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Abstract 
 
In this paper, we discuss the design procedure for different types of  dielectric lenses for 
better concentrating the fields at the second focus of a prolate-spheroidal IRA to increase 
the fields and decrease the spot size.
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1 Introduction 
 
 In this paper, we discuss the design procedure for different types of  dielectric 
lenses for better concentrating the fields at the second focus of a prolate-spheroidal IRA 
to increase the fields and decrease the spot size. We have a very fast and intense 
electromagnetic pulse to illuminate the target [1] which is located at the second focal 
point. One of the most important problems with concentrating the fields on the target is 
reflection. We have to deal with this reflection because the dielectric property of the 
target medium and the medium through which the incident wave propagates are different. 
The reflection of the pulse leads to a smaller field at the second focus where our target is 
buried. We discuss the addition of a lens to better match the wave to the target. We can 
obtain larger fields and smaller spot size [2]. 
 To obtain better concentration at the target we can use different types of lenses. 
The transmission coefficient from one medium to the another one is 
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where rtε  is the relative permittivity of the target medium.  
  
 Suppose now that we have a lens in front of the target with relative permittivity  
 

rtεε =l . (2) 
 
The fields from the reflector are transmitted with a transmission coefficient given by 
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We will have a slower wave speed and an enhancement factor which is an increase in the 
impulse portion of the focal waveform from [2] as 
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Thus, for the impulse part of the field we will have a net increase of 
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 Suppose now that we have a lens in front of the target with relative permittivity  
 

rtr εε << l1 . (6) 
 
We will have then two transmission coefficients and the total transmission coefficient is 
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 Finally, suppose we have a lens with a graded relative permittivity given by 
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The wave propagating through this takes a similar form as that of a wave in a 
transmission-line transformer. The high frequency early-time transfer function can be 
computed for a continuous variation of ε  as [2] 
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We still have the enhancement factor  the transmission enhancement 
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 The transmission enhancement of the lens, as discussed in [3] for an exponential 
variation of the characteristic impedance of the transmission line (for constant wave 
speed) along the line, is somewhat optimal. In this paper we present different types of 
graded lenses for stronger focusing at the target.  
 The focal point is 5370 .z = cm and the other parameters of the prolate-
spheroidal IRA are defined in [4]. 
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2 Calculating the Optimum Number of Layers for a Lens  
 
 In this section we calculate the optimum number of layers to obtain the required 
field at the focal point of a prolate-spheroidal IRA based on a plane-wave approximation. 
N layers of increasing dielectric constant lenses which have the same ratio of dielectric 
constant are considered for a prolate-spheroidal IRA  that is based on [2]. The 
geometrical illustration of this design is presented in Figure 1. 
 

 
 

Figure 1: N layers of lens, dielectric constants and transmission coefficients. 
  
The total transmission coefficient can be defined as 
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where nT  is the transmission coefficient between nth and nth+1st layer and it can be 
defined as 
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The ratio of dielectric constant between subsequent layers are constrained to be the same,  
 

nr1nrratio / εε=ε + . (2.3) 
 
For N layers 
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Substituting (4) in (2), we have 
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For N layers from (1) 
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 If we have a continuously increasing dielectric lens we have a total transmission 
coefficient defined in (10) as 
. 
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 If we have an infinite number of layers, (2.6) approaches (2.7).  We should decide 
how many layers will be acceptable to obtain a sufficiently close transmission coefficient 
to the continuously increasing dielectric lens case.  
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Table 1: Transmission coefficients for different N and maxrε . 

 
 

 The number of layers depends on the sensitivity of the application accuracy. In 
general building more than 10 layers is not practical for manufacturing and we try to 
obtain the closest transmission coefficient to the continuously increasing case. From 
Table 1 one can see that, for 10 layers, N=10, totalT  approaches close to the continuously 
increasing dielectric lens case. Even though 10 layers does not give us that much 
improvement if we compare it with N=2 layers, we took N=10 layers for our later 
calculations.  One can easily decrease or increase the number of layers for specific 
applications. We took the maximum number of layers, which is N=10, that can be 
manufactured for later calculations. 
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3 Three Different Types of Graded Lens Design for a Prolate-Spheroidal IRA 
 
 The basic design considerations for the physical concept of three different types 
of increasing permittivity dielectric lens are considered. The focal point is 5370 .z = cm 
and the other parameters of the prolate-spheroidal IRA are defined in (4.1). The lens is a 
half sphere (or half ball in mathematicians terms) and its radius is maxr , as shown in  
Figure 2. 

 
Figure 2: Addition of lens with prolate-spheroidal IRA geometry. 

 
 As discussed in [5] before, the exponential variation of the characteristic 
impedance of a transmission line along the line is optimal, provided that the speed of 
propagation is constant along  the line. Some modification may be useful here since the 
speed varies inversely with the square root of the dielectric constant. 
  
 
 
 
 
 The lens relative permittivity is 
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3.1 Exponential Variation of rε   
 
 One suitable form for rε  is an exponential function as 
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As we know at 0=r  the relative permittivity is maxrr εε =  so 
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If we substitute (3.3) in (3.2), rε  can be found as 
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The rise time is estimated as pst 100=δ  the distance corresponding to this rise time is  
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in air. 
 
 The propagation distance of the wave from 0== rtorr max is 
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The normalized lensct is 
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The distance between the source and lens is )rm(0.375 max+ . 
 After this design procedure we designed a lens that is matched to the target 
dielectric maxrε . The thickness of the target dielectric material should be 
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in order to minimize the effect of the reflected wave on the impulse term. 
 
 
3.2 Compensated Incremental Speed (CIS) form of rε  
 
 As we mentioned before the exponential form assumes that the propagation speed 
is constant. However, it is not constant we need to compensate for this assumption. Let us 
assume we have a plane wave problem in an inhomogeneous (isotropic) slab with  )z(rε  
and set the relative change in wave impedance over a transit time τΔ  
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with the wave impedance cZ  proportional to 21/
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Integrating (3.11) 
 

.CzC

dzC)(lnde)ln(d
/

r

/
r

)
/

r(ln
/

r
/

r

32
21

2
212121

21

+=

==

−

−−−
− ∫∫∫

ε

εεε ε
 (3.12) 

 
We can define rε  from (3.12) as 
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Then, if we substitute (3.14) in (3.13) we have  
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 How much time does the propagation of the wave take from maxr to the focal 
point in the lens? Substituting (3.15) in (3.7)  
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Changing the variable of the integral as maxr/r=ξ , we obtain 
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 Let us change the variable of the integral as 
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Then, we can find the normalized lensct is 
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3.3 Linear form of rε  
 
 The exponential variation and CIS form of rε  are two different approaches 
having some advantages and disadvantages in terms of focusing. After these approaches 
we tried to use another approach, a linearly increasing form of rε . Let us assume we 
have a linear rε  variation as 
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Let us change the variable of this integral as maxr/r=ζ  we will have 
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3.4 Conclusion 
 
 A dielectric exponentially increasing dielectric constant, CIS, and linear 
increasing lens designs were discussed. One can see from Figure 3 that the wave 
propagates faster for the CIS form of rε . We can see from Figure 4 a-d) that if maxrε  

increases, the wave propagates slower as expected. maxrε  varies from 1 to 81 (with 81 

corresponding to water, which is the highest rε  that is used in biological applications). If 
we increase maxrε  from 36 to 81, the CIS design of rε  has the deepest curvature. The 
focusing property of the lens increases from the CIS to the linear design because for the 
same maxr/r  we have an increase in rε , we expect the lens to become more effective. 
Also from [2] if we increase rε  the spot size decreases while the wave impedance 

decreases and the amplitude of the waveform increases by a factor of
41 /

rε . This rough 
calculation has to extend out some distance from the target for effective focusing to occur 
and thus requires more detailed calculations. 
 
 

 
Figure 3: maxlens r/ct  for linear, exponential and CIS forms of rε . 
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Figure 4: rε values for linear, exponential and CIS forms of rε for different maxrε  with 

respect to maxr/r . 
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4. Spatially Limited Exponential Lens Design for Better Focusing an Impulse 
 
 A spatial limited exponential lens design is discussed and an analytical 
formulation has been used to examine the pulse droop in order to minimize it.  
 A formulation in [3] has been used to examine the pulse droop for a transmission 
line with an exponentially tapered impedance profile. We wish to minimize this droop, or 
ask how long the transmission line should be for a given droop. The exponentially 
tapered transmission line has an optimal transfer function in terms of early-time voltage 
gain and improved droop characteristics. We apply this result to an exponentially tapered 
dielectric constant of a focusing lens. We find the required lens dimensions for a given 
droop. The lens geometry and incoming spherical wave are presented in Figure 5. Our 
calculations are based on a one-dimensional plane-wave approximation (Figure 6). This 
will not directly give an estimate of spot size, only the transmission/reflection by the lens. 
Other considerations also apply [2]. 
 
 

 
Figure 5: Lens geometry and  incoming spherical wave. 

 

 



 15

 
Figure 6: Equivalent plane wave geometry. 

 
 
4.1 Equivalent Transmission-Line Model (One Dimensional) of Lens 
 
 As discussed in [3], the exponentially tapered lens has a minimized droop and the 
optimal transfer function for the case of uniform propagation speed. Here we adapt this 
solution to a dielectric lens, noting that the propagation speed slows as the wave 
propagates in higher-permittivity media. This model does not include any information 
about spot size. 
 We can define the lens wave impedance as follows: z =spatial coordinate,  
ζ = modified space coordinate. We have a new coordinate where the wave propagates 
with a constant 1v  speed and has an exponential wave impedance variation through the 
lens. We use a plane wave approximation and this approximation is valid up to the case 
when the wavelength is still small compared to the cross section of the beam 
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where 1Z  is the wave impedance at the beginning of the lens; which is Ω3770 =Z  in 
our case. 
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where 2Z  is the wave impedance at the end of the lens. 
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The propagation speed can be defined as 
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where 1v  is the propagation speed before the lens, which is typically c. 
 The transit time through the lens can be defined as 
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Taking the derivative of both sides of (4.6), we have 
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Using (4.7) to solve for the spatial coordinate z in terms of modified space coordinate 
ζ can be find as 
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From (4.2) and (4.4) we can write (4.8) as 
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We can see from (4.9) as ∞→ζ , 0ζ→z  and this does not continue to grow. This gives 
us a spatially limited lens. This is convenient for purposes of implementation. 
 The wave propagation can be described by the source-free telegrapher equations 
((2.3) in [3]). We can transform the 1D wave equation to an equivalent  ζ  space 
coordinate as 
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4.4 Solution of the Transmission-Line Equations 
 
 We solve an equivalent problem of [3], but instead of an increase in the 
transmission-line impedance we have a decrease in wave impedance, but the equations in 
[3] still apply.  
One can define the transmission coefficient for high hT  and low frequency lT  as follows 
 

21

2
21

1

2 2
ZZ

ZT,
Z
ZT

/

h +
=⎥

⎦

⎤
⎢
⎣

⎡
= l   (4.11) 

 
Calculate the difference between these two coefficients as 
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This is always positive except at 21 ZZ = . Thus, there is a droop (positive, i.e. a 
decrease) from initial to final value for both increasing and decreasing impedances. The 
impedance is decreasing but there is still a droop. 
 We can use the exact solution of the transfer function in (3.8) of [3], 
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where S is the normalized complex frequency 
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 The high-frequency gain is defined in (3.4) of [3] as 
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One can define the transit, normalized and droop time ((3.11) of [3]) parameters as 
follows 
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dt  is the droop time, the step-response form is defined as (3.13) of [3] 
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4.3 Example 
 
 Now we can calculate the lens thickness for a given dielectric target permittivity 

maxrε . Setting 10050 .and.t/t d = , and using a ps100=t pulse width(maximum time 
of interest) from (4.14)   
 

.
)g(ln

t
andt

d
max

d

2
2

,1nsns2

=

=

ζ  (4.18) 

 
From (4.3) and (4.16) 
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Substituting (4.18) in (4.9) we have 
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4.4 Conclusion 
 
 We might design a spatially limited exponential lens based on [3]. This lens is 
designed for a biological application [6]. From (51) we can find the maxz values for 
different biological tissues, which are summarized in Table 2. 
 

Table 2 Design parameter values for different biological tissues [7,8]. 

 
  
 
 One can see from Table 2. that, if we have lower dielectric constant for target 
biological tissue, we need a smaller lens. This is not the only consideration. A larger 
dielectric constant in the lens exit results in a smaller spot size and higher fields. The 
smaller spot size concentrates the energy in the vicinity of the skin cancer.  
 One can find how rε  changes as a function of and zζ  from (4.9) and (4.19) 
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Let us consider ns1=dt and find )z(and)( rr εζε  with respect to and zζ  for 
different dielectric tissues. These are presented in Figures 7 and 7.8. 
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Figure 7: )(r ζε  values for different dielectric tissues. 

 

 
Figure 8: )z(rε  values for different dielectric tissues. 

 
 
The compression of the coordinates for 81 andns1 maxr =ε=dt  is presented in  
Figure 9. 
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Figure 9: Compression of the coordinates for 81 andns1t maxrd =ε= . 
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5. Lens Design for Incoming Spherical Wave 
 
 In this section an alternate lens design procedure is discussed to obtain better 
focusing from a prolate-spheroidal in which the lens is not a sphere. The lens design 
considerations are based on [9]. N layers of an increasing dielectric lens, which have the 
same ratio of dielectric constants between adjacent layers, are considered for a prolate-
spheroidal IRA. Instead of using a half-spherical lens, a new approach is proposed for 
incoming spherical waves to obtain better focusing for a prolate-spheroidal IRA 
 
 
5.1 Design Considerations 
 
 10 layers of increasing-dielectric-constant lens are used based on the calculations 
in Section 2. We use the same ratio of dielectric constant between subsequent layers as 
 

( )
.

,/,/
N/

maxrratio

maxr
N

ratio
N

nrnrnrnrratio
1

11

εε

εεεεεεε

=

=== ++  (5.1) 

 
We use N=10 layers and 81maxr =ε  for the worst case scenario for biological 
applications. We start from free space 1r =ε  and our target dielectric is 81maxr =ε  and 

55.1ratio =ε  between subsequent layers. The first shell of the lens for incoming spherical 
wave is illustrated in Figure 10. 
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Figure 10: Lens for incoming spherical wave [9]. 

 
In Figure 10 
 

maxmax ,)z/barctan( 2202 0 θθθ ≤≤= . (5.2) 
 
Equation (54) represents the range of interest of angles for the incoming wave from the 
prolate-spheroidal IRA which has the dimensions as given in [10]. From (5.2) and (5.3) 
for the first shell o

max .13532 =θ . Inside the lens the rays change their direction to the 

angle of  1θ  with respect to the 'z -axis  and 21 /max πθ ≤  for geometrical design 

purposes. 21 ll and  are the distances on the 'z -axis, h is the height of the lens. The 
normalized 21 ll and  parameters are defined from (4.7) in [9] as 
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 24

 
 To find 2θ  as a function of 1θ a quadratic equation in either 

)sin(or)cos( 22 θθ can be solved from (4.8-5.10) in [9] as 
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 A lens boundary curve can be defined by the coordinates of 'z  and Ψ as a 
function of 1θ  and 2θ  from (4.11) and (4.12) in [9] as 
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    (5.5) 

 
This approach is just for the first shell, but we can expand it to the other shells. 

551.ratior == εε  and we will have different maxmax and,, 2121 θθll for each layer. 
 We can define a new coordinate system which is centered at 0zz = . We will call 

this system 'z and it can be defined as 
 

h/)zz(h/z' 0−−= . (5.6) 
 
The IRA and lens geometry are presented in Figure 11. The angles of 

max2max1 andθθ are in given Figure 12  
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Figure 11: IRA and lens geometry. 
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Figure 12: max2max1 andθθ values. 

 
 We use N=10 layers and θΔ is the change in the angle as one goes from one layer 
to the next. This is constant and is given by 
 

N/)( maxNmax 121 θθθΔ −= . (5.7) 

 
 We design the lens for two different 101maxθ angles as: 
 

⎪⎩

⎪
⎨
⎧

=
o

o

max
)/(

85

290
101

π
θ . (5.8)  

 

For the 2/π case o.73=θΔ and for the o85 case o.23=θΔ . h/z '
nΔ  is the normalized 

distance between each layer-beginning point on the 'z -axis. h/z '
n is the sum of the n 

distances on the 'z -axis which is shown in Figure 12. 
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5.2 Concluding Remarks for the Lens Design for Incoming Spherical Wave 
 
 We have designed a lens for incoming spherical waves to obtain better focusing 
from a prolate-spheroidal IRA. This design is based on the same procedure as in [9].In 
this design, however, just a single layer was used. We extended this design to N=10 

layers. In this case we have different h/z,h/h,,,h/,h/ '
nnmaxmax and2121 θθll . 

We calculated these values for the first layer. Then we correct the values for the other 
layers.  

 First we calculate the h/zandh/ 'Ψ values for the first layer, then for the  

second layer we calculate h/zandh/ 'Ψ . We correct them by multiplying with 

correctedh h/hn= value, then we add h/z '
nΔ  for each layer to find the corrected  h/z '

n  
values at that layer. 
 As one can see from Figures 13 and 7.14, for o

101 85=maxθ  case we obtain 
better focusing. We call h the radius of the shell, it is a universal normalization 
parameter. But this calculation is not determining h because it is an optical calculation 
(infinite frequency). To determine how large h should be is a difficult problem. Clearly 
h/c must be much greater than the focus pulse width at the focus, and the rise-time of the 
incoming wave, otherwise it does not focus, <<λ other dimensions of the lens. h should 
be smaller than the radius of the reflector as well 
 

cmbhcmct 503 =<<<=δ . (5.9) 
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Figure 13: h/zvsh/ 'Ψ for 2/10max1 π=θ . 

 
 

Table 3: maxmaxnnn ,,h/z,h/z,h/h ''
21 and θθΔ  values for 2101 /max πθ = . 
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Figure 14: h/zandh/ 'Ψ  for o

max 85101 =θ . 
 
 

Table 4: maxmaxn
'

nn ,,h/z,h/z,h/h '
21 and θθΔ  values for o

max 85101 =θ . 
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5.3 Lens Design for Incoming Spherical Wave for Different Biological Dielectric 
Tissues 
 
 Five different biological dielectric  tissues are used as different target dielectrics 
and we try  to obtain better focusing from a prolate-spheroidal IRA for an incoming 
spherical wave from the reflector for these tissues. This subsection is an extension of the 
previous one. We use 5 different target dielectric tissues comprising water, muscle, 
tumor, skin and fat. Ten layers of an increasing dielectric constant lens that have the same 
ratio of dielectric constants between adjacent layers are considered for a prolate-
spheroidal IRA.We use the same ratio of dielectric constant between subsequent layers as 
 

N/
maxrratio

1
εε = , (5.10) 

 

where ratiomaxr and εε  values for different human tissues are presented in Table 5. 
 

Table 5: maxrratio and εε values for different human tissues [7,8]. 
 

 
   
 A lens is designed for incoming spherical waves to obtain better focusing from a  
prolate-spheroidal IRA for different dielectric human tissues. We obtain better focusing 

for the higher dielectric lens. h/zvsh/ 'Ψ values for o
max and/ 852101 πθ = for 

different maxrε are presented in Figure 3.1 and Figure 3.2. One can see from Figure 15 
and Figure 16 that for smaller maxrε , the first shell moves left. We have fixed the 
vertical ( h/Ψ ) axis values to increment by a uniform value of 0.1, leaving some 
variation (small) in the location along the horizontal coordinate. 
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Figure 15: h/zvsh/ 'Ψ for o
max 90101 =θ and different maxrε . 
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Figure 16: h/zvsh/ 'Ψ for o

max 85101 =θ and different maxrε . 
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