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Abstract

The time variation is obtained of the total current induced om a
cylindrical post between a parallel-plate waveguide by a step-function

plane wave traveling between the plates.
The resonant frequency and the decay time constant of the fundamental

mode of the post current and the field enhancement factor, defined as the
ratio of the maximum surface charge density to the late-time surface charge
density on the end cap of the post, are calculated for various plate spacings
and two given values of the post's diameter-to-length ratio. The frequency
variation and the time history of the surface charge density on the end cap
of the post are also given in graphical form for several values of plate

separation.
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I. Introduction

This note is the continuation of a previous study on the electromagnetic
interaction of a site structure with a two-parallel-plate simulator, with the
site structure taller than the top plate of the simulator.l Here, we study
the same problem for the case in which the top plate ié higher than the site
structure. The result of this study will be reported in two separate notes.
The present note is devoted to calculating the response of a post to a step-
function incident plane wave traveling between two parallel plates, In a
subsequent note, a circular hole will be made in the top plate of the simulator
and we will seek a "compromised" hole size for minimum electromagnetic inter—
action between the post and the simulator.

Recently, some results have been reported by Taylor and Steigerwald on
the same problem that we are considering here.2 However, there are several
different aspects between their work and ours. Firstly, our approach to
the problem differs from that of Taylor and Steigerwald. Our formulation
is based on using the magnetic field and we arrive at an integral equation
of the second kind for the axial current on,thevpost, whereas their formulation
is based on using the electric field and they end up with an integral equation
of the first kind for the axial current with a constant determined by the

boundary condition on the current at the "end" of the post. It is well known

that an integral equation of the second kind is more suitable for numerical
solution than one of the first kind.3 Secondly, the effect of the end cap of
the post is taken into account in this note. Thirdly, because we account for
the effect of the end cap in a reasonably accurate way we can calculate the
surface charge density there. The quantity of particular interest is the field
enhancement factor defined as the ratio of the maximum surface charge density
to the late-time surface charge density on the end cap when the post is

exposed to a step-~function incident wave.

In section II, an integral equation for the axial current on the post -
is derived by applying diréctly a Green's theorem for axisymmetric bodies.
This integral equation is then solved numerically in section III. Numerical
results are given in graphical form for the variation of the post current

(a) with frequency at the base of the post, (b) along the post at resonant



frequencies, and (c) with the plate separation at resonant frequencies. We
also calculate, for a step~function incident wave and for several plate

separations, the time behavior of the post current from which we deduce its

decay time constant for various plate separations. In section IV, we tab-

ulate the field enhancement factor and give the frequency variation and time
history of the surface charge density at the post's end for several plate

spacings and two given values of the post's radius~-to-length ratio.



II. Integral Equation for the Post Current

A direct application of equation (A.7) in reference 1l to the space
between the parallel perfectly conducting plates and outside the perfectly

conducting cylindrical post (Fig. 1) gives

h
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between the two plates and the boundary conditions
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For an incident harmonic plane wave given by

we have, after averaging with respect to ¢,
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Figure 1. A cylindrical post between a parallel-plate waveguide:
Two equivalent situations: A and B.



Jl being the Bessel function of the first kind of order one. Defining
h¢ (o,2) = Hq) (p,Z)/Ho

K(p,z3a,2') = = Ea%_" (c'G)]

p'=a
we obtain from (1)
h
1
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o
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= - 1J. (ka) + | [h —3—, G] p'dp! (3)
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on the surface of the cylinder (i.e. p = a, 0 < z £ h). In terms of the

currents I(z) = 2waH¢(a,z) and Ie(p) = 2WQH¢(p,h), equation (3) becomes

h
%-I(z) + J Kla,z;a,z')I(z")dz"'
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= - 2niaH J (ka) + a j Ie(o')[—g-%-] o dp' (4)
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one obtains an integral equation for I from (4). This assumption for I, has
been checked against the numerical solutions of the coupled integral equations
involving I and Ie for ka £ 1.2 in reference 3, and the accuracy of the
assumption has been found to be excellent. It 1s expected that this assumption
still holds true in the present situation if the separation between the top plate
and the post's end is greater than the post's radius. 1In our subsequent
numerical computation, equation (5) will be used.

We now proceed to find the Green's function G from (2). By the theory

of images and equation (A.5) of reference 1l we can immediately write down

. o L ikRIS-) ikRnE-)
Glo,zi0"52") = [ 4 cos 4|2 T S ‘ 6
mz-—°° [4HR(+) 4WR( )
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where

(+ 2

1
R.m ) = [ (2ms + z + z')2 + o + p'2 - 200" cos ¢]€

- 1
Ré ) =[(2ms - z + z')2 + p2 + p'z - 20p"' cos ¢]ﬁ .

Equations (4), (5) and (6) constitute the mathematical formulation of our

problem.



ITI. Numerical Results

The integral equation (4) for the post current was numerically solved
with the aid of an electronic computer for two values of a/h (.1 and .0l)
and several values of h/s. Figures 2a and 2b are plots of the post current
at the base (z = 0) against kh. It is seen from these plots that the resonant
frequencies are quite insensitive to the separation of the two plates. For
a’h = .1, koh ~ 1.3 and for a/h = .01, koh ~ 1.5, where ko is the wave number
of the first resonance of the post current. These values of ko apply to all
plate separations within 10% or so. Figures 3a and 3b show the variation of
the current at ko along the post. 1In Fig. 4 Fhe magnitude of the post current
at ko normalized with respect to that for infinite plate separation is plotted
against the plate separation. For s/h > 3 the two curves in Fig. 4 oscillate
about unity with decreasing amplitude. This phenomenon is expecte& from the

interactions of the post with its images.
For a step-function incident plane wave whose magnetic field vector is

inc
H (x,t) = -‘ngoU(t - x/c)

the time history of the post current at z = 0 is plotted in Figs. 5a and 5b
for a/h = .1 and in Figs. 6a and 6b for a/h = .0l with the plate separation
as a parameter. '

The decay time, Too of the fundamental mode of the post current normal-
ized with respect to the free-space value T (i.e., when the two plates are
separated infinitely far apart) is given in Table I and also plotted in Fig.

7. Note thaf in Table I we tabulate Ts/Tw for various values of h/s, while

in Fig. 7 we plot rs/rm against s/h. The values of T, were obtained by fitting
the envolopes of the curves in Figs. 5b and 6b to an exponential curve
expl~ ct/(hr )]

One can see from Figs. 5a and 5b that the quantity, I(O,t)/(hHo),
.1, and that it

.0l. These maximum

reaches its maximum value 2.52 at ct/h = 1.1 for a/h

reaches its maximum value 1.34 at ct/h = 1.0 for a/h

values hold true for all plate separations within 2% or so.
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Post current at z = O versus frequency.
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Figure 2b.

Post current at z = 0 versus frequency.
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Figure 3a.

Magnitude of current versus

position around resonant frequenéyT(koh = 1.3).
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Figure 3b.' Magnitude of current versus position around resonant frequency (koh = 1.5).




¥1

1.(0)

I _(0)

1.4

1.3

1.2

1.1

1.0

.9

.2

1

curve A: a/h = .1, koh =1.3

curve B: a/h = .01, koh = 1.5

Figure 4.

I

s/h

Post current at z = 0 versus plate separation around the resonant frequency.




€1

3.0 - . | T | T ¥ T T T T T T
2.5
2.0F
1.5t
1.0t /’—' pe =0
1(0,t) .6
hH
o] .7
0.5} ‘ :‘ .8 ,
i ‘ IS\
or \\ /\
N—_"
-0.5} 8 \
7 \ //
_l'Or, .6 \\ /
0
2 i 1 L 1 A 1 _"l 2 | 1 1
0 1 3 4 5 6 7 8 9 10 11 12
ct/h

Figure 5a. Time history of post current at z = 0 with plate separation as parameter.
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Time history of post current at z = 0 with plate separation as parameter.
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Table I. Decay time

(t, = 4.732 for a/h = .1, t_ = 7.325 for a/h = ,01)

h/s

. . . .
O W &~ U1 O 4 0 W

Ts/Tm
(a/h = .1)
646
.650
.625
.579
.938
1.231
1.074
1.000

19

Ts/rcc
(a/h = .01)
541
611
.760
.965 ¢
1.170
1.140
.903
1.000
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Decay time versus plate separation (as s/h increases, the curves oscillate about
unity with decreasing amplitudes).




IV. Field FEnhancement at the Post's End

Referring to the two-parallel-plate EMP simulator depicted in Fig. 1
one would naturally worry about the ailr breakdown near the end of the post
where the electric field strength is most intense. To estimate the field
strength there we will calculate the surface charge density, 9,0 from a
knowledge of the total axial current at the post's end (i.e., z = h), since

the surface charge density is a measure of the total electric field on a

perfect conductor. % thus calculated is then the surface charge density

averaged with respect to ¢, which is ghe same thing as the zeroth mode in

the Fourier series expansion of ¢ = .Z o, cos mé.
: m=0

Integrating the continuity equation

= - 39 :
VK= - ),

over a disk on the end of the post (i.e., a disk defined by z = h, 0 < p < a),
one immediately gets
3g

d ' 0
i I (p,t) = 2mp T (8

where
27
= I (,t) = j Kp(p,¢,t)pd¢
o

27

o}

We now substitute (5) into (8) to get

360 2
"—-_ZI(h,lt) . (1 -

p2
ot 3ra

/a%y~t/3 (9)

which, upon integration and after normalization, gives
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ct/h
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oo )
o
In the frequency domain (9) becomes, after normalization,
o3
o _2i h2 1 ~I(k,h) _ 2, 2.~1/3 .
e B 3 @ L hi_ J e @ =-0/a%) : (11)

Note that (l1) has the appropriate singular behavior at low frequencies.
We have checked equation (11) against some accurate numerical calculations5
for the case a/h = .25 and kh = 0, and only 3% difference was found in the
two different methods of calculation. The agreement would become better as
a/h gets smaller.

In Table II, we give the values of Cs’ Cr/CS and Cm/CS for various

values of h/s, where

2 h2 [T, ]
C_ =% (O Lim mouiti—
s 3m ‘a Kho0 (kh)(hHo)
kh = 1.3 when a/h = .1

2 {

¢, =% @ (i&(gy) f°"{
o kh = 1.5 when a/h = .01

2 2

Cm = g% Gg) J -ngfsl d(%f) s Ty < the first zero crossing in the
o ° time-history curves of the current

If one wishes, one can call Cr/Cs the field enhancement factor at the first
resonant frequency and Cm/Cs the maximum field enhancement factor.

Figures 8a and 8b display the frequency variation of the surface charge
density with the plate spacing as a parameter. It can be seen that the resonant
frequencies are quite insensitive to the plate separation. In these figures,

Cp is defined to be the coefficient of equation (11), i.e.,

¢ -2 B2 lim]
k 3n ‘a (kh)(hHO) ‘

22



Table II. Surface charge density on the post's end

a/bh = .1 a/h = .01
h/s /\cs c./C, ¢ /Cg C, c./c, C./cCg
L9 013 1.086 1.448  77<88  2.434  1.667
.8 11805 1.502 1.465  71.1$ 2.993 1.667
7 105651 1.744 1.483 6920 3.596  1.686
6 10371 1.990 1.501 6827 4.335 1.691
5 94940  2.422 1513 63476  4.771  1.701
4 9.6 2,762 1.532 67456  4.301 1.709
3 ev7slc 2,416 1.541  67:35 4,098  1.713
0 §.715  2.502 1.547 67427 4.264  1.715

The time history of the surface charge density is plotted in Figs. %a
and 9b. As time increases, these curves oscillate about unity with decreasing

amplitudes. In these figures, Ct is defined as the coefficient of equation

(10), i.e.,

, ct/h
-2 /& I(h,t") ct!
Ct T (a) f hHo d( h ) -
o
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Figure Ba.

Frequency variation of surface charge
separation as parameter.
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SSN 111
Errata Sheet No. 1

R. W. Latham and K. S. H. Lee, "Electromagnetic Interaction Between a Cylindrica!l

Post and a Two-Parallel-Plate Simulator, I'" SSN 111, July 1970.

On page 23, Table II should read as follows:

a/h = .1 a/h = .01
h/s C, cr/cs Cm/cs | C, cr/cs cm/cs
9 10.680 1.086 1.448 37.50  2.434  1.667
.8 7.512  1.502 1.465 34,36  2.993  1.667
7 6.784 1.744  1.483 33.40  3.596 1.684
6 6.481 1.990 1.501 32.96 4,335 1.691
.5 6.332 2.422 1,513 32.72 4,771  1.701
A 6.250 2.762 1,532 32.57  4.301 1.709
3 6.213 2.416 1.541 32.51 4,098 1.713

0 6.120 2.502  1.547 32.38  4.244 1.715
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