of the loop is, L7
Eg = —V06(¢)/a
0 V .
_ z 0 -ing (5. 64)
27a
n=-c0
Therefore,
v
_ 0
In Ry (5.65)

0n

This is the Fourier coefficient for the surface current shown in eq. (5. 14).
Since Kn = K—n given in eq. (5.24), it can be easily shown that An = A_
from eq. (5,22) and In = I—n from eq. (5.62), One may also express the

current in the form of eq. (4. 4) whose Fourier coefficients can be found

from eq. (5.18), They are,

T
@ :27?3 : (5. 66)
n
and
o, =0 (5. 67)
d)n

Clearly, the surface current is symmetry with respect to ¢. We have

neglected the current in £ direction so that both ag and a"g are zero.
n n
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VI. Fields at the Center

In order to minimize the testing volume, equipment will be located
near the center of the TORUS for testing the nuclear EMP effects. Inthis
chapter we will study the possibility of simulating a plane-wave at the
center of the TORUS using a uniform loading impedance. The source of

excitation will be a delta-gap generator of constant voltage V., an impulse

0’
in the time domain,

Fields in space can be calculated by the integral equations in
Chapter III, They, in general, can only be computed numerically. Here,
an analytical approach will be tried to find the field at a particular point
of interest, namely the center of TORUS,

The current on the toroid has two components; the ¢ component
Jqu and the £& component Jsg' As was discussed in Chapter V, JSg may =
be neglected if kb<«1. However, as long as kb is not too large, JS‘(g still

is small compared to J in most portions of the toroid and J

S S is
approximately independent of ¢, The contribution to the fields at the
center under the condition b2<< a2 would be mainly due to the J45 com-
ponent even if kb is close to 1. The ¢ surface current density thus can
be regarded as uniformly distributed in such a way that the total current
¢ ) = 2abTy (¢). Omitting the time dependent factor eiwt, the vector

¢

potential may be calculated as follows,
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1w, —

. -— -
I (¢',&")e
A = L ¢ 1 t
A 47rf/ [T -7 ad¢ bdg
Sl
Loy
C

14 e
.[/ 27r|r T delde (6.1)

and the scalar potential,

10— —,
—'E' r—r|
1 P(r')e
= 1 1
4re f./S" [T - 7 ad¢ 'bd&
s Bl
8I(¢ e Y 1
477‘6,[/ 1w 279¢ " [T -7 d¢ 'd§ (6.2)

Here the continuity relation for the charge accumulation ‘Os and current

JS has been used as follows,

¢

~ ) 1($")

0
—_ 1y = 1y = - V! 1y =
atps(?) 1pr@) JS(?) a8¢ 27 b (6.3)
A vector identity gives,
- 1_“’ -7 o TS 7]
e e © e ©
v '-—:—':.—_" = Vi—m=———— e+ —— e
X |r‘—r"| e¢ = - 7 xed) R Vxed)
(6. 4)

Here, V x E:ﬁ = 0 for a fixed 7' which is not a function of 7.
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In rectangular coordinates,

1/2
|_s

r -7 = [(X - X')2 +(y - y')2 +(z - z")

e x-x")+E (y -y" +€Z(z -z")

vIF -7 == l?y_r"l (6. 5)
So,
il B N S S SV 20)|[I7 -7 (22) - 1]
v € 1= vy Z c
—A——h' - -
|I‘ I‘l |?—?'|3
1&)—-—-|
‘e (6.6)
At the center where r = 0,
ERIOIEEY i —1?0)?'
c 't [E“X'+€“y'+€z'] [1+1—w|?'lle
v & _Llx y z c
R | ol N
|'F r| |I‘| |I"|2
e -t
+ +
le cos (¢') eysln(gb) ezlr‘ll 3
|77
v oy ] - 27
c

(6.7)

[ |r|][

The fields at the center are now obtained:
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i I
W—
— 1 (é' z' — [1 +F, '|l 1qzet
== = a! ' = !
T ™ i 47rff v T 152 AN
—_ A
Be ™" Ve o
-k r'l
-2 Ll e &
4‘”4-‘/.2” iwpI(g )e¢ I‘f'l
. ]
1w = c
1 +=[r"|e
AM(P') 1=, =, 2 [ c ]
1aw€ 3¢ ’ \'If " e'Z |_f'|l I—E,IZ dg'dg! (6.8)

It has been shown in egs. (2.10) and (2. 3) that |T'| is even and z' is odd
with respect to §'. The terms involving the integration of z' with respect
to €' are therefore zero.

With a uniform load, the current will be evenly distributed with
respect to the location of source, ¢ = 0. The Fourier expansion in

eq. (5.14) can now be written as

I(¢") = Ip +2 z I cos (ng')

n=1
oAl 2 i nl_ sin(n¢') 7 (6.9)
EPY . T
n:
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and therefore,

' '
f € Lgdg =/_‘W €, cos (§1( Ndg !

-7

I (L P T ) 2L ) 4
f_w XY d¢ =_[ eysm(d) EYia d¢ (6.10)

-7

Substituting egs. (8.9) and (6. 10) into (6. 8),

i) =s 1w_.|
- -— I"| iw)—
I1.Z a . c P~+——|rﬂle
E =-¢ '1'0/-1—"3e + < dg'
c y 4m J |c¢ B iaw |3;42
T
1+ ql
H =5 &1 f[ ag' (6.11)
c z 47 O | .
71|
2
Since a2 >»>b"”, kb1, and |r'| ® a we finally obtain,
1 iwa
B s 170 Cma +]_+.c >e c
c y 2a c 1w
I . _lwa
ﬁ = _U <]_ +_]:.(*.E>e ¢ (6.12)
c z 2a C

With k = w/c, the fields at the center of the toroid are,
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— — 170 /. 1 ~-ika
S R R
E_ e (11<a 1+ 5= ) e
. L -ika
H =€ — (1 +ika)e (6.13)
C 7z 2a

Instead, one may let [T'|= a + bsin(§). Then,

i i
T -=|r
c c c B c wb
f e d&' = e f e d& = 27e JU(C>

That is, we should multiply eq. (6.12) by a factor of JO (%) . However,
numerical computations of the field strength show larger errors with the
Bessel function than without this factor., It is decided, therefore, to use
eq. (6.12) or eq. (6. 13) for the field calculation at low frequencies.
The ratio of electric to magnetic field can now be calculated,
B L (1 +ika - k%a?) (1 + ika - koa)

- —_— = _A_' (6. 14:)
ZoHe Lo (ika - k2a?) (ika - k2a%)

With the total loading impedance Z, it is shown in eq. (5.65) that,

I Z + inZ A
1 00
ANl=—— =i (6. 15)
+
IO Z 17TZ0k1

Here ko and Al are derived in Chapter V. For n= 0, nb/a<1l, The

asymptotic approximations for the K, and I0 can be used. 18 These are,

0
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I.O(X) = 1 -
X
KO(X) ~ - ln(-z—) -y (6.186)

From eq. (5.54)

1
K].:E [ln( )"2]"7TS (ka)l
K, = —{[mE2)- 2] s (ka)‘ (6. 17)
amw -

These equations in association with eqs. (5.57) and (5, 22) give

X = kal= [1( 2) - 2| - 5, ka)
x1=% [21n<—>-—]-s<ka)—s<ka)
ka W[l (22 )-z] s (m)} (6. 18) ®

The main object of this study is to find a loading impedance such e
that the ratio of electric to magnetic field at the center is that of free -
space, i.e., A =1, According to eqgs. (6.14), (6.16), and (6. 18) this

impedance Zi is related to frequencies in the following manner,

Z.
_Z_l [10.(32) - 2] 78, 0ca) - [ce)® + 10c)” |

(6.19)

2 n
‘g - -Z-ISO(ka) - ZSz(ka) + S4(ka)]
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This impedance contains not only passive elements but also active ele-
ments, It is rather impractical and therefore Zi will be referred to as

an ideal impedance, However, it is possible that some kind of combina-~
tion of the passive elements might come close to this value. For example,
at extremely low frequencies the condition of A = 1 can be accomplished
by a loading resistance of

_ 8a
R, = Z, 1n<—b—)-2] (6. 20)

Actually, when ka is large,

.
Lim Lim ,, _ Lim Z +inZgh,

ka — oo A= ka -0 - ka—osw Z + iﬂZO)tl (6.21)

as can be seen from eqs. (6,14) and (6, 15). Using the asymptotic expan-

sion of Sm(ka)lz and eq. (6.18), one can show

Lim _ Lim _ _ka
Kasoo M0~ kamo M- 4 0ka)

Therefore, A is always one at large ka and is independent of load. Thus,

a load of RO could produce plane waves at the center of the toroidal loop

antenna at low and high frequencies, At the intermediate frequencies the

ratio of E to H fields fluctuates around one. As "a' increases the center

is farther away from the current on the loop, which is the source of the

field; the field is closer to a plane wave,
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With load R 0’

Lim A E’l%lln(%%)—zl

ka —0%0
Lim - 1 8a
ka —0 1~ " 7ka [ln(—b—) 2]
Lim . _ V0 -
ka—0"0 0
. -V ka
Lim v (6.22)

ka —0 117 iR,

The fields at low frequencies now become

VvV _Z

By = -3, 09

2aRO .
— V()
I-I0 =e, 2aR0 (6,23)

This magnetic field agrees with the static field19 at the center of a loop

since VO/R0 is the D, C, current on the loop. At very high frequencies, o

it can also be shown that eqs. (6.13) agree with the fields from an

infinitely long cylindrical antenna excited by a delta-gap voltage. N
Let's assume that ka >>1>kb. The asymptotic formula for the L

integral of the LLommel-Weber function at large ka12 gives,
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Sylke) =+ }—ln(ka)—%ll/(-;—)

3

S 0ka) = 1+ Din(ka) - 2u (D) (6. 24)
2 T T 2
From the psi function relationls,
1
] ('é- = «9~-2In2
Wz +1) =¥ @)+ (6. 25)
one gets ¥(5/2) =¥ (1/2) + 8/3. Therefore, from eq. (6.18),
Lim [21 (52) - 2| - 5, (ka) - 5, (a)
ka—w 1
= [1 (= )+7]+1]ﬁ (6.26)
Therfore, under the condition that ka>>1>kb,
I. = L——
1 Zz +1ﬂZ0k1
Vv
0
~ "Z ¥a (6.27)
Z +

-2 D) + ]]

and from eq. (6. 13)
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iI,Z ka

E ~ - 170 e—ika
c y 2a
V.1 ~ika
z—€<:><ea ) 1 (6, 28)
Y lr 1[1 (— )+7]
O ka

For kb<<1, the Hankel function of the second kind can be represented as

follovvs:14

(2) 2

(kb) = J (kb) - 1Y (kb) = 1 - ;i ln(%) + 7y

(2) 2i
(kb) = J (kb) - iy, (kb) = e (6f29)

So, eq. (6,28) can now be written in terms of Hankel functions as

(Voi> <e-—ika> )
E ~-%¢ (6.30)
c y\ = S P 0y - 120 2) W )

ZO Hy

which agrees with the radiation field from an infinitely long cylindrical

antenna, °

This is certainly understandable. At very high frequencies,
the currents are largest near the generator. The other part of the antenna,
whether it is curved or straight, has very little effect on the far field
radiation, It is found numerically that eq. (6. 30) agrees very well with

eq. (6.13) somewhere around kb = 0.3 for b/a from 0,01 to 0,001,

Therefore, we may use eq. (8, 13) for fields at kb < 0, 3 and then switch
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to eq. (6,30) for higher frequencies. This way, we obtain

fields at the center of TORUS at all frequencies. Although the assump-
tions were made that not only a2>>b2, but also that kb «1 in the deriva-
tions to eq. (8. 13), the results indicate that this formula actually is still
good for kb close to one.

If kb is not very small, then as long as b2<< az, the local geometry
around the source delta-gap closely approximates that near a delta~-gap
in an infinite cylindrical antenna of radius b, The gap electric field
(almost uniformly distributed in &) will result in an almost uniformly
distributed Js¢ with a small JSE by comparison. The infinite cylindrical
antenna then provides the approximate fields at the center of TORUS for

,ka| >>1 provided b2<< az.
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VII, Numerical Results

We have obtained an ideal loading impedance Zi for generating a

plane-wave at the center of the toroid at all frequencies. The ratio of

Zi to the characteristic impedance of free space ZO is given in eq. (6. 19)
which is,

Z

7 = [ (52 - 2] - 75,000 - [6? + 0| |

o

2 T
‘g - E[So(ka) - 28, (ka) + S4(ka)l

(7.1)

and is plotted in figure 4 with respect to ka. This impedance contains

not only passive elements but also active elements as shown in the phase

plot. It is shown in eq. (6.20) that Zi = RO at low frequency, where

RO = Zo(ln(8a/b) -2)

(7.2)
is independent of frequency.
From eqs. (6, 14) and (6, 15) we have already obtained the ratio of
E toZ.H ,
c 07 ¢c
_ 4 .
- =<Z 17’ZO>‘0> <1+ika—k2a2> .3
zH \Z +irZ ke - k22

which is plotted in figures 5 through 7 with a purely resistive load

0 When X = 0, A has a peak near ka = 1. The resonance is
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sharper for a thinner toroid, This is what one would expect from a cir-
cular loop antenna. The peak decreases as resistances are loaded to the
antenna, In order to simulate a plane-wave-like field, the amplitude of
A must be close to one. From these figures, one finds that the optimum
choice for X is one for which A is in general about one at all frequencies,
although A may be closer to one at some particular frequency with other
values of X, For‘ X = 1, the field at the center is near a plane wave at
low and high frequencies as shown in the plots. This characteristic is
also proved analytically in Chapter VI. In the intermediate frequencies
the maximum fluctuation of |A = 1| is about 50% for b/a = 0.1. This
fluctuation drops to 25% for b/a = 0,01 and becomes only 17% at b/a = 0, 001,
One can not make the exact ideal impedance Zi with passive elements.
But some other kind of combination of the passive elements might be able
to produce an impedance close to Zi' As shown in figure 4, Zi is purely
resistive at low frequencies and becomes inductive at intermediate
frequencies. So, one may choose a load Z in the following form:
Z = RO + ikaaZO. The amplitude and phase of A are shown in figures 8
to 10 for various b over a ratios. It appears that the maximum fluctua-
tion of |A - 1| has a minimum for ¢ between 1 and 2. The optimum « is
given in an expanded scale for |A - 1| in figure 11b., For b/a = 0.1, the
maximum fluctuation of |A - 1] is about 36% with « = 1. 556. For
b/a=0.01, = 1.811 and b/a = 0.001, = 1,951, the maximum fluctua-

tion is about 22% and 16% respectively. This shows some improvement
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in the intermediate frequency as compared to the pure resistive case
(figure 1la). Figure 12 gives the comparison for peak |A - 1| for a load
Z = RO and Z = RO + ikaaZO with optimum ¢. One should bear in mind that
EMP usually has a very wide frequency range. Since an inductance
becomes an open circuit at very high frequencies, this kind of load may
not simulate EMP properly at high frequencies.

This optimum ¢ is a function of b/a, and it only applies to the E/H
ratio. For good high frequency efficiency a series inductance is undesir-
able. However, other more reasonable impedance functions can also be
investigated.

There is an interesting phenomenon in the pure resistive cases.
The magnitude of Ais one at ka= 0,7, 3, 5.7, 6.3, etc. At these fre-
quencies it is independent of load as well as b/a ratio. The impedance
Z appears in the formula for A. If it is real then at certain frequencies
the other terms are pure imaginary but conjugate with respect to numera-
tor and denominator. This gives magnitude one but does shift phase, the
amount of phase shift being proportional to the imaginary part.

The electric and magnetic fields will be shown in terms of normal-
ized factors E  and HO given in eq. (6.23). As was discussed in the last
chapter, one should choose eq. (6. 13) for the fields at low frequencies
and then switch to eq. (6.30) at high frequencies. That is, for low

frequencies,
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-ikb
e

>(ika+1+

1

ika

)

0 ZO

a-b

The source is turned on at t = -

Equation (7. 4) and (7. 5) are plotted in figures (13) to (16) for com-
parison, For 2 = 0.001, they agree very well, although the current

oscillations along the loop do not appear in the asymptotic formula.

1
Ny inZ, 12 ) - (2 )(E—)H

(2)
1

. b .
portion of agreement decreases as 5 increases.

a2 >>b2 were assumed in the derivations of eq. (7.4) and eq. (7.5) is

= H

N

—_

e

Since |kb|« 1 and

z

(7.4)

(7,5)

good for -E—-—»O, one would expect some disagreements in these two formulas

for large gra’cios. A typical example is shown in figure (13) for 2

From these figures, the best switching points seem to be at ka = 9 for

b

3 0.1 and kb = 0,3 for 25 0.02., This way, we obtain a complete fre-

0.1.

quency response for fields at the center as shown in figures (17) and (18).

Although, there is a clear discontinuity in the switching point for £-= 0.1,

it does not appear too bad really. So, the above formulas give us the
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fields at all frequencies for —E— < 0.1 and g = 0.1 can be considered the
limiting case. More accurate studies are proposed in the next chapter
for extending the range of validity to a thicker toroidal structure.

Since the field strength increases at large ka, one needs to con-
sider a very wide frequency range in order to obtain an impulse response.
However, as it is discussed in the Introduction that a unit step function
is a more adequate simple function for giving an EMP-like response.
The frequency response from a unit step source is that from impulse
multiplying (ika)_l. Thus, the field will now drop to zero at high fre-
quencies and we need only some finite frequency ranges in computing the
inverse Fourier transform, The transient behavior is shown in figures
(19) and (20)., The decay is extremely fast in the early time and
approaches one at later time. There is no great variation inthe results
for various b/a except b/a = 0.1 which is not quite accurate in the fre-
quency domain,

With various loading resistances, the frequency and time behaviors
of E and H are shown in figures (21) to (36) for some typical values of
b/a, namely 0.1, 0.02, 0.01 and 0.001. Without a load, the electric
field has a resonance at ka = 1 and becomes sharper for a thinner loop.
At this frequency, the circumference equals the wavelength. The phase
will not be changed even with some resistive loads. Therefore the field
at the center is enhanced. At low frequencies, the electric field is

mainly due to the voltage drop from the source spread out over the toroid
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to give a charge separation. The normalized E field at the center is
independent of the load and will approach one at late time. On the other
hand, the magnetic field depends on the current on the loop at low fre-
quencies. Therefore the normalized H field shown in these figures is a
function of load and becomes infinity when X = 0. The transient behavior
of the E field shows oscillations when the loading resistance is zero or
smaller. The oscillations are damped as the load increases and finally
approach one at later time. For the transient H field, it shows a rise
after an initial decay. This increase of field strength is more significant
for small loading resistances, The field finally approaches a constant

steady state value equal to 1/X.
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VIII. Summary

This note is one of a series which discuss and study the electro-
magnetic performance of the TORUS type of simulator. In this note, a
special coordinate system was introduced to depict toroidal geometry
and thereby facilitating the derivation of solutions for the electric and -
magnetic fields. Some special techniques were employed, such as
Fourier expansions, to simplify the integral equations. Some assump-
tions and restrictions were made, like a2 >>b2, to further simplify the
expressions. These assumptions may be considered valid for most cases.
As a result of this study a fairly extensive investigation of the Anger~

Weber function was done and documented, 12 General solutions have been

derived for fields in space and on the toroidal structure. Extensive
numerical results for fields at the center of TORUS in both the frequency
and time domains are given,
This work can be extended in the following order according to the
authors' preferences. -
1, Considering the first together with the next higher order
terms in the Fourier Expansion with respect to ¢, the field near the
center can be found.

2, Using eq. (5.62) the fields at the center from various types
of source can be calculated. The transient behavior can be obtained either
by inverse Laplace transforms of the frequency response or by the con-

volution of the source function with the impulse response.
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3. Instead of using eq. (5.10), one may assume that

- a -
Jg(¢ ,8) = a + b cos (&) JEa(¢)e¢ (8.1)

toaccount for the decrease of current density and electric field with increas-
ing cylindrical radius. This way, one may be able to obtain solutions for
larger b over a ratio.

4, For any value of a and b (but a/b > 1) one may try to solve
the integral formula in Chapter IV analytically or numerically to obtain
the surface current density not only in the ¢ direction but also the &
component,

5. By numerical methods the fields anywhere in space can be
computed from eqgs. (3. 14) and (3, 18),

6. Non-uniform loading impedances can be considered for
improving the field distribution in some sense in various frequency bands.
7. A tilted TORUS above a perfectly conducting ground is an

interesting topic for future study.
8. One may investigate the behavior of TORUS for the case that

the ground has finite conductivity.,
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FIGURE 28. H-FIELD FOR g—— = 0.001 WITH X AS A PARAMETER
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FIGURE 29,

ETEP-FUNCTION RESPONSE FOR THE E-FIELD FOR
o 0.1 WITH X AS A PARAMETER.
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FIGURE 30.

STEP-FUNCTION RESPONSE FOR THE H-FIELD FOR
§.= 0.1 WITH X AS A PARAMETER,
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FIGURE 31, gTEP‘FUNCTION RESPONSE FOR THE E-FIELD FOR

3 0.02 WITH XAS A PARAMETER, —
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FIGURE 32.

ETEP—FUNCTION RESPONSE FOR THE H-FIELD FOR
o 0.02 WITH X AS A PARAMETER.
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FIGURE 33. ETEP—FUNCTION RESPONSE FOR THE E-FIELD FOR

37 0.01 WITH X AS A PARAMETER.
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FIGURE 34. gTEP-FUNCTION RESPONSE FOR THE H-FIELD FOR
a7 0,01 WITH X AS A PARAMETER.
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FIGURE 35.

STEP-FUNCTION RESPONSE FOR THE
1:-= 0.001 WITH X AS A PARAMETER.,
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FIGURE 36, ETEP-FUNCTION RESPONSE FOR THE H-FIELD FOR
3 - 0,001 WITH X AS A PARAMETER,
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