O T A 1 O A SO Satany T — —— - - -~ -




UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)
READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BER A NSTRUCTIONS
. REPO! NUMBER . JOVT ACCESSION NOJ 3. RECIPIENT’'S CATALOG NUMBER
HDL-TR-1724
4. TITLE (and Subtitle) S. TYPE OF REPORT & PERIOD COVERED

Different Representations of Dyadic

c Technical Report
Green's Functions for a Rectangular

6. PERFORMING ORG. REPORT NUMBER

Cavity ‘
7: AUTHOR(®) T CONTRACT OR GRANT NUMBER(S) |
Chen-To Tai DA: 1W162118AH-75

5. PERFORMING ORGANIZATION, NANE AND ADDRESS
Harry Diamond Laboratories
2800 Powder Mill Road

T PROGRAM ELEMENT. PROJECT, TASK ]
AREA & WORK UNIT NUMBERS '

Prdgram element:

Adelphi, MD 20783 . 6.21.18.A -
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
Commander December 1975

US Army Materiel Command 3. NUMBER OF PAGES
Alexandria, VA 22333

T4 MONITORING AGENCY NAME & ADDRESS(#f i {ferent from Controlling Office) | 18. SECURITY CLASS. (of this report)

UNCLASSIFIED
15a. 'gc"?’c‘:_é.&sfpcAnWoown'cuA'n"i .

7. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

12. DISTRIBUTION STATEMENT (of the abetrect entered in Block 20, If different from Report)

et ————— —
18. SUPPLEMENTARY NOTES

HDL Project No: X755E6 r
AMCMS Code: 612118.11.H7500

9. KEY WORDS (Continue on aide 1 ¥ and identily by biock mumber)
Dyadic Green's function
Rectangular cavity
Electromagnetic

B xestRacT (Continue on %o side if ¥ and identity by block number)

Several different, but equivalent, expressions of the
dyadic Green's functions for a rectangular cavity have been
derived and tabulated in this report. The mathematical
relations between the dyadic Green's function of the wvector
potential type and that of the electric type are shown in
detail.. This work supplements the one not fully treated by
Morse and Feshbach.

FORM .
DD ,)2¢ 7 W73 oimon orF 1 nOV 68 13 OBSOLETE 1 UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Batesed)

AN 1 203N IO



oo I | S D r(i‘[f‘ (NI EH R AR R E R - C ] R

O C

CONTENTS

1. INTRODUCTION
2. DYADIC GREEN’S FUNCTIONS OF THE VECTOR POTENTIAL TYPE AND OF THE
ELECTRIC TYPE
3. EIGEN-FUNCTION EXPANSION OF G 4 FOR A RECTANGULAR CAVITY
4.  EIGEN-FUNCTION EXPANSI(_)N OF (=3e FOﬁ A RECTANGULAR CAVITY
LITERATURE CITED .
DISTRIBUTION .
FIGURE
1. A Rectangular Cavity and the Designation of the Coordinate System .

Page

10
16

17







.

INTRODUCTION

The dyadic Green’s function for a rectan
function that they introduced is of the vector
dyadic version of the vector Green’s function

obtained by Morse and Feshbach. One form

forms are ‘equivalent when a longitudinal

were not discussed.

2.

where

A cap (A) denotes a unit vector. The dyadic Green’s function of the el

-tion.

The relation between E A and (=}e is

This report details the derivation of several alte
of both the vector potential type and the electric t
functions are intimately related, it is more direct to
the tedious differentiation of discontinuous series

DYADIC GREEN’
ELECTRIC TYPE

The classification of dyadic Green’s functions of vari
it is sufficient to review two types of functions pertaining,
the electric field. The dyadic Green’s function of the vecto

2

k2=wu €

gular cavity has been studied by Morse and Feshbach.! The

potential type, hereby denoted by G A’ correspondigg to the
for the vector Helmholtz equation. Two forms of G A Were
is complete, but the other is not. They mentioned that the two
part is added to the incompleted form, but the exact relations

mnative representations of the dyadic Green’s functions
ype for a rectangular cavity. Although the two types of
use the function of the electric type that would bypass

for the evaluation of the fields in a source region.

S FUNCTIONS OF THE VECTOR POTENTIAL TYPE AND OF THE

o0

v, +K%G, - To(R-F)

T =theidem factor = RX + ¥y +22

ous types and kinds has been discussed.2:3 Here,
respectively, to the vector potential function and
r potential type satisfied the differential equation

®

8(R~R) = the three-dimensional delta function = §(x=x") 8(y=y") & (z-2').

(1953)

Laboratory,

1

2C. -T. Tai, Dyadic Green’s Functions in Electroma

Vxv.x G, +k%G

(

[

=T+

5§ R-R'.

e_

1

_3C.-T. Tai, Eigen—Function Expansion of Dyadic Green’s Functions,

Kirtland Air Force Base, Albuquerque, NM (July 1 973).

ectric type satisfies the differential equa-

@

€))

P.M. Morse and H. Feshback, Methods of Theoretical Physics, Part II, McGraw-Hill Book Company, New York

gnetic Theory, Intext Educational Publishers, Scranton, P4 (1972).

Mathematics Note 28, Weapons Systems
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For cavities, we are seeking the kind of functions that satisfy the boundary condition 0 ()
1xG =0 C))
or -
ﬁx<T+1— vv>-§ = 0. ®)
k2 A

Previously, we called these funcuogs of the first kind and denoted them, respectively, by G o1 and G Al
Here, we 'omit|the{subscript/“Q”for convenience. Later on the characteristics of the function of the second
kind are briefly mentioned. @

3. EIGEN-FUNCTION EXPANSION OF G A FOR A RECTANGULAR CAVITY !

The rectangular cavity under consideration has the configuration shown in figure 1.

y
| -
. R T
‘ r// /‘
Vd
b i/ c
P Lo \
--——g—-—

Figure 1. A Rectangular Cavity and the Designation ;
' of the Coordinate System. :

Following the Ohm-Rayleigh method, 23 we expand first the singular function I8(R - R') in terms of

the vector wave functions fo o M o’ and N 00 defined as follows:

Lyo = VWoo - ©® ‘
M, = Vx(¢fe°'i> ' ) | F

2C T. Tai, Dyadic Green’s Functions in Electromagnetic Theory, Intext Educational Publishers, Scranton, PA|(1972).

. 3C T. Tai, Eigen-Function Expansion of Dyadic Green’s Functions, Mathematics Note 28, Weapons Systems
Laboratory, Kirtland Air Force Base, Albuquerque, NM (July 1973).
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where
1}/00 = sinkxxsinkyy sinkzz
\Peo = coskxx coskyy sinkzz
. Voo = sinkxxsinkyy cosk,z
k =mT, _om., &7
X a’’y b’z ¢

mn2=0,1,2,...

~
[ 5]
I

= 12412 2
kx+ky+kz

The orthogonal properties of these vector wave functions result in

_ K2
BR-R)= Z ¢ [—%i T
2,m,n mn| g oo 00

+M

—

M
eo €0

+

N

U

2

o¢ o

®

©)

where the primed functions are defined with respect to the primed variables x', y’, and z' pertaining to R,

and

mn 2
abc kc

2 2
2 _fmm nw
2 =) ()

formorn=

5 b
o 0, &, myn+#0.

0

The constant k , corresponds to the cutoff wave number of a rectangular waveguide with a cross section a x b.
The derivation of equation (9) follows the same steps as described by Tai.?>3 In view of equation (1),

2
G,= = AT
A 2,m,n K2 - k? K2 °°°°

+M

€0

M

!

€0

+N

o¢

!
N

o

|

(10

2C.-T. Tai, Dyadic Green’s Functions in Electromagnetic Theory, Intext Educational Publishers, Scranton, PA (1972).

3C.-T. Tai, Eigen-Function Expansion of Dyadic Green's Functions, Mathematics Note 28, Weapons Systems

Laboratory, Kirtland Air Force Base, Albuquerque, NM (July 1973),
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An expression for G A witll_out_tpe fo O—I:; o terms was given by Morse and Feshbach’s equation 13.3.46.!
The series containing the L,,L,, terms not only is responsible for the field in a source region, but also
contributes to the electric field in a source-free region. The expression for G A 38 given by equation (10) can
be written in a different form with the modal functions commonly used in a waveguide theory, particularly,
by Felsen, Marcuvitz, and their followers.4 These modal functions have been used also by Morse and Fesh-

<bach. They are defined by

2, =02 a1
m, = V,0,x2 , (12)
n,=ve, k‘ (13)
where
¢, = sin kxxsin kyy
¢, = cos kxx cos kyy
lg( = % ,ky =-nbl ,mn=0,1,...

The vector wave functions used in expanding G A are related to these modal functions. Thus, it is not
difficult to show

Loo =1 sin kzz + kZQO cos kzz

Meo =m, sin kzz

4

1 - 25
0" K (— kzn0 sin kzz+kc 20 cos kzz).

In terms of £ o> Mg, and 1 o> ©quation (10) can have the form

_ : C _ ‘
.= 2 28 k22 ¥ cosk z cosk 2’
A %, m,n Kz_kz c” oo z z

¥ (ﬁleﬁl;+ ﬁoﬁ"o)sin k,z sin kzz'] : 14

1P.M. Morse and H. Feshbach, Methods of Theoretical Physics, Part IT, McGraw-Hill Book Company, New York
(1953).

4L.B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves, Prentice Hall, Inc., Englewood Cliffs, N.J.
(1973).
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Now, the sum over the index ¢ can be evaluated in a closed form by use of the relations®

Lz sink z sin k_z’
=1 g2 2 7 o
c sink_(c-z)sink_z' ,
sk Jsinkzsink e-2)| 13
L smkgzsmkg(c-z)
1
JZ?O 22 oo k,z cos k2’
- cos kg (c-z) cos kgz ’
zZ=22z

= ,
2kg sin kgc cos kgz cos kg (c-2z')

where

1/2
= (12 .12
kg— (k -kc>

An equivalent expression for equation (14) is therefore given by

Gy= = c* [k2“sz g +(ﬁeﬁ;+ﬁoﬁ')f ]

m,n C 0 o”mn 0o/ mn
where
Cha it
—— 0
abkckg sin kgc
cosk_ (c-z)cosk z
g = g g, 22 z
mn cos kgz cos kg (c-2) !
¢ - sin kg (c - z) sin kg? .y
mn sin kgz sin kg (c-2) ‘ )

(15)

(16)

an

(18)

(19)

Equation (15) is the same as Morse and Feshbach’s equation 13.3.47! based on the method of scattering

superposition starting with dyadic Green’s function for G A Pertaining to a rectangular waveguide.

In principle, once G, is known, one can find the vector potential function A for any arbitrary current
source, including source of the aperture type, as shown by Morse and Feshbach. To find E, the electric field,

another differential operation is needed as

(1953).
5R.E. Collin, Field Theory of Guided Waves, McGraw-Hill Book Company, New York (1960).

lP.M. Morse and H. Feshbach, Methods of Theoretical Physics, Part II, McGraw-Hill Book Company, New York




E=iw ’(K +Ly v-K)
k2
If equation (15) is used for G A the differential operation involves a series with a discontinuous derivative
in the=source region that must be executed with due care. For this S Ieason, it appears more appealing to deal
with G, the dyadic Green’s function of the electric type. Once ﬁe is known, one can find'E by applying
the formula ; '

B(R) = icons, ff G(RIR)I(®) av
‘#W[ﬁ X E(R’)] ds’

where the sign ~ over v'xae denotes the transposition of the entire dyadic function. In fact, it is
known?:3 that

(20)

@m= VG, ,(RIR) 1)

where (—_}e 5 denotes the dyadic Green’s function of the second kind of the electric type, which satisfies the

_same equation as Ee 1» the first kind, or simply (Te in the present designation, but with the boundary

condition
nx Vv X G ez =0.
A more precisely annotated expression for equation (20), therefore, should be
B(R) =icu f1s &, (RIR) T(R) av
_#vxéez(ﬁlﬁ')-[ﬁ.x E(R)] os. @

Because of the convenience of using Cz}e instead of G A» it is desirable to give a detailed derivation of
the several alternative representations of Ce, which is understood to be §e1 here.

4. EIGEN-FUNCTION EXPANSION OF Ee FOR A RECTANGULAR CAVITY

By applying the Ohm-Rayleigh method to the equation for Ee defined by equation (2) or by substi-
tuting equation (10) into equation (3), one finds

5.2 [

¢ ¢mmn mn

k2
'Y eVl NI S C = =
K2- ) (MeoMeo+NoeNoe) _szz LooLoo} (23)

2C.-T. Tai, Dyadic Green’s Functions in Electromagnetic Theory, Intext Educational Publishers, Scranton, P4
(1972).

3C.-T. Tai, Eigen-Function Expansiqn of Dyadic Green’s Functions, Mathematics Note 28, Weapons Systems
Laboratory, Kirtland Air Force Base, Albuquerque, NM (July 1973).
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0

W mn’ Me 0° N o> and L 00 have been defined before. It is observed that the coefficient attached to the

L I’ “termis dlfferent from the one associated with G A while the coefficient attached to the Me oM co
and N N terms remains unchanged. 'They differ because

VM, =0

VN, =0
-

VL, =KL

and

k2 Kz) k
— 1) ==
(1(2-1<2)K2 ( k2 k2K2

In terms of the modal functlonle s M, and 01 | as defined by equations (11) to (13), one can write equation

(23) in the form
Z S [
G, !Z,m,n =y k2 m,m, sink,zsink z

k2
+Pnon smk zsmk z
kf!kkkzz?__, ,
+ 2 92020 cos kzz cos kzz
k k2 ]
- o (2 nocoskzsmkz+n2 smkzcoskz) (24)

where, as before, the constants kc, kg, and K are defined by
k2= k2 + k2
2_12 2 .
kg =k*- kc ’
2_12 2 212 2
K —kx+ky+kz —kc +k;.

Now, the series containing the !2 !Z terms has a singular term that can be extracted from the sum.
Using equation (19), one finds that

2
9°8mn
922

=-kg2gmn- k, sink, cb(z-2). (25)

11




og
The singular term involving &(z - z) results from the discontinuity of ar:n. In view of equations (16)
and (18),

) kz2 cos k,z cos kzz' _ 92 x cosk,zcosk,z

=1 K2 _ k2 622 2=0 K2 _ k2
2
= c 0 gm=_f.3(z_z')_i
2 kg sin kgc oz2 2 2 sin kgc Smn
k2
=2 8@ -2 2 — B osk zcosk 7'
2 2=0,K2-k2 z 27"

Thus, equation (24) can be written in the form

= k \2
= _ 2 () c NS
G,=- " C_ . <~—k> 78@-2)8 %,

o 2 Cmn

— —f . . !
2mn P l:meme sin kzz sin kzz

k2
g - — . . !
+En°no sin kzz sin kzz
k4

CH T []
+-k—2 2020 cos kzz cos kzz

2
kzkc
k2

! = . ] - 7 s !
ngno cosk,z sin kzz + nOQO sin kzz cos kzz )] , (26)
The double series in equation (26) is recognized as-i2 225 (R-R’) because
k

BR-R)=8(x-x)W(y -y W (z-2)

z 4 )
= mn 620%:0G-2) @27)

where
¢, =sin k, x sin kyy.
The triple series can be summed over £ by use of equations (15) and (16) and the additional relations

v k,sink, cosk 2’ e g,

=17 2z Ik sinkg oz 28

12

e e e,

e
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M msslioni A A
" ‘{‘(\ z k, cosk, sink 2’ ) c of o '
U2 Iksnkge o 29)
The final expression for ée after this reduction has the form
. AN 12
G -_228(R-R)
G, =-—ox 7
k2
5 2
* _ g~
- m,n Cmn ,:(meme +p nono> fmn
ko 2 3
\ +—=7 Vg 4-Cg g mn
K2 © o°mn 27070 3z
k2 of
Cs mn
—P QOHO aZ } (30)
where
o - 2(2-8 )
mn 2 . :
abk k g Sin kgc ‘
The functions f.nand 8mn are defined by equations (19) and (18).
An alternative procedure to obtain equation (30) is to use the formula
G =T+ G
e = —ZVV G,
k
with G A &ven by equation (17). If this procedure is followed, the following relations are needed:
v (Elefmn) =0
- - 2 -
v (nofmn) _‘kcq’ofmn

— 08, o
v ( ogmn) =d’o 0z

af,
. _ o2 (= = “"mn
VY. (nofmn> = -k (nofmn+20 -z )

_ _ 08y, - 3%,
\VV' (QOgmn) =n°-.3z~+20 azz .

From the point of view of waveguide theory,
terminated by two conducting walls at the ends. Fo
of equation (30) based on this approach.

a rectangular cavity can be considered as a waveguide
1 this reason, it is desirable to identify the significance

peceom———
10 o O D A1 M Dt e et "



The complete expression3 of the dyadic Green’s function of the electric type for an infinite rectangular
waveguide is given by

+ N(ikg>ﬁ'(ik g)] 257 (31)

where
— _ ik z .
M(kg)—vx [¢°e g z:, ‘
1 ik z
()-toem ]

K2_.2 .2
L =k2 +k2

Z)

1 - 2 2
kg =vk -k
q)o = sin kxx sin kyy
¢, = cos k x cos kyy.

The term _zzé %QR
k

For the cavity, (=}e is constructed by the method of scattering superposition. Thus,

5,6+ 212" ‘50)[ (k) By +9 (),

was missing in the old ‘treatment,2 but amended.3

,n abk%k

+ N(kg) B, +N(x g) B{l (32)
where the scattering terms represent the reflected TE and TM modes from the two end walls. After applying

the boundary condition 2 x G, =0atz=0andz= c,one can determine the unknown coefficients A’s and
B’s. The final result is given by '

2C.-T. Tai, Dyadic Green’s Functions in Electromagnetic Theory, Intext Educational Publishers, Scranton, Pa.
(1972).

3C T.-Tai, Eigen-Function Expansion of Dyadic Green’s Functions, Mathematics Note 28, Weapons Systems
Laboratory, Kirtland Air Force Base, Albuquerque, N.M. (July 1973).
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]

=~—“-1 3 N
A sinkgc sin kg (o-z Jmi,

ik _c
112=“.-1 e ® sink Z/m'
‘ g e

s N 2 " of
[kg sin kg(c—z )n0+kc cos k’g (c—z)2°:|

. r =t 2 ' g
I:—kgsmkgz i +kg cos k,z 20]

where r—ne,ﬁo., and € o deno;e the modal functions defined previously by equations (1 1) to (13). By summing
all the parts in equation (32), it can be shown that the result is identical to equation (30), as it should be.
Furthermore, if one introduces the vector wave functions defined by

-

-IVleo E{gz =Vx liq&e sinkgzﬁ:l

IVIe0 E(g(é-zE=Vx Ebe sin kg (c-2) 2]

w1

Noe o7 =%VXVX Epo coskgzﬁ]

= [ ] 1 A
N, kg(c—z) = VX [qbo cos kg(c-z) z] \
then equation (30) can be written in the following compact form:
z __WR-R)
e K2
A P Ev i ! NT N '
+ 3 C;;]n geo [kg(c ——Z')] Meo [kg,Z] .Eoe[-kg(c:,Z)] Noe I:kg'z] 227 (33)
mn M, [kgz] M eo[kg(c -z )] —.Noe[kgz] N, Ecg(c—z )\]
where
C;;n = 2(2_6 ) \

2 : :
abkc kg sin kgc

The different but equivalent expressions for G . given in equations (23), (30), and (33) can be employed in
equation (22). Because of the numerical method employed in solving the equation, one might find one
form more convenient than the other two. The function G, expressed in equation (23) for rectangular,
cylindrical, and spherical cavities has been derived by P. Rosenfeld (Ph.D. dissertation), but equations
(30) and (31) are not discussed in that work.

15
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