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Abstract

This paper is a development of the field waveform at the second focal of a prolate-
spheroidal reflector and it is an extension of [1]. We explore the analytic behavior of the
waveform at the second focal region.
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1. Introduction

This paper is an extension of a previous paper [1] .IRAs have been developed for the
transient far field region but in this paper we focus mainly on the near fields that can be
used in some biological applications [2].

In Section 2, we show that the impulsive part of the waveform at the second focus can
be described by a delta-like pulse forming for z <z, and in the limit as z — z; gives the

required true delta function. This is a physical example of the formation of a delta
function. Then, the aperture integral gives the same result (at early time) as the exact
incident wave before truncation. This gives confidence in the aperture integration. We
can see that the area of the & —like pulse is the same for both after and before z,.We

illustrate these results with a graphical example.

In Section 3, we continue the analytical evaluation of the prepulse term, E,, after the

impulse, when the aperture integral is truncated by the aperture edge.

Finally in Section 4 from previous and present results, the actual analytical waveform
is illustrated, including all the terms.

1.1 . Description of geometry
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Figure 1.1 IRA Geometry
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Figure 1.2 Feed Arm Geometry

We choose a special case of the prolate-spheroidal IRA’s geometric parameters as [1]
zp:0,b:‘I’0:.5m,a:.625m,20:.375m,£:1m (1.1)

For our later example calculations, our design has two TEM feed arms and the

dimensions of these arms are determined by a 400Q pulse impedance( ¢ = 90°).

The feed-arm parameters have been previously calculated in the stereographic projection
plane as [3]

boZ =byby , (by—by)/by =0.275 (1.2)
from which we find the angles for the two-feed arms as

B = arctan(.5/.375) = 53.1°, By = 2arctan[1/b1 /by tan(B /2)]= 47°
By = 2arctan|y/b; /by tan(B; /2)]=59.6°

Bo.P1, PBo are the angles from the z-axis to the electrical center, the first edge and the

(1.3)

second edge of the feed arms as in Fig. 1.2 .

From (1.1) and (1.2) and Table 3.1 of [3], one can find the locations and dimensions
of the feed arms. The feed arms are symmetric and the upper feed arm has three corners
located at

X y z
0 0 -37.5
50 0 -8.2

50 0 8.99

Table 1.1 Upper feed arm corner locations in cm



1.2 Fields at second focus

Summarizing, we have [1]

Vv 0 ¥, |
Eg=—2 a+ccot(—cj 1- 1+{ P }
nfgca—c 2 z0) —2Zp

2
V 0 Z0—z V 0
ES = 0 ! a+ZO CO{—CJ 1+|: 0 p] , Ep = 0 tar{—cj (14)
2nty 2o —zp a -2 2 Yy 2nfgz() 2

V, - 0
Epa =EpAt), :—Oﬂtan —£ | timeintegralor “area” of prepulse
2nfge  zg 2
\Y 0
Eg=—02 ! cot(—cj
chg a-—2z 2

where Eg and Eg is the impulsive and step terms from the reflection in the prolate
sphere and E, is the magnitude of the prepulse wave from first focus.(valid up to the

time of aperture truncation)

We can normalize these terms as
nf,c

e5 =E5—°— impulse (1.5)
Vo

2nf gf
eg =Eg postpulse step

2nf gf
ep =Ep Vo prepulse (step, negative)

2nf,c

epa = EpAt), prepulse integral (area, negative)

Vo
1.3 Calculating tan(0. /2)

We have a simpler form for tan(0./2)than thatin [1]. O, can be between 0<0. <m.
By the geometric construction from Fig. 1.1 we have

tan(@, /2) = sin " (0, )[1 - cos(0, )] (1.6)
: . [ 2 5 ]H1/2

sin(6c) = sin(— ) = ¥, (¥ +[zp + 7 ] (1.7)

cos(B;)=—cos(n—06.) :—[zp +ZO][‘PP2 +[zp +zo]2]_1/2 (1.8)



so we have
tan(%c) :TLP[\sz +lzp +zo]2]1/zﬂzp +z0][\Pp2 +lzp +zo]z]—1/2}

(1.9)
1 1/2 |zp +2
g g B
‘PP \PP
’ [ 5 U2
Let’s try to find |V}, +[zp+zo] interms of a , z; , zp
L,
“p
Y, =b 1—{— (1.10)
V4
O_

12 1 5] 5 1/2
[sz““[zp”o]z] :;[b ["‘ _Zp2]+a2[zp”0]2] :gazﬂozp (1.1

Substituting this in (1.6) so we obtain

at+z 12
+
P} aTz0 (1.12)

tan(%) = [ 5

a—zp

One can see from (1.1) that, if we take Zp = 0 , it really simplifies (1.4) and (1.5).



2. E-Field Variation Near z-Axis

2.1 Exact solution of the impulsive term for z < z( up to aperture truncation of signal

First of all, we will find the exact E3 for z < z( (as in Fig 2.1) for times after the
pulse arrival when the solution no longer goes to 0.

We can write (3.13) and (3.10) in [1] as

Ez=E0a+zo 2cos(dr) _fe _ 2sin(¢p) 7 }u(t+r—2 a]

leo -2—
rp | 1+cos(0y) 2 0y cos(0,) 2 c c

(2.1)
this being the tangential electric field on the aperture S, , from the reflection due to the
prolate sphere. On the z-axis 07 =0, ¢ is arbitrary, so let’s take ¢, =0, giving

I, =29 —Z (2.2)

a+z r a . . L
Ez =Ej 0y (t+ 2 2—) (oriented in the x direction)
Z)—Z C C

0
Substitute E, and cot (f] in Ej

1/2

V, a—z _

By=—0 | { p} b 42077 53 (2.3)
nfy zg —z| a+z, a—z(

We can normalize E3as

1/2
gl a-z —
L N P b 7077 53
Vo Z()—Z a—z(

a+zp C C (24)
= eg'u(t+zo _2—2%)
1/2
e =L |27% b (2.5)
° zp-z|a+z, a—zg '

This result applies for the time up until the signal from the truncation of the aperture is
seen.
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Figure 2.1 z values for z < z,

For convenience we define retarded time t, such that t. = 0 is the time of arrival of
the direct ray along the z-axis. The field from ‘¥, the aperture truncation, then arrives at
the observer on the z-axis at a retarded time

Clrend = —T2end T13 + [Zo —Z]

T Y PN ) it T PN ] e P =0

For z near z(this is approximately
/2 1/2
2 2 2 2
r3—r26nd=[‘l’p +[z—zp] ]1 +[‘I’p +[zo—zp] ]

1/2 [ZO—Z IZ—ZO] (2.7)
:[‘Pp2+[20—zp]2] + ; P 5 /2+O([Z—Z0]2)
[‘Pp +[Z0—Zp] ]]
end 18 the ry value where ¥ =¥,,. We can find
[ZO_ZpIZ_ZO]
/2
[\sz+ 20‘213]2]1
[ZO _Zp] end —20 *Zp
- 2 b [1/2 “lo - r
[‘Pp +[Zo—Zp] ]] 2end

We notice that e, is proportional to [z -z, | ~!and ct, is proportional to [z-2z,]. The
product gives the “area” under the pulse as

I3 —TMend =

(2.8)

Ctr end =20 ~2



-1/2

ve [a-z 1/2 " N7 2

__0 ~°p p

F3mag tr end =g c[a+z } a-z - 1+L -z } 29)
g p 0 0~ Zp

This is like an impulse , going to zero width as z — z;, . Let us compare this with (5.1) in

[1]. They are exactly same! This shows that the impulsive part of the waveform at the
second focus can be described by a delta-like pulse forming for z <z, and in the limit as

z — z, gives the required true delta function. This is a physical example of the formation
of a delta function.

We can find the normalized value of the “area” in (2.9) from (2.4) and (2.8) as

1/2

b/ a—z ) —2zp)+z

€3mag tr end = = P (2.10)
c(a—zq) a+zp 1)

2.2 Approximate solution for z < z, by aperture integration for early time with znear z

I3 ta

Figure 2.2 z values for z < 7

9
The field from ¥ = ¥, on the aperture isseen at observer at z 1, is seen at a later

retarded time.



Cty =[r3 _[Z_Zp]]_[Q — 120 —Zp]]

N S P ) L T R @.11)
cty :H‘Pez +[Z_Zp]2]l/2 _[Z‘Zp]}“q'ez +[ZO —Zp]z]l/z —[Zo _Zp]}

For small ¥, we have

r q1/2
t, :l\ye{r L 1 ] P = 2¢ty 2.12)
2 lz—sz lzo—sz 1 _ 1
-2p] 0-2p] |
If |ZO - z| is small we have
cty =[I‘3 —r2]+zo -z
cty —[Z() —Z]: 3 —1 (2.13)
1/2 1/2 _
r3—ry = [‘Pez +22 - [‘Pez +202] ~ [ZO +Z] [ZO Z]
2 ‘Pez +Z()2
So we have
[ZO +z] [zo—z] 2 2 1| zp+z
ct, —[zg —z]~ + , WS =79t +—| ——— (2.14)
2 ‘Pez—i-ZOz 2| ety _1
z0 -z

We want to take the surface integral of (4.2 in [1]) to find a new form for Eg. It does
not involve a step-function from S, . It is now dispersed such that the integration limits
can be functions of time, giving

_E_Oiq’e%z—zp a+z (zo—zp

Eg cos2 (9) +sin (¢) [PdOd¥

mc dt 0 0 r32 r2+Zo+ZpL 1 §y)

(2.15)
¥
E ezZ—2
_fod s T20gqp

c dt 3 %)
Let’s take the time derivative of the integral

d¥e Eg 22
Eg=1ef07 "PATZ0 .y (2.16)

dt ¢ 2 1



We can find d¥, /dt from (2.12)

-1
dvy, _
c—dtr =Y. f Lo 11, —= =¥, e oo b (2.17)
d¥, lz—sz lZO_ZpJ cdt, lz—sz lZO_ZpJ
So (2.15) becomes
-1

_ EgZ2—2

Eg =%t b J_zpﬂqle (2.18)
[z—sz lzo—sz C 1)

V 1 a-z 1z b
Eg=—2 [ p} (2.19)

nfg 20 —z| a+zp a-—z(

As we can see it is same as E3in (2.3) . This shows that the aperture integral gives the

same result (at early time) as the exact incident wave before truncation. This gives
confidence in the aperture integration. The reader can note that since the above gives a
pulse of width greater than zero, one can add a correction term (zero at zero retarded

time) from Eg, also dispersed like Eg .

2.3 Approximate solution for z >z by aperture integration for early time withz near z

SI!
Yol
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B 25 -

Figure 2.3 z values for z>z

Let W becloseto W, for which

13 = [‘Pez +[Z—Zp]2] 12 , Ip = [‘Pez +[Z0 _Zp]z]l/Z (2.20)

10



On S, fields arrive at the time
1/2
2 2
Ctyy = [ZO —Zp]— [‘I’e + [ZO —zp] ] (2.21)

which sets ct;,=0 on the aperture center . Fields arrive at z at the retarded time

Clyg +13 (2.22)
The first fields at z are from ¥ = ‘Pp , at the retarded time

2]1/2 (2.23)

1/2
2 2 2
Clr first :[ZO _Zp]_[‘Pp +[ZO _Zp] ] +[le +[Z_Zp]
The last fields come along the z axis at
Criast =[z0 ~2p |-[z0 —2p [+ 22y =22, (2.24)

So define a new retarded time by subtracting z -z, so the pulse stops at 0 but begins at

1/2
Ctrbegin = |2~ 2p - [‘sz +z0 —zp]z] + [‘I’pz + [z—zp]z] <0 (2.25)
From an arbitrary point on S,
1/2 1/2
ct; =[zo —z]—[‘PZ +]zg —zp]z] +[‘P2 +[z—zp]2] (2.26)

We can take the derivative of this retarded time, giving

o dr __ Fe ; Fe 2.27)
d¥ ) 2]1/2 [ 5 2]1/2 '
¢ [‘Pe +[zo—zp] Ve +[z—zp]
dty _ P P
Yo~ +1z0 —2p Yo~ +lz-2p
So Eg can be found as,
E6:@d‘1’e ” Z-7p a+Z()\P :V()ﬁ 1 co i d¥, w Z=7Zp a+z (2.29)
c dt!|'P r32 15} P chgf a—zg 2)dt|'P r32 1Y) p
Es can be normalized as,
v omfyl a—zZy |Z2-2Z
c5 =L Ey=— 0|2\ I ] (2.30)
Vo a-zg|a+zp | 13

11



We need to expand r3 —rp for small z-z

1/2
3 :[‘{’pz + Z—Zo]—l—[ZO —Zp]]z]

172 231
1/2 2[2—20][z0—z ]+[Z—Z0] (
:[‘Pp2+[zo—zp]2] 1+ l 5 [ P ]2J +0([z-2¢))?
Yo~ +1z0 —2zp
1/2
0 =2 ¢ g — 2, 2] (232)
r3—r) = [Z_ZOHZ_ZPJ as Yo > ¥}, and r—2:1+O([z—zo]);l
) 3
So the normalized field is
1/2
ey =10 [a_zp] ! (2.33)
a=-zy|a+z, z—2
This is the same as (2.4)

The asymptotic form of ct .4, for small z—zg is

m—-zZ0)+2z
ct rbegin :[ZO _Z]{zr—zp} (negative) = —Ctyend (as in in (2.8)) (2.34)

The integral (or area) of the pulse is just

1/2
1 /b a—zp —1‘2+Z()—Zp
Egt in =— _ 2.35
O 'r begin Ca_ZO{a"'Zp:l { 3 ( )

One can see with comparing (2.35) and (2.8) the area of E g is same for both z after and

before z.

12



2.4 Graphical illustration

In order to illustrate what our results have shown, let us make a graph showing the
normalized pulse shape for various z -z as one goes from negative values through the
second focal point to positive values. For negative values the pulse follows after zero
retarded time. For positive values the pulse precedes the zero retarded time. For our
example we take the simple case from (1.1) and which is related to the 3,4,5 right
triangle.

45
A
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Figure 2.4 Normalized Pulse Shape for the various

One can see from Fig. 2.4 the compression of the pulse as z — z, and the expansion

of the pulse for z> z; as z increases away from z.

13



3. Prepulse Term E,,; after the Impulse

What happens to the prepulse term after the impulse, ie after the truncation at the
aperture boundary (‘¥ =¥y, or b for special case)? Before the aperture truncation the

prepulse is given by (1.4).
Let By = tangential E field (x component ) on S, due to the prepulse wave

Then we have[l 4]

Ep, Lo’ ptdS. Ep =—j

pt dS (3.1)
2me ot Sy r2 2n S, r2

After we see the edge of S, , neglecting diffraction terms from this edge, and
approximating Ept by the negative of the TEM prepulse wave out to this edge(for a

positive parameter as in [1]) we have, for step-function excitation, time-independent
prepulse field onS,,

Ep = 0 the derivative being zero after the aperture edge is seen (3.2)

= —j “p E ¢ dS = constant , i.e. a step term.
r2
So we need the static E ¢ . As before, since we are confining ourself to the z-axis we can

use a uniform field on the projection plane to give E ¢ in the above integral.
From (2.11) of [1] at 1j = z(y (aperture plane center)
V 0
0 tan(—cj (3.3)
zgnfy 2

We need this extended over S, , since, as we have seen , for the z axis only the

EpaO =

uniform field terms (on the projection plane) need be considered (by symmetry).

On the projection plane at z=—a [1 (2.7)]

2
¥ ¥
Vv ¥ (COJ +2 - cos(0)) +1
I r
V(XO,Y0)=70arccosh_1(rCngn wO0 5 w0
(CO] —2-¢0 cos(01) +1 (3.4)
w0 w0

Yy = 2[a -z ]tan(%j

On the projection plane at ¥, = 0 we need the uniform field component (x-directed)

14



X
2 +1
Vi _1( P, v Vi 1 P,
V = 9 arccosh 1( COJln c0 ~ 0 5rccosh 1[—00j2L
2 L0 ) X +1 rwo ) Yeo
¥ (3.5)

2V _1( P, 2Vp 1 o .
Eqo = O arccosh 1( c j= 0 (taken as positivein our convention[1])
Yeo I'wo0 Tffg Yeo

Choose a potential (uniform)

2V, -1 ¥
V=Eqox=- 0 arccosh 1[—“)}?0 cos(®g) =-E49 Yo cos(Dg) (3.6)
Feo Tw0

%
Map this back onto the ry system

V=Eg2a-zg ]tan(%lj cos(9)

1/2
at+z
Yoo =2[a- Zo]tan(e—cj =2[a—z¢] P 2720 (3.7)
2 a-1zp b

V=Ey) 2[8. -z ]tan(%) COS((I))

Now on Sa we have

01
tan —
O la=zo]l 28 2) Y
Eq4=—V V=-E402 lo — 1 3.8
4 1 01,4 4,0 s€ ¢ 5(¢) 01 Sin(el) Sm((b) o | (3-8)
The tangential part is
P la-zo]| . 2(01)1 7 tan[ 21] 7
E4at=Eg4o— — |=cos(6 ly —2———Zi 1
it~ 0220 s O oo eosy) ' =2 Ein) oy

b

_ [a—z0]( 2cos(0; )eos(py) 7 . sin(y) 7
= P40 | 1+cos(0) v 21+cos(€)1)1¢l

15



1[I+ cos(81)] =11 + 2o + Zp
]1/2 zg +2p (3.10)

= [‘POZ + [ZO +2p ]2 , cos(07) =

The x component is

b

— zZn t+2z
E4x =E40 [a~20] {2 0P cos2(0,) + 25in2 (9y)

n+2zg +Zp n
” (3.11)
P
Ep2 :E40[ZO —Zp a—Zo] I 3 d¥
0 1 1

To solve this integral consider the special casez, =0,%, =b,r| =r;. Then from
(4.2) and (4.3) of [1]

-1
2
Ep, - Vo 1 [a-z] 1{2_0}
nfg Yoo 2o b (3.12)
Y0 = 2[a—zo]tan(67€j 2[a—zo]M

b
At the end we obtain

-1
2
Ep, = Yo 10 1+[Z—0} (3.13)
2nfy zg a+2zg b
The normalized e is
2nf, ! 27!
T
epy = Ep _L.h 1+[Z—0} (3.14)
Vo zg a+z b

Note that this is actually the negative of the prepulse (to give a positive parameter) by

e
convention in [1]. Let’s find the ratio of 2 from (1.5) and (3.14)

p

r 1-1 1/2

2 2
e a—z
ﬁ:[ b ] I{Z_O} { P] (3.15)
ep a+z I b | a+zp
For our case (1.1)

- 1-1

2 2
e
p2 (b 1{Z_0} _0.16 <1 (3.16)
€p a+zg b

as expected
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4. The Actual Analytical Waveform

We take the simple example case in (1.1) to illustrate the analytical waveform. The
excitationis a 1 Volt (Vg =.5 Volt) step, rising as a ramp function lasting 100 ps.

E-Field (Vim)

'y
U E_a _Eg+E,
/ te
2 | o e e e e e e e e
E
kI
tg, P
— A4—t, =100 ps
E:—Ep
[ D [ e s i s e s e i i i i
2.5ns 4 2ns n
\ Time (ns)
B 7 -E,
Figure 4.1 Analytic Waveform at the Second Focus
Where
Ep = 0.4V /m (negative prepulse)
E
E;=—2=4V/m
ts 4.1)

Eq=026V/m
Ep 5= 0.06 V/m (negative prepulse)
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5. Concluding Remarks

We now have an approximate analytic waveform at the focus for the interesting (and
useful) case of zp =0. This includes the “post-pulse” which we should not extend very

far to later time, since other scattering begins to have an effect. This can be used for
comparison to experimental results and more general numerical computations.

Analytical errors can be classified into two groups. First of all, analytical calculations
do not account for the feed arm width, and it is a little different from [5]. Secondly, when
calculating the aperture integrals we have used the uniform-field part all the way to
¥ =Y, but the feed arms intersect partly into S, for ¥ <'¥},. So the aperture integrals

are correct up to ¥ < [feed arm incursion]. The analytical waveform, while simple, is

still good, but not perfect.
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