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numbers and hence reliable computer routines will always be in demand.
note, we report a family of computer programs which will be useful in evalua-

ng (1) Jacobian elliptic functions, (2) complete and incomplete elliptic in-
grals of the first and second kind, (3) Jacobi zeta function, and (4) complete
and incomplete elliptic integral of the third kind.
let the apposite arguments of the above functions and integrals take on both real
Finally, if there exists a belief that calculations involving
liptic functions and integrals are difficult, it is hoped that this note will
disprove it.

e

and complex values.
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Abstract

The chief goal of a numerical computation is to arrive at accurate
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Wherever applicable, we will



Let us then, be up and doing
With a heart for any fate

Still achieving, still pursuing,
Learn to labour and to wait.

Longfellow
(A Psalm of Life)
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I. ﬁntroduction

This note addresses itself to the problem of numerically evaluating
the eh11ptic functions and integrals. Elliptic functions and integrals
arise in several disciplines of applied science, e.g., mutual impedance
of twL current carrying loops [1, 2], conformal transformation in certain
electromagnetic studies [3], an ellipsoid in a gravitational field, ellip-
soid Fn an electromagnetic field [2, 4], and generally speaking, in any
problem where ellipsoidal coordinates are suggested. Hence, it is con-
sider;d useful to prepare and report a package of computer routines which
can evaluate all of the elliptic functions and integrals. Although part
of th}s work, namely the evaluation of complete and incomplete elliptic
integrals of the first two kinds has already been documented [5] by one
of th% authors, the listings of the corresponding subroutines have been
included in this note. It is noted that some of the subroutines in Table
1.1 mFy be redundant, e.g., CJEFS which contains JEFS can also be made
to do! the function of JEFS, but the subroutines are separated in order
that Each one of the subroutines listed in column 1 of Table 1.1 may be
used as a general purpose subroutine in itself. In the following sections,
we ditcuss each of these subroutines and include their listings. An attempt
is made to make every section a self-contained unit for the user's conven-
ience. Of course, in using a subroutine of any particular section, it
is tol be remembered that, whenever applicable, subroutines of earlier
section(s) may have to be supplemented.
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Table 1.1.

Summary of FORTRAN Subroutines Reported in this Note o

Quantities That Can Be Computed Along With

Subroutine Restrictions, If Any Other Subroutines Required
JEFS The Jacobian elliptic function trio sn(u|m) and None
dn{u|m) of real argument u and parameter m for
0<m< ]
CJEFS The Jacobian elliptic function trio sn{w[m), cn(w|m) JEFS
and dn{w|m) of complex argument w and parameter m
for 0 sm <1
TEK The complete elliptic integrals of the first and None
(Of Ref. 3) second kinds K(m) and E(m) with 0 <m <1
TEF The incomplete elliptic integrals of the first and TEK
(Of Ref. 3) second kinds F(¢|m), E(¢|m) with 0 s m <1 and ¢
real
CEF The incomplete elliptic integral of the first and JEFS, CJEFS, TEK and TEF
second kinds F(u + iv]m), E(u + iv|m) with 0 < m <1
ZETA The Jacobi zeta function of a real amplitude Z(¢|m) TEK
with 0 € m <]
CZETA The Jacobi zeta function of a complex argument CJEFS, JEFS, TEF and TEK
Z(u + iv|m) with 0 <m <1
EI3K E1liptic integral of the third kind for real ¢, TEF, TEK, E3MLN and E3NLM
m(n; ¢|m) with 0 < m <1
CEI3K E1liptic integral of the third kind for complex w, JEFS, CJEFS, TEK, TEF & CEF

M(n; wlm) and real n and m with 0 g m < 1




IT.  Jacobian Elliptic Functions

An excellent introduction to all the Jacobian functions given by
pq{u/m) where p = s, ¢, d, n; g =s, ¢, d, n and m = the parameter; satisfying

) pqlu/m) = 1/[qp(u/m)]
(2) pp(u/m) =1
(3) pr‘(u/m) = %3—2% ; with r=s, c, d, n (2.])

may be found in Chapter 16 of Reference [6]. 1In Eq. (2.1), the vertical stroke
separates the argument u from the parameter m. Reference [6] is the basic ref-
erence for this entire note and we will have several occasions to refer to it.
Howeyer, the readers interested in the theoretical aspects of Jacobian functions
are referred to the classical work of Neville [7].

| Before we proceed to compute the twelve Jacobian elliptic functions, it
is ntted that nine of them can be related to the trio sn(u), cn(u) and dn(u)

according as
sdlu) = §Rtir + nelu) = gy » os(u) = GRts
nd(u) = a‘n‘%a)' » sc(u) = %}—2—3—%— , ¢s(u) =§253) (2.2)

In Eq. (2.2), the parameter m is implicitly present and we shall write it only
when| it is required to call specific attention to the parameters. In view of
Eq. (2.2), it is sufficient to compute the trio sn, cn and dn of a real argu-
ment u and a real parameter m which satisfies the condition

0O<mg ‘ (2.3)

If m is outside of the above range, special formulas are available in Sections
16.10 and 16.11 of Reference [6] which are useful in computing the trio. Re-

turning to the situation when Eq. (2.3) is satisfied, the trio has series re-

presentations given by




3
| sn(u) = u - (1 +m) %T-+ (1+14m+ m2)'§T - eee

en(u) 1-“ +(1+4m)4—,-(1+44m+16m2)—~—+--- (2.4)

| dn(u)

1-m7'—+m(m+4)m—-m(m +44m+]6)——+00-

gt is interesting to note that no formulae are known for the general coefficients
in all of the above series. Conceivably, one can compute the trio from Eq. (2.4)
y using an efficient numerical procedure, e.g., Horner's algorithm which attempts
#o minimize the round-off errors. However, a far superior method of computing

the trio makes use of the Arithmetic-Geometric Mean [5] (A.G.M.) and will be
#rief]y described below.

\ Starting with a number triple (ao, bys co), we compute successively

{al, b, cl), (az, b,s cz) e (aN, by CN) according to the A.G.M. scheme
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(2.5)

Tbe process of determining the two kinds of means stops at the Nth step when
ah = b and consequently, ¢ N 0 to a preassigned degree of accuracy.
‘ To compute sn(u|m), cn(u|m) and dn(u|m) one starts with the triple

| a =1,b, =M ,c =@ (2.6)



where m1

= the complementary parameter =

(1 - m) and proceeds according to the

|
A.G.M. scheme of Eq. (2.5) up to the Nth step. Now, o\ is computed in degrees
using
&y = 2\ a u 180°/m
N N (2.7)
Once ¢y fis known, then &y ;s ¢y o **=° ¢, are successively computed using
the recurrence relation
. Cn
sm(2¢n_] - cbn) N sing, (2.8)
or
_ 1 + . Cn . _
On-1 = 2|9, * arc sinjz= sing ¢| for n = Ny (N = 1), eeee 3, 2,1
n (2.9)
The trio can now be evaluated using ¢, andr¢o according to
sn(ujm) = sing,
cn(u|m) = cos¢,
cos<po
dn(u|m) = (2.10)
cos(¢, - ¢;i
The subroutine JEFS, a listing of which is included at the end of this section
computes the functions sn, cn, dn of real argument u and the parameter m. It
can be used in conjunction with the familiar Fortran call statement
CALL JEFS (U,EM,SN,CN,DN)
The input and output variables of the subroutine are self-explanatory except
probably for EM which is the parameter m. In this program, the process of
computing the means terminates when CNI < 10-1% or if N = 200 whichever occurs
first. |If more accuracy is desired, the DIMENSION statement may have to be
modified. A sample output of this subroutine is tabulated (Table 2.1) and
plotted |(Figure 2.1) and the results agree very well with the tables in Ref-
erence [8].
10
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Table 2.1, Sample Output of Subroutine JEFS for Three Values of
Parameter m and Argument u Ranging from 0 < u < 5.00

11

- 0.3 0.6 0.9
u sn u cn u dn u sn u cn u dn u sn u cn u dn u
0.00 0.00000 1.00000 | 1.00000 0!00000 1.00000 | 1.00000 | 0.00000 1.00000 | 1.00000
0.25 0.24666 0.96910 0.99083 0.24591 0.96929 0.98169 0.24517 0.96948 0.97258
0.50 0.47422 0.88041 0.96568 0.46902 0.88319 0.93167 0.46384 0.88592 0.89798
0.75 0.66780 0.74434 0.93071 0.65386 0.75662 0.86225 0.63984 0.76851 0.79470
1.00 0.81877 0.57412 0.89380 0.79494 0.60669 0.78794 0.77009 0.63794 0.68284
1.25 0.92408 0.38220 | 0.86245 0.89448 0.44710 | 0.72107 | 0.86051 0.50943 | 0.57755
1.50 0.98396 0.17840 | 0.84235 0.95824 0.28597 | 0.67012 | 0.92037 0.39104 | 0.48747
1.75 0.99954 -0.03021 0.83682 0.99198 0.12638 0.63999 0.95847 0.28520 0.41618
2.00 0.97126 | -0.23804 | 0.84676 0.99949 | -0.03190 | 0.63294 | 0.98162 0.19087 | 0.36440
2.25 0.89837 | -0.43924 | 0.87056 0.98168 | -0.19054 | 0.64945 | 0.99445 0.10524 | 0.33161
2.50 0.77980 | -0.62603 | 0.90420 0.93642 | -0.35087 | 0.68838 | 0.99969 0.02471 | 0.31710
2.75 0.61599 | -0.78775 | 0.94136 0.85898 | -0.51200 | 0.74652 | 0.99851 | -0.05458 | 0.32044
3.00 0.41142 -0.91144 0.97428 0.74327 -0.66899 0.81764 0.99063 -0.12657 0.34174
3.25 0.17657 | -0.98429 | 0.99531 0.58446 | -0.81143 | 0.89165 | 0.97434 | -0.22507 | 0.38156
'3.50 | -0.07214 | -0.99739 | 0.9992?2 0.38296 | -0.92376 | 0.95499 | 0.94624 | -0.32346 | 0.44064
3.75 | -0.31512 | -0.94905 | 0.98499 0.14826 | -0.98895 | 0.99338 | 0.90090 | -0.43403 | 0.51918
4.00 | -0.53413 | -0.84540 | 0.95625 | -0.10059 | -0.99493 | 0.99696 | 0.83068 | -0.55676 | 0.61561
4.25 | -0.71601 -0.69809 | 0.91989 | -0.33976 | -0.94051 | 0.96475 | 0.72632 | -0.68735 | 0.72471
4.50 | -0.85391 | -0.52042 | 0.88388 | -0.54873 | -0.83600 | 0.90517 | 0.57925 | -0.81515 | 0.83548
4.75 -0.94599 -0.32419 0.85530 -0.71605 -0.69805 0.83208 0.38621 -0.92241 0.93046
5.00 | -0.99297 | -0.11837 | 0.83917 | -0.83981 | -0.54288 | 0.75949 | 0.15499 | -0.98792 | 0.98913
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Thus far in this section, the argument u has been a real variable and
we will now proceed to compute the trio sn(w|m), cn(w|m) and dn(w|m) where

w = complex variable = u + ijv (2.11)

{Once again, this is easily accomplished by using Eqs. (16.21) of Reference [4].
Using the short hand notation

w
"

sn(ulm) , ¢ =cn(ulm) , d
‘; s, sn(v|m1) € cn(v[ml) » d

one can write down the Jacobian functions as [6],

| _
| sn(u + iv|m) sd, +icds cl]//2ci +ms’ si)

dn(u|m)
dn(v|m1) (2.12)

1]

|
| cn(u + ivim) = Jcc - isds, dl]//(ci +ms si)

. 2 2 2
- +
de d -dim s ¢ sl]///(c1 ms sl>
i

ﬁhus the computation for a complex argument reduces to making use of JEFS on
the real and imaginary parts separately but with the parameter m and the com-
b]ementary parameter m, respectively. Subroutine CJEFS was written for this
Furpose and may be called by the Fortran statement

dn(u + iv|m)

(2.13)

CALL CJEFS (C,EM,SN,CN,DN)

fhe input variables C and EM are respectively w = u + iv and m and CJEFS returns
the complex numbers SN, CN, DN which respectively are sn(w|m), cn(w|m) and
‘n(w|m). A sample output of CJEFS and a listing are included. With

i

i w=u+iv =Me

(2.14)

Lhe complex trio sn, cn and dn 'Meie are computed for five different values of
M = 0.5, 1.0, 1.5, 2.0 and 2.5. For each value of M, 8 is varied from 0° to
?60° in steps of 20°. Figure 2.2 illustrates the complex w plane,and the dotted
grid points in the figure are all of the locations where sn(w|m), cn(w|m) and
dn(w|m) are computed and tabulated for three values of m = 0.3, 0.6 and 0.9

(Tables 2.2 through 2.10, respectively).
|
| 13
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Table 2.2. sn[Me1eIm] as Computed from Subroutine CJEFS for m

= 0.3

sn[O.S eielm]

sn[].O eielm]

sn[1.5 eie|m]

sn[Z.O eielm]

sn[2.5 eielm}

eO
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.47422 | 0.00000| 0.81877 | 0.00000| 0.98396 | 0.00000| 0.97126( 0.00000| 0.77980 | 0.00000
20.00 | 0.45612 { 0.14886 | 0.82980 | 0.91921 1.06102 | 0.10777 | 1.15197 | -0.07548 | 1.13846 | -0.37667
40.00 | 0.39526 | 0.39755 | 0.83337 | 0.45006 | 1.23973 | 0.36215| 1.50923 | 0.11747 | 1.71154 | -0.10454
60.00 | 0.27773 | 0.43175 | 0.73073 | 0.81923 | 1.46426 | 0.90860 | 2.03167 | 0.41543 | 1.96750 | -0.06274
80.00 | 0.10150 | 0.51677 | 0.32888 | 1.20411 1.21929 | 2.32980 | 4.94852 | 1.42284 | 2.51616 | -1.93510
100.00 (-0.10150 | 0.51677 | -0.32888 | 1.20411 | -1.21929 | 2.32980 | -4.94852 | 1.42284 | -2.51616 | -1.93510
120.00 | -0.27773 | 0.43175 | -0.73073 | 0.81923 | -1.46426 | 0.90860 | -2.03167 | 0.41543 [ -1.96750 | -0.06274
140.00 | -0.39526 | 0.29755 | -0.83337 | 0.45006 | -1.23973 | 0.36215 | -1.50923 | 0.11747 | -1.71154 | -0.10454
160.00 | -0.45612 | 0.14886 | -0.82980 | 0.19121 | -1.06102 | 0.10777 | -1.15197 | -0.07548 | -1.13846 | -0.37667
180.00 | -0.47422 | 0.00000 | -0.81877 | 0.00000 | -0.98396 | 0.00000 | -0.97126 | -0.00000 | -0.77980 | -0.00000
200.00 | -0.45612 | -0.14886 | -0.82980 | -0.19121 { -1.06102 | -0.10777 | -1.15197 | -0.07548 | -1.13846 | 0.37667
220.00 | -0.39526 | -0.29755 | -0.83337 | -0.45006 | -1.23973 | -0.36215 | -1.50923 | -0.11747 | -1.71154 | 0.10454
240.00 | -0.27773 | -0.43175 | -0.73073 | -0.81923 | -1.46426 | -0.90860 | -2.03167 | -0.41543 | -1.96750 | 0.06274
260.00 | -0.10150 | -0.51677 | -0.32888 | -1.20411 | -1.21929 | -2.32980 | -4.94852 | -1.42284 | -2.51616 | 1.93510
280.00 | 0.10150 | -0.51677 | 0.32888 | -1.20411 1.21929 | -2.32980 | 4.94852 | -1.42284 | 2.41616 | 1.93510
300.00 | 0.277731-0.43175| 0.73073 | -0.81923 | 1.46426 | -0.90860 | 2.03167 | -0.41543 | 1.96750 | 0.06274
320.00 | 0.39526 | -0.29755 | 0.83337 | -0.45006 | 1.23973 | -0.36215| 1.50923| -0.11747 | 1.71154 | 0.10454
340.00 | 0.45612 | -0.14886 | 0.82980 | -0.19121 1.06102 | -0.10777 | 1.15197| 0.07548 | 1.13846 | 0.37667
360.00 | 0.47422 | -0.00000 | 0.81877 | -0.00000| 0.98396 | -0.00000 | 0.97126| O 0.77980 | 0.00000

.00000
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Table 2.3. sn[Meielm] as Computed from Subroutine CJEFS for m = 0.6

sn[0.5 eielm] sn[].O e1e|m] sn[1.5 eie|m] sn[2.0 eie’m] sn[2.5 eielm]
eO
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.46902 | 0.00000| 0.79494 | 0.00000 | 0.95824 | 0.00000 | 0.99949| 0.00000 | 0.93642 [ 0.00000
20.00 | 0.45288 | 0.14452 | 0.80569 | 0.17555 | 1.00453 | 0.11232 [ 1.08556 | 0.01611 | 1.12008 | -0.70958
40.00 | 0.39728 | 0.29186 | 0.82559 ( 0.40748 | 1.14354 | 0.28425 | 1.25893 | 0.09938 | 1.28385 | 0.00297
60.00 | 0.28449 | 0.43064 | 0.78555 | 0.77598 | 1.48178 | 0.62464 [ 1.62140 | 0.04428 | 1.35478 | -0.17450
80.00 | 0.10565 | 0.52297 | 0.40508 [ 1.27515 | 2.21823 | 2.35038 [ 2.96593 | -1.50910 | 1.00967 | -1.11092
100.00 | -0.10565 | 0.52297 | -0.40508 | 1.27515 | -2.21823 | 2.35038 | -2.96593 | -1.50910 | -1.00967 | -1.11092
120.00 | -0.28449 | 0.43064 | -0.78555 | 0.77598 | -1.48178 | 0.62464 | -1.62140 | 0.04428 | -1.35478 | -0.17450
140.00 | -0.39728 | 0.29186 | -0.82559 | 0.40748 | -1.14354 | 0.28425 | -1.25893 | 0.09938 | -1.28385 | 0.00297
160.00 | -0.45288 | 0.14452 | -0.80569 | 0.17555 | -1.00453 | 0.11232 | -1.08556 [ 0.01611 [ -1.12008 | -0.10958
180.00 | -0.46902 | 0.00000 | -0.79494 | 0.00000 | -0.95824 | 0.00000 | -0.99949 | 0.00000 | -0.93642 | -0.00000
200.00 | -0.45288 | -0.14452 | -0.80569 | -0.17555 | -1.00453 | -0.11232 | -1.08556 | -0.01611 | -1.12008 | -0.10958
220.00 | -0.39728 | -0.29186 | -0.82559 | -0.40748 | -1.14354 | -0.28425 | -1.25893 | -0.09938 | -1.28385 | -0.00297
240.00 | -0.28449 | -0.43064 | -0.78555 [ -0.77598 | -1.48178 | -0.62464 | -1.62140 [ -0.04428 | -1.35478 | 0.17450
260.00 | -0.10565 | -0.52297 | -0.40508 | -1.27515 | -2.21823 | -2.35038 | -2.96593 | 1.50910 ) -1.00967 | 1.11092
280.00 [ 0.10565 | -0.52297 | 0.40508 [ -1.27515 | 2.21823 | -2.35038 [ 2.96593 | 1.50910 | 1.00967 [ 1.11092
300.00 | 0.28449 | -0.43064 [ 0.78555 [ -0.77598 | 1.48178 | -0.62464 | 1.62140 | -0.04428 | 1.35478 | 0.17450
320.00 | 0.39728 | -0.29186 | 0.82559 [ -0.40748 | 1.14354 | -0.28425 | 1.25893 ( -0.99938 | 1.28385 | -0.00297
340.00 | 0.45288 | -0.14452 | 0.80569 | -0.17555 [ 1.00453 [ -0.11232 | 1.08556 | -0.01611 [ 1.12008 | 0.10958
360.00 | 0.46902 | -0.00000 | 0.79494 | -0.00000 ( 0.95824 | -0.00000 | 0.99949 | -0.00000| O 0.00000

.93642
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Table 2.4. sn[Me1e|m] as Computed from Subroutine CJEFS for m

= 0.9

sn[O.S eie}m sn[].O e1e,m] sn[1.5 e1e|m] sn[2.0 eie\m] sn[2.5 eielm]
90
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.46384 | 0.00000 | 0.77009 | 0.00000 | 0.92037 [ 0.00000 [ 0.98162 | 0.00000| 0.99969 | 0.00000
20.00 | 0.44965 | 0.14020 | 0.78263 | 0.15890 | 0.95187 | 0.10210 | 0.01242| 0.04726 | 1.02945 | 0.01244
40.00 | 0.39926 | 0.28618 | 0.81829 | 0.36768 | 1.07251 | 0.21954 | 1.11316| 0.06594 | 1.08100 | 0.00051
60.00 | 0.29124 | 0.42945 | 0.83486 | 0.72981 [ 1.44244 | 0.40516 | 1.35460| -0.09082 | 1.10255 | -0.17032
80.00 | 0.10987 | 0.52922 | 0.49399 | 1.34653 | 3.27453 | 1.61032 | 1.59281| -1.39954 | 0.66660 | -0.69871
100.00 | -0.10987 | 0.52922 | -0.49399 | 1.34653 | -3.27453 | 1.61032 [ -1.59281 | -1.39954 | -0.66660 | -0.69871
120.00 | -0.29124 | 0.42945 | -0.83486 | 0.72981 | -1.44244 | 0.40516 | -1.35460| -0.09082 | -1.10255 [ -0.17032
140.00 | -0.39926 | 0.28618 | -0.81829 | 0.36768 | -1.07251 | 0.21954 | -1.11316 | 0.06594 | -1.08100 | 0.00051
160.00 | -0.44965 | 0.14020 | -0.78263 | 0.15890 ( -0.95187 | 0.10210 | -1.01242 | 0.04726 | -1.02945 | 0.01244
180.00 | -0.46384 | 0.00000 [ -0.77009 | 0.00000 | -0.92037 | 0.00000 | -0.98162 | 0.00000 | -0.99969 | 0.00000
200.00 | -0.44965 | -0.14020 | -0.78263 | -0.15890 | -0.95187 | -0.10210 | -1.01242| -0.04726 | -1.02945 | -0.01244
220.00 | -0.39926 | -0.28618 | -0.81829 | -0.36768 | -1.07251 | -0.21954 | -1.11316 | -0.06594 | -1.08100 [ -0.00051
240,00 | -0.29124 | -0.42945 | -0.83486 | -0.72981 | -1.44244 | -0.40516 | -1.35460| 0.09082 | -1.10255 | 0.17032
260.00 | -0.10987 | -0.52922 | -0.49399 | -1.34653 | -3.27453 | -1.61032 | -1.59281 | 1.39954 | -0.66660 | 0.69871
280.00 | 0.10987 | -0.52922 | 0.49399 | -1.34653 | 3.27453 | -1.61032 [ 1.52981| 1.39954 | 0.66660 | 0.69871
300.00 | 0.29124 | -0.42945 | 0.83486 | -0.72981 | 1.44244 |-0.40516 | 1.35460| 0.09082 | 1.10255 | 0.17032
320.00 | 0.39926 | -0.28618 | 0.81829 | -0.36768 { 1.07251 | -0.21954 [ 1.11316| -0.06594 | 1.08100 | -0.00051
340.00 | 0.44965 | -0.14020 | 0.78263 | -0.15890 | 0.95187 [ -0.10210 | 1.01242| -0.04726 | 1.02945 | -0.01244
360.00 | 0.46384 | -0.00000| 0.77009 | -0.00000 | 0.92037 | -0.00000 [ 0.98162| -0.00000 | 0.99969 | -0.00000
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Tab%e2.5.cn[Meielm}asﬁomputedfromSubrout%neﬁJEFS for m=0.3

cn[O.S elelm] cn[].O eielm] cn[1.5 ei6lm} cn[2.0 e1e\mJ cn[2.5 eielm]
eO
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.88041| 0.00000 | 0.57412| 0.00000 | 0.17840| 0.00000 | -0.23804 | 0.00000 | -0.62603 [ 0.00000
20.00 | 0.90539 | -0.07499 | 0.63990 | -0.24795 | 0.26594 | -0.42996 | -0.14839 | -0.58597 | -0.59883 [ -0.71611
40.00 | 0.97309 | -0.12086 | 0.84085 | -0.44606 | 0.53832 [ -0.83401 | 0.15620 | -1.13507 | -0.12862 | -1.39103
60.00 | 1.05929 | -0.11320 | 1.18076 | -0.50699 | 1.08658 | -1.22441 | 0.47336 | -1.78302 | -0.07283 | -1.69483
80.00 | 1.12202 | -0.04675 | 1.55141 | -0.25526 | 2.49709 | -1.13761 | 1.45037 | -4.85458 | -2.03469 | -2.39299
100.00 { 1.12202 | 0.04675| 1.55141 | 0.25526 | 2.49709 | 1.12761 | 1.45037 | 4.85458 ( -2.03469| 2.39299
120.00 | 1.05929| 0.11320|1.18076 | 0.50699 | 1.08658 | 1.22441| 0.47336 | 1.78302 | -0.07283 | 1.69483
140.00 | 0.97309| 0.12086 | 0.84085| 0.44606 | 0.53832 | 0.83401| 0.15620| 1.13507 | -0.12862 | 1.39103
160.00 | 0.90539  0.07499 | 0.64990 | 0.24795| 0.26594 | 0.42996 | -0.14839 [ 0.58597 | -0.59883 [ 0.71611
180.00 | 0.88041| 0.00000| 0.57412( 0.00000 | 0.17840 ( 0.00000 ] -0.23804 [ 0.00000 | -0.62603 | 0.00000
200.00 [ 0.90539| -0.07499 | 0.63990 | -0.24795 | 0.26594 | -0.42996 | -0.14839 | -0.58597 | -0.59883 | -0.71611
220.00 | 0.97309| -0.12086 | 0.84085 | -0.44606 | 0.53832 | -0.83401| 0.15620 ( -1.13507 | -0.12862 | -1.39103
240.00 | 1.05929| -0.11320| 1.18076 | -0.50699 | 1.08658 | -1.22441| 0.47336 | -1.78302 | -0.07283 | -1.69483
260.00 [ 1.12202 | -0.04675 | 1.55141 | -0.25526 | 2.49709 | -1.13761 | 1.45037 | -4.85458 | -2.03569 | -2.39299
280.00 [ 1.12202| 0.04675 | 1.55141 | 0.25526 | 2.49709 ( 1.13761| 1.45037 | 4.85458 | -2.03469| 2.39299
300.00 | 1.05929| 0.11320| 1.18076 | 0.50699 | 1.08658 ( 1.22441| 0.47336 | 1.78302 | -0.07283 | 1.69483
320.00 ] 0.97309| 0.12086 | 0.84085| 0.44606 | 0.53832 | 0.83401| 0.15620 | 1.13507 | -0.12862 | 1.39103
340.00 | 0.90539( 0.07499 | 0.63990| 0.24795| 0.26594 | 0.42996 | -0.14839 | -0.58597 | 0.59883 | 0.71611
360.00 | 0.88041| 0.00000| 0.57412| 0.00000| 0.17840 ( 0.00000 | -0.23804 | 0.00000 | -0.62603 | 0.00000
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Table 2.6. cn[Meieym] as Computed from Subroutine CJEFS for m = 0.6
. . I3 -2 -
cn[0.5 eTGIm] cn[].O e1e|m] cn[].S e1e|m] cn[Z.O e' 'm] cn[2.5 e1e‘m]
60
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.88319 | 0.00000 | 0.60609 [ 0.00000 | 0.28597 | 0.00000 [ -0.03190 | 0.00000 | -0.35087 | 0.00000
20.00 | 0.90609 | -0.07223 | 0.65450 | -0.21610 | 0.33855 | -0.33328 | 0.04124 | -0.42413 | -0.22642 | -0.54206
40.00 | 0.97037 [ -0.11949 | 0.81041 | -0.41511 | 0.48046 | -0.67655 | 0.16137 | -0.77528 | 0.00474 | -0.80516
60.00 | 1.05733 [ -0.11587 | 1.12969 | -0.53959 | 0.77888 | -1.18834 | 0.05624 | -1.27676 | -0.25356 | -0.93234
80.00 | 1.12461 | -0.04913 | 1.60184 | -0.32246 | 2.46513 | -2.11497 | -1.58069 | -2.83160 | -1.37219 | -0.81743
100.00 | 1.12461 0.04913| 1.60184 | 0.32246 | 2.46513 | 2.11497 | -1.58069 | 2.83160 | -1.37219( 0.81743
120.00 | 1.05733 | 0.11587 | 1.12969| 0.53959 | 0.77888 | 1.18834 | 0.05624 | 1.27676 | -0.25356 | 0.93234
140.00 | 0.97037 | 0.11949( 0.81041 | 0.41511|0.48046 | 0.67655| 0.16137 | 0.77528 | 0.00474 | 0.80516
160.00 | 0.90609 | 0.07223| 0.65450 ] 0.21610 | 0.33855 | 0.33328 | 0.04124 | 0.42413 ] -0.22642 | 0.54206
180.00 | 0.88319 | 0.00000| 0.60669 | 0.00000 | 0.28597 | 0.00000 | -0.03190 | 0.00000 | -0.35087 | 0.00000
200.00 ] 0.90609 | -0.07223 | 0.65450 | -0.21610 | 0.33855 | -0.33328 | 0.04124 | -0.42413 | -0.22642 | -0.54206
220.00 | 0.08037 | -0.11949 | 0.81041 | -0.41511 | 0.48046 | -0.67655 | 0.16137 | -0.77528 | 0.00474 | -0.80516
240.00 | 1.05733 | -0.11587 | 1.12969 | -0.53959 | 0.77888 | -1.18834 | 0.05624 | -1.27676 | -0.25356 | -0.93234
260.00 ( 1.12461 | -0.04913| 1.60184 | -0.32246 | 2.46513 | -2.11497 | -1.58069 | -2.83160 | -1.37219 | -0.81743
280.00 | 1.12461 | 0.04913| 1.60184 | 0.32246 | 2.46513 | 2.11497 | -1.58069 | 2.83160 | -1.37219| 0.81743
300.00 | 1.05733| 0.11587 | 1.12969| 0.53959 | 0.77888 | 1.18834 | 0.05624 | 1.27676 | -0.25356 | 0.93234
320.00 0.97037 | 0.11949 | 0.81041 ] 0.41511|0.48046 | 0.67655| 0.16137 | 0.77528 | 0.00474 | 0.80516
340.00 | 0.90609 | 0.07223 ] 0.65450| 0.21610] 0.33855| 0.33328 | 0.04124 | 0.42413| -0.22642 | 0.54206
360.00 | 0.88319| 0.00000 | 0.60669 | 0.00000 | 0.28597 | 0.00000 | -0.03190 | 0.00000 | -C.35087 | 0.00000
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Table 2.7. cn[Me1e‘m] as Computed from Subroutine CJEFS for m = 0.9
cn[O.S e1e|m] cn[].O eielm] cn[].S eie‘mJ cn[2.0 e1e|m] cn[2.5 e1e’m]
eo
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.88592 | 0.00000 | 0.63794 | 0.00000| 0.39104| 0.00000 | 0.19087| 0.00000 | 0.02471| 0.00000
20.00 [ 0.90681 | -0.06952 | 0.66881 | -0.18594 | 0.40310| -0.247109 [ 0.19441 | -0.24610 | 0.05133 | -0.24948
40.00 | 0.96770 | -0.11808 | 0.78307 | -0.38421 | 0.43576 | -0.54034 | 0.14512| -0.50581 | 0.00135| -0.41058
60.00 | 1.05530 | -0.11852 | 1.07545 | -0.56654 | 0.53330| -1.09585 | -0.13387 | -0.91902 | -0.34116 | -0.55045
80.00 | 1.12724 | -0.05158 | 1.65261 | -0.40250 | 1.67338 | -3.15113 | -1.56524 | -1.42419 | -1.10519 | -0.42143
100.00 | 1.12724 | 0.05158 | 1.65261 | 0.40250 | 1.67338| 3.15113 | -1.56524  1.42419 | -1.10519 | 0.42143
120.00 [ 1.05530| 0.11852 [ 1.07545( 0.56654 | 0.53330| 1.09585 | -0.13387 | 0.91902 | -0.34116 | 0.55045
140.00 [ 0.96770| 0.11808 | 0.78307 | 0.38421| 0.43576 | 0.54034 | 0.14512| 0.50581 | 0.00135| 0.41058
160.00 | 0.90681 | 0.06952 | 0.66881 | 0.18594 | 0.40310( 0.24109 | 0.19441( 0.24610| 0.05133| 0.24948
180.00 | 0.88592 | 0.00000 [ 0.62794 | 0.00000| 0.39104 | 0.00000| 0.19087| 0.00000| 0.02471| 0.00000
200.00 | 0.90681 | -0.06952 | 0.66881 | -0.18594 | 0.40310| -0.24109 | 0.19441 | -0.24610| 0.05133 | -0.24948
220.00 | 0.96770 | -0.11808 | 0.78307 | -0.38421 | 0.43576 | -0.54034 | 0.14512| -0.50581 | 0.00135| -0.41058
240.00 | 1.05530 | -0.11852 | 1.07545| -0.56654 | 0.53330| -1.09585 | -0.13387 | -0.91902 | -0.34116 | -0.55045
260.00 | 1.12724 | -0.05158 | 1.65261 | -0.40250 | 1.67338 | -3.15113 [ -1.56524 | -1.42419 | -1.10519| -0.42143
280.00 | 1.12724 | 0.05158 | 1.65261 | 0.40250| 1.67338| 3.15113 | -1.56524 | 1.42419( -1.10519| 0.42143
300.00 | 1.05530 | 0.11852 | 1.07545| 0.56654 | 0.53330 | 1.09585 | -0.13387| 0.91902 | -0.34116| 0.55045
320.00 [ 0.96770 | 0.11808 | 0.78307 | 0.38421| 0.43576 | 0.54034 | 0.14512| 0.50581 | 0.00135| 0.41058
340.00 | 0.90681 | 0.06952 | 0.66881 | 0.18594 | 0.40310| 0.24109 | 0.19441| 0.24610| 0.05133| 0.41058
360.00 | 0.88592 | 0.00000 | 0.63794 | 0.00000 | 0.39104 | 0.00000 | 0.19087| 0.00000| 0.02471| 0.00000
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dn[Me1e[m] as Computed from Subroutine CJEFS

Table 2.8. for m = 0.3
dn[O.S eie\m] dn[1.0 eie’m] dn[].S eie‘m] dn[Z.O e1e’m] dn[2.5 eie|m]
BO
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.96568 | 0.00000 | 0.89380 | 0.00000 | 0.84235 | 0.00000 | 0.84676 | 0.00000| 0.90420 | 0.00000
20.00 1 0.97194 | -0.02096 | 0.89845 | -0.05298 | 0.81702 | -0.04199 | 0.77764 | 0.03354 | 0.82349 | 0.15622
40.00 | 0.99043 | -0.03562 | 0.93114 | -0.12084 | 0.77981 | -0.17272 | 0.57393 | -0.09267 | 0.38003 [ 0.14124
60.00 [ 1.01687 | -0.03538 | 1.03502 | -0.17351 | 0.89603 | -0.44544 | 0.42021 | -0.60257 | -0.09027 | -0.41023
80.00 | 1.03791 | -0.01516 | 1.18849 | -0.09996 | 1.57345 | -0.54162 | 0.83283 | -2.53626 | -1.25580 | -1.16317
100.00 | 1.03791 | 0.01516 ] 1.18849 | 0.09996 [ 1.57345 | 0.54162 | 0.83283 | 2.53626 | -1.25580 | 1.16317
120.00 | 1.01687 | 0.03538 | 1.03502 | 0.17351] 0.89603 | 0.44544 | 0.42021( 0.60257 | -0.09027 | 0.41023
140.00 | 0.99043 | 0.03562 | 0.93144 | 0.12084| 0.77981 | 0.17272| 0.57393 | 0.09267 | 0.38003 | -0.14124
160.00 | 0.97194 | 0.02096 | 0.89845 | 0.05298 | 0.81702 | 0.04199( 0.77764 | -0.03354 | 0.82349 | -0.15622
180.00 | 0.96568 [ 0.00000 | 0.89380 ( 0.00000( 0.84235 | 0.00000| 0.84676 | -0.00000| 0.90420 | -0.00000
200.00 | 0.97194 | -0.02096 | 0.89845 | -0.05298 | 0.81702 | -0.04199 | 0.77764 | 0.03354 | 0.82349 | 0.15622
220.00 | 0.99043 | -0.03562 | 0.93114 | -0.12084 | 0.77981 | -0.17272 | 0.57393 | -0.09267 | 0.38003 | 0.14124
240.00| 1.01687 | -0.03538 | 1.03502 | -0.17351 | 0.89603 | -0.44544 | 0.42021 | -0.60257 | -0.09027 | -0.41023
260.00 | 1.03791 | -0.01516 | 1.18849 | -0.09996 | 1.57345 | -0.54162 | 0.83283 | -2.53626 | -1.25580 | -1.16317
280.00 | 1.03791 | 0.01516 | 1.18849 | 0.09996 | 1.57345 | 0.54162 | 0.83283| 2.53626 | -1.25580 | 1.16317
300.00| 1.01687 | 0.03538 | 1.03502 | 0.17351| 0.89603 | 0.44544 | 0.42021 | 0.60257 | -0.09027 | 0.41023
320.00| 0.99043 | 0.03562 | 0.93114 | 0.12084 | 0.77981 | 0.17272 | 0.57393 | 0.09267 | 0.38003 | -0.14124
340.00 | 0.97194 | 0.02096 | 0.89845 | 0.05298 | 0.81702 | 0.04199| 0.77764 | -0.03354 | 0.82349 | -0.15622
360.00| 0.96568 | 0.00000 { 0.89380 | 0.00000 | 0.84235| 0.00000| 0.84676 | -0.00000 | 0.90420 | -0.00000




éc

Table 2.9. dn{Meie,mJ as Computed from Subroutine CJEFS for m = 0.6
dn[0.5 eielm] dn[].o eie'm] dn[1.5 eie|m] dn[2.0 eie|m] dn[2.5 eie‘m]
6° :
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.93167| 0.00000 | 0.78794| 0.00000| 0.67012 | 0.00000| 0.63294| 0.00000| 0.68838| 0.00000
20.00 | 0.94403| -0.04160 [ 0.80016 | -0.10606 | 0.64282 | -0.10531 [ 0.54172 | -0.01937 | 0.52367 | 0.14062
40.00 | 0.98053] -0.07095 | 0.86332 | -0.23380 | 0.60614 | -0.32176 | 0.32777 | -0.22901 [ 0.10723 | -0.02136
60.00 | 1.03333| -0.07114 | 1.05423| -0.34693 | 0.71781 | -0.77366 | 0.05660 | -0.76117 | -0.32603 [ -0.43506
80.00 | 0.07627 | -0.03080 | 1.38816 | -0.22326 | 1.97044 | -1.58757 | -1.26449 | -2.12381 | -1.20115 | -0.56030
100.00 | 1.07627| 0.03080| 1.38816| 0.22326| 1.97044 | 1.58757 | -1.26449| 2.12381 | -1.20115| 0.56030
120.00| 1.03333| 0.07114 | 1.05423| 0.34693| 0.71781 | 0.77366 | 0.05660| 0.76117 | -0.32603 | 0.43506
140.00 | 0.98053| 0.07095| 0.86332| 0.23380| 0.60614 | 0.32176 | 0.32777| 0.22901 | 0.10723| 0.02136
160.00 | 0.94403| 0.04160 | 0.80016| 0.10606| 0.64282 ( 0.10531| 0.54172| 0.01937 | 0.52367 | -0.14062
180.00 | 0.93167| 0.00000| 0.78794| 0.00000| 0.67012 | 0.00000| 0.63294| -0.00000| 0.68838 | -0.00000
200.00 | 0.94403| -0.04160 | 0.80016 | -0.10606 | 0.64282 | -0.10531 | 0.54172| -0.01937 | 0.52367 | 0.14062
220.00 | 0.98053| -0.07095 | 0.86332| -0.23380 | 0.60614 | -0.32176 | 0.32777 | -0.22901 | 0.10723 | -0.02136
240.00| 1.03333( -0.07114 | 1.05423| -0.34693| 0.71781 | -0.77366 | 0.05660| -0.76117 | -0.32603 | -0.43506
260.00| 1.07627| -0.03080 | 1.38816 | -0.22326 | 1.97044 | -1.58757 | -1.26449 | -2.12381 | -1.20115 | -0.56030
280.00| 1.07627| 0.03080| 1.38816| 0.22326| 1.97044 | 1.58757 | -1.26449 | 2.12381 | -1.20115| 0.56030
300.00| 1.03333| 0.07114( 1.05423| 0.34693| 0.71781 | 0.77366 | 0.05660| 0.76117 | -0.32603 | 0.43506
320.00| 0.98053| 0.07095| 0.86332| 0.23380( 0.60614 | 0.32176 | 0.32777 | 0.22901 | 0.10723| 0.02136
340.00| 0.94403| 0.04160 | 0.80016| 0.10606 | 0.64282 ( 0.10531 | 0.54172| 0.01937 | 0.52367 | -0.14062
360.00| 0.93167| 0.00000| 0.78794| 0.00000( 0.67012 | 0.00000| 0.63294 | -0.00000 | 0.68838 | -0.00000
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Table 2.10. dn[Me1e[m} as Computed from Subroutine CJEFS for m = 0.9
dn[0.5 eie|m] dn[].o e1elm] dn[1.5 eielm] dn[Z.O eielm] dn[2.5 eielm]
eO
Re Im Re Im Re Im Re Im Re Im

0.00 | 0.89798 | 0.00000 | 0.68284 [ 0.00000 | 0.48747 | 0.00000 | 0.36440 0.00000| 0.31710| 0.00000
20.00 [ 0.91627 | -0.06192 | 0.70476 | -0.15881 | 0.47702 | -0.18336 | 0.31362 [ -0.13730 | 0.22150 | -0.05203
40.00 | 0.97030 | -0.10598 | 0.79660 | -0.33992 | 0.46477 | -0.45595 | 0.17529 | -0.37687 | 0.00219 | -0.22742
60.00 [ 1.04936 | -0.10727 | 1.05851 | -0.51805 | 0.52567 | -1.00058 | -0.13603 | -0.81395 | -0.37205 | -0.45427
80.00 [ 1.11508 | -0.04693 | 1.59769 | -0.37470 | 1.59447 | -2.97637 | -1.50343 | -1.33446 | -1.08969 | -0.38468
100.00 [ 1.11508 | 0.04693 | 1.59769 | 0.37470 | 1.59447 | 2.97637 | -1.50343 | 1.33446 | -1.08969 | 0.38468
120.00 | 1.04936 | 0.10727 | 1.05851 | 0.51805 | 0.52567 | 1.00058 | -0.13603 | 0.81395 | -0.37205 | 0.45427
140.00 | 0.97030 | 0.10598 | 0.79660 | 0.33992 | 0.46477 | 0.45595 | 0.17529 | 0.37687 | 0.00219 | 0.22742
160.00 | 0.91627 | 0.06192 | 0.70476 | 0.15881 | 0.47702 | 0.18336 | 0.31362 | 0.13730| 0.22150 | 0.05203
180.00 { 0.89798 | 0.00000 | 0.68284 | 0.00000 | 0.48747 | 0.00000| 0.36440 | 0.00000| 0.31710 | 0.00000
200.00 | 0.91627 | -0.06192 | 0.70476 | -0.15881 | 0.47702 | -0.18336 | 0.31362 | -0.13730 | 0.22150 | -0.05203
220.00 | 0.97030 ( -0.10598 | 0.79660 | -0.33992 | 0.46477 | -0.45595 | 0.17529 | -0.37687 | 0.00219 | -0.22742
240.00 | 1.04936 | -0.10727 | 1.05851 | -0.51805 | 0.52567 | -1.00058 | -0.13603 | -0.81395 | -0.37205 | -0.45427
260.00 [ 1.11508 | -0.04693 | 1.59769 | -0.37470 | 1.59447 | -2.97637 | -1.50343 | -1.33446 | -1.08969 | -0.38468
280.00 ] 1.11508 | 0.04693 | 1.59769 | 0.37470 | 1.59447 | 2.97637 | -1.50343 | 1.33446 | -1.08969 | 0.38468
300.00 | 1.04936 | 0.10727 ) 1.05851 | 0.51805 ( 0.52567 | 1.00058 | -0.13603 | 0.81395| -0.37205 | 0.45427
320.00 ( 0.97030 | 0.10598 | 0.79660 | 0.33992 | 0.46477 | 0.45595| 0.17529 | 0.37687| 0.00219 | 0.22742
340.00 | 0.91627 | 0.06192 | 0.70476 | 0.15881 | 0.47702 | 0.18336 | 0.31362 ] 0.13730| 0.22150 | 0.05203
360.00 | 0.89798 | 0.00000 | 0.68284 | 0.00000 | 0.48747 | 0.00000| 0.36440| 0.00000| 0.31710 | 0.00000




. In concluding this section, it is emphasized that, after the trio sn,

cn a#d dn is computed for either real or complex argument, the remainder of (:)

the facobian elliptic functions are easily evaluated using Eq. (2.2).
|
\
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Listing of the Subroutine JEFS
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OOOO0OO00O0n

(@)

10

15

20

SUBROUTINE JEFS (UsEM9ySNeCNeUN)

THIS IS A CALCULATICON OF THE
JACOBTIAN FLLIPTIC FUNCTIONS

SN o CN ¢ AND DN BY THE #ETHOD
OF ARITHEMETIC/GEOMFTRIC MEANS
(AS S5,SECTION 16.44P,571)

DIMENSION s(200)e C(200)y PHI(2C0)
V=l

AM=FM

TF (AM.¥0.0.) GO TO 20
IF (AM.¥Q.1.) GO TO 28
AMl=1,~-AM

A(l)=1.

B=SGRT (AM])
C(1)=SART (AM)

DO 5 I=2¢2802
A(I)=aB%(A(T=1)+5)

ClI) =5 (L (1)) =1)
CCCC=aABI(C(I))

IF (CCCCallTeleFE=10) GO TO 14
BESOQRT AT ~1) %13)

CONT TUE

I1=200

CONTINUE

L=I-1
PHI(I)=A(]) #vH# (2s4])

DO 15 J=l.L.

K=l+1=-J

ARGU=CHIK) #SIN(PHI(K))/ZA(K)
T=ASIN (ARGYY)
PHI(K=1)=e5%(T+FPHI(K))
CONT INUE

SN=SIN(PHI(1))
CN=COS(PHT (1))
DN=CN/CQS(PHI(2)=PHI(1))
RETURN

SN=SIN (1))

CN=CO0S (1)

DN=1,

RETURN

SN=TANH ()

CN=2., /(EXP(U) +ZXP (=1)))
ON=CN

RETURN

END
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Note 1:

Listing of the Subroutine CJEFS

While using CJEFS, the subroutine JEFS has to
be supplemented.
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OOOOOO0O0O0

SUBRQUYINE. CUEFS (CeEMeSHis CNe DN

THIS 1S A CALCULATION OF THe

JACOBTAN ELLIPTIC FUNCTICHS

SN s CN s AMND DN FOR & COMPLEA

ARGUIMENT ~ C

(CFe AMS 855 £0M%e 16el1els1602)63916.210¢)

COMPLEX CaSNgCNgUN

RU=RELL (C)

IF (A2S(RUY LT oloL=#) RU=N,

CALL JEFS (RUsztgRSAaRCNeRDN)
UI=AINAEC)

EMITE =t

CALL JEFS (Uls@vlsesMIeChilaDND)
DENOM=CHMI®CNT 4 TR INFRSNYENTH#ENT

SMeCMPL X (PO o RONSWUNFSNT*CHTY /000U
CN=CM L X (RCNTCH T ¢ =RGNSRUN® SN TIHOMT) /OEHOM
DHN=CHMP X (RONSCNT*DH] ¢ =EM¥RSN#RCHN¥SNT) ZDENGH
RETURY

EnD

28

CJE
CJE
cJE
CJE

CJr
CJE

CJE
CJE

LUt
CJE
cJt
CJE
CJE
CJt
Cut

CJE

T WA

® ~

20



ITI. Elliptic Integrals of the First and Second Kinds
A. Complete Integrals

We shall begin this section by giving certain definitions

Complete elliptic integral of the first kind
Complete elliptic integral of the second kind

m X
(11}

Several representations exist for K and E, e.g.,

K

K(m) = F(w/2|m) = F(m/2\a)

E = E[K(m)] = E(m) = E(n/2\a) (3.1)

At this stage, an explanation of the notation in Eq. (3.1) is in order. A ver-
tical or a left-slanted stroke respectively separates the argument from the
parameter depending on whether the parameter is represented by an English (m)
or a Greek (a) letter. Furthermore, depending on whether the argument itself
is an English or Greek symbol, the functions have different, but equivalent
representations, e.qg.,

¢
F(d)\ou) = / Q - sina Sinze)-l/zde
0
u
F(ulm) = / dw = u (3.2)
0
and
¢
E(P\a) = / (1 - sin*a sin%0)*/*do
0
u
E(ulm) = / dn® w dw (3.3)
0

29



The equivalence of the two representations above is via

sin (¢) = sn{u)
or ¢ = arcsin [sn (u)]

= am(u)= the amplitude (3.4)
and m = sin?(a)

The elliptic integrals of the first and second kind are said to be complete if
the arJument ¢ = w/2 and are given by

Complete Elliptic Integral of the First Kind

= K(m) = K
m/2 ) n
= [L - msin“(8)] 2 do (3.5)
()
and
Complete Elliptic Integral of the Second Kind
= E(m) = E
/2
- / [1-msin?(6)]* do (3.6)
0

Subroutine TEK can compute the quantities K(m) and E(m) using their series
representations. It may be used by the Fortran call statement

CALL TEK (ID,RM,EK,E)

The variables ID and RM are inputs to the subroutine and the variables EK and
E are returned by the subroutines. The four variables are described below.
ID TYPE INTEGER. This determines which parameter the subroutine
expects to receive. If ID =0, RM <> m. If ID % 0, RM < m .

RM  The real parameter m or its complement m, depending on the
value of ID.

EK

K(m) irrespective of the value of ID.
E(m) irrespective of the value of ID.

m
1]
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fm is close to unity, e.g., (1 - 10"3) <m< 1, m_can be supplied instead of
m through the variable RM while setting ID # 0. This improves the accuracy of
K(m) and E(m) provided, of course, m =1-mbe calculated (or otherwise
supplied) without a machine subtraction. A test run and a listing of the sub-
routine TEK follows and for a more detailed discussion of TEK, the reader is
referred to an earlier note [5] by one of the authors (Terry L. Brown). For
purposes of the test run, the value of the parameter m ranges from 0.00000000
to 0.99999999. As was mentioned earlier, when m is such that 0.99999 < m < 1,
the ‘variable ID was set = 1 and hand calculated value of m was fed in place
of m as e.g., in order to obtain

K(0.99999900) and E(0.99999900)
The ‘subroutine TEK was called by
CALL TEK (1,0.000001,EK,E)

and the variables EK and E would contain K(0.99999900) and E(0.99999900).
The results of the test run are tabulated in Table 3.1 and plotted
in Figure 3.1.

B. Incomplete Integrals

From the preceding subsection, we have

¢
F(¢|m) = / (1 - m sin’)""/*de
0
¢
E(¢|m) = f (1 -m sinze)l/zde (3.7)
o

which respectively are the incomplete elliptic integrals of the first and the
second kind. The subroutine TEF can compute F(¢|m) and E(¢|m) and this is
achieved by using infinite series representations [9] when' 0 < m < 0.75 and

by an application of the descending Landen transformation [6] if 0.75 s m< 1.
The coefficients arising in the Landen transformation are determined by a pro-
cess of Arithmetic-Geometric Mean described in an earlier section. We shall not
discuss the mechanics of the subroutine TEF here since it is well documented by
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Table 3.1.

Sample Output of Subroutine TEK

m K(m) E(m)
0.00000000 1.57079633 1.57079633
0.05000000 1.59100345 1.55097335
0.10000000 1.61244135 1.53075764
0.15000000 1.63525673 1.51012183
0.20000000 1.65962360 1.48903506
0.25000000 1.68575035 1.46746221
0.30000000 1.71388945 1.44536306
0.35000000 1.74435060 1.42269113
0.40000000 1.77751937 1.39939214
0.45000000 1.81388394 1.37540197
0.50000000 1.85407468 1.35064388
0.55000000 1.89892491 1.32502450
0.60000000 1.94956775 1.29842804
0.65000000 2.00759840 1.27070748
0.70000000 2.07536314 1.24167057
0.75000000 2.15651565 1.21105603
0.80000000 2.25720533 1.17848992
0.85000000 2.38901649 1.14339579
0.90000000 2.57809211 1.10477473
0.95000000 2.90833725 1.06047373
0.96000000 3.01611249 1.05050223
0.97000000 3.15587495 1.03994686
0.98000000 3.35414145 1.02859452
0.99000000 3.69563736 1.01599355
0.99900000 4.84113256 1.00217079
0.99990000 5.99158934 1.00027458
0.99999000 7.14277245 1.00003321
0.99999900 8.29405146 1.00000390
0.99999990 9.44534240 1.00000045
0.99999999 10.59663476 1.00000005
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9.0+

7.0+

Scale for K(m)

5.0 =

3.0+

(n/2)

2.0

~1.8

1.0

0.0

Figure 3.1. Plot of K(m) and E(m) as a Function of m
(See Table 3.1.)
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Listing of Subroutine TEK
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10
15

20
25
30

35
40

45

50

r

o

60

&5

70

15

SUBROUTINE T&K (IDsRMeEKYE)

DIMFNSION RKP(60)
16 (1D) 6045960

1F (RM=~1e) 300204910
PRINT 159 RHM

FORMAT (5XsFH*xxakukssty3Xy13H LOOK OUT M =¢FBe3p3X s GHRMNMMMENR)

RETURN

EK=1sE75

E=1,

RETURN
EK=1e57079632679489
E=EK

IF (RM) 10925435

IF (RM=¢999) 40440+65
RKNaSGRT(RM}

DO 45 1=1+60
RKP(1)=SQRT(1le~RKN#*RKN}

REKNa (1e~RKP(I))/(1e+RKP (1)}
IF {1 eGEe2sANDsRKNoLTeleE~20) GO TO 50

CONTINUE

1=60

N=l=-1

DO 55 J=14¢N
Tlmla4+RKP(I~J)
EK=2 o #EK/TY
E=TIFE~EK#*RKP(1-J)
RETURRN

28V=SQRTIRM)

GO TO 106
RPI=SORT (1o ~RM)
PK2=RPK¥RPK

PKPaPK2
GOL=ALOG (4 /RPK)
GK=GOL-1+

FK=e25

FE=e25
EK=GOL+FK#*#GK#PKP
E=le+a5%{GOL~¢5)%PKFP
GE=GK

DO 85 1=24+2000
R=FLOAT{I+1)

D=R~-1.

PXP=PYP*PK2

C=D/R

FK=FK*D¥*¥D/ (R*R)
FE=FE*C

H=1./(D*R}
GK=GK=1:./(D*FLOAT(1))
GE=GE~H

T1=FK*GK*PKP
ER=T1+EK
T2=FE*GE*PKP

E=T2+F

IF (T1=1.F=15) 75,75.+80
IF (T2~1eE=15) 90,90:+80
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FEaFE®*C
GErGE~H
RETURN
END
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one of the authors (Terry L. Brown) in Reference [5]. TEF may be used by the
Fortran statement

CALL TEF (PH1,RM,SIG,TF,TE)

The variables in the above CALL statement are described below:

PH1 - Real amplitude ¢ in radians
RM - Real parameter m (0 < m < 1)
SIG - Real constant used in setting up the error criterion,
typically = 107¢, ‘
TF - The subroutine returns F(¢|m) in this Tocation.
TE - The subroutine returns E(¢|m) in this Tocation.

A sample output from TEF and a listing, which are reproduced from the Reference
[3] are included in this section. (See Tables 3.2 and 3.3.)

C. Incomplete Integrals with a Complex Argument

In this subsection, we report a subroutine CEF which can compute
the incomplete elliptic integrals of the first and second kind when the argu-
ment is complex and the parameter m is restricted in the range 0 < m < 1,
i.e., F(u + iv|m) and E(u + iv|m). We shall consider them individually.

(u+iv)
F(u + iv|m) =./f dw = (u + iv)
0
(¢+iy)
= F(¢ + iy[m) =./r (1 - m sin®e)""/de (3.8)
0

If the complex argument (u + iv) is given, the value of F(u + iv|m) is simply

the complex argument itself, irrespective of the value of the parameter m. On
the other hand, if the complex amplitude (¢ + i) is given, the calculation of
F(¢ + ip|m) is a bit more complicated and one can follow

F(¢ + ip|m) = u + iv = arc sn[sin(¢ + iy)] (3.9)
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Table 3.2.

Comparison of F(¢\a) or F(¢|m) Returned by
Subroutine TEF with the Values Listed in

Reference [6] (Reproduced from Reference [5].)

F(d\a) Value Listed Computed Value
F(5°\48°) 0.08732765 0.08732766
F(10°\58°) 0.17517260 0.17517259
F(10°\62°) 0.17522690 0.17522691
F(10°\86°) 0.17542143 0.17542142
F(15°\44°) 0.26324404 0.26324403
F(15°\46°) 0.26335019 0.26335020
F(20°\70°) 0.35547959 0.35547958
F(20°\82°) 0.35622881 0.35622880
F(25°\28°) 0.43932365 0.43932364
F(25°\48°) 0.44404397 0.44404396
F(25°\74°) 0.44967538 0.44967539
F(30°\80°) 0.54842535 0.54842534
F(35°\50°) 0.63363947 0.63363946
F(35°\52°) 0.63511150 0.63511149
F(35°\64°) 0.64351521 0.64351520
F(35°\78°) 0.65067415 0.65067414
F(35°\84°) 0.65228622 0.65228621

%50° \72°) 0.99163507 0.99163506

F(55°\86°) 1.15261652 1.15261651
F(60°\50°) 1.16431637 0.16431636
F(60°\56°) 1.19275650 1.19275649
F(60°\60°) 1.21259661 1.21259662

§60°\84°) 1.31117166 1.31117165

F(70°\56°) 1.45726935 1.45726934
F(75°\46°) 1.49668437 1.49668438
F(75°\82°) 1.97316666 1.97316665
F(80°\82°) 2.31643897 2.31643896
F(85°\56°) 1.90143591 1.90143590
F(85°\66°) 2.13070052 2.13070051
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Table 3.3. Comparison of E(¢\a) or E(¢|m) Returned by
Subroutine TEF with the Values Listed in
Reference [6] (Reproduced from Reference [5]. )
E(o\a) Value Listed Computed Value
E(10°\70°) 0.17375210 0.17375209
E(15°\68°) 0.25924104 0.25924103
E(15°\48°) 0.26016110 0.26016109
E(20°\74°) 0.34256478 0.34256479
E(25°\74°) 0.42368913 0.42368914
E(30°184°) 0.50026923 0.50026922
E(30°\74°) 0.50186633 0.50186634
E(35°\72°) 0.57733641 0.57733640
E(35°\38°) 0.59723431 0.59723432
E(40°\20°) 0.69206954 0.69206953
E(45°\48°) 0.74409773 0.74409772
E(50°\54°) 0.80601230 0.80601229
E(55°\46°) 0.89246858 0.89246857
E(60°\64°) 0.90689460 0.90689461
E(70°\58°) 1.03614663 1.03614664
E(75°\82°) 0.97598331 0.97598330
E(75°\76°) 0.99517606 0.99517605
E(75°\70°) 1.02171634 1.02171633
E(80°\30°) 1.31605841 1.31605840
E(85°\72°) 1.07377505 1.07377504
E(85°\6°) 1.47970717 1.47970716
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Note 1:

Listing of Subroutine TEF

While using TEF, the subroutine TEK has to
be supplemented.
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SUBROUTINE TEF (PH1sRMsSFGsTFTE) TF 1

DATA PI104/.785398163397448/,TP1/6428318530717959/ TF 2

DATA PIyPl02/34141592653589793238662643C0+145707963267968966192C07 TF 3

DIMENSION AA(S50), BB(50), CC(50), PSAV(50) (A

IF (ABS(RM=e5)=45) 1541545 TF 5

5 PRINT 10y RM F e
10 FORMAT (5XsH®*nanux%% 33X 4 13HLOOK OUT M = sFBe3s3X s QHN AN KRRAN) TF 7
RETURN TF 8

15 IF (PH1) 2092525 TF 9
20 | wW=-l. TF 10
PH==PH1 TF 11

GO TO 30 TF 12

25 W=1le TF 13
. PHaPH1 TF 14

30 RK=SQRT (RM) TF 1%
N=PH/TPI TF 16
AaPH=FLOAT(N)#*TPI TF 17
B=A/P102 TF 18

K:zB TF 19
NQuK+1 TF 20

GO TO (35+40445450)s NQ TF 21

35 NK=4 %N 22
SIGNEM=1e TF 23

AP=A TF 24

GO TO 55 TF 2%

40 NK=43#N+2 TF 26
SIGNEM=~1, TF27
AP=P[=A e

GO YO $% TF 29

45 NKa6#N+2 TF 30
SIGNEM=1e TF 31
AP=A-P] TF 32

GO TO 55 TF 33

50 NK =4 #N+4 TF 34

SIGNEM=E=1. IF 3%

APaTP[=~A TF 36

55 CNK=NK TF 37
© PHI=Ap TF 38
CALL TEK (OsRMIEKEE) TF 39

PLUS=( NK*EK TE 40
PLUS1: CNK#*EE TF 41

1T=0 TF 42

IF (ABS(PHI=PIO02)=14E=10) 6016065 TF 43

60 | 1Tl TF 44

65 ' JF (ABS(RK=14E0)=1¢E=10) 70485105 TF 4%

70 1TelT+l L

GO TO (754+80)y 1T TF 47

75  TFawW* (PLUS+SIGNEM*ALOG (TAN(P104+PHI%*45))) TF 48

 TEmW®(PLUS1+SIGNEM®SIN(PHI)) TF 49

- RETURN IF 50

80 «  TFewW*1sET5 TF 51

. TEaW#*(PLUS1+SIGNEM) TF 52

RE TURN ’ TF 53

85  IF (ABS(RK)=14E=15) 90995495 TIF 54
90 TE=W* (PLUS+SIGNEM*PHI ) TF 5

41



95
100

iob
110

115
120

126

130
135

140

TE=W* (PLUSL+SIGNEM#*PHI )
RETURN

ITalT+1

GO TO (1059100)s IT
CALL TEK (QsRMyEKIEE)
TFuW* (PLUS+SIONEM*EK )
TE=W# (PLUSL+SIGNEM*EE)
RETURN

IF (ABS(PHI)=1W4E~50) 11091154115
TFaW#pPLUS

TEaW#pPLUS]

RETURN

IF (RM=a75) 12041404140
CALL TEK (09RMyEKHEE)
SaSIN(PHI)

C=COS(PHI)

SKapM

CE=Rs#PHI/P]

TZ=CE#EK

TlaCE#EE

A3 e8E0

T=e5EO*A¥SK

RaT

55=5%§

PSaleEQ.

H=e

FaebEOQ

BR e LK

Ul 0,

DO 130 1=2520000

Jz#2

D=FILOAT(J~1)
G=FLOAT({J~3)
E=14/FLOAT(J)

PS=5S5%PS

A=E# (D*A+PS)

FaDREH#F

HaG¥E*H

PKupPK#SK

UsF#A#PK

IF (Ul#UL1/(Ul=U)=SIG) 13541359125
Uls=y

T=U+T

Re=H¥A#PK+R

TF=W® ((T2~S*C#T)I*SIGNEM+PLUS)
TEaW* {{T1+SHCHR)*SIGNEM+PLUSY)
RETURN

ALPHAR=ASIN(RK)

AA(L)=le
eB(1)uCOS({ALPHAR)

DO 145 1=2450

II=]-1

AAL] )= eSX{AACTT)+BB(I]))
BB(1)aSQRTIAA(TI])*BB(I]))
C ¢! )R=eS¥(AA(T])-BB(1]))
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145

150
155

160
165
170

175
180

185

190

165

205

210

|2
~N
<

IF (ABS{CCUI))}=S1G) 1500164549145
CONTINUE

1STOP=50

GO T0 1655

1STOPs]

P=PHI

P2xle

NQ=1

[05al

M2P=0

14=0

ORELER=1.E25

OR=leER25

DO 216 I=141STOP

PSAV(])=p

P2=P2#2,
BO=TAN(P)*BB(])/AALL)
BFaATANI(BD)

INS=SIGN()esBF}

IF (IOS*INS) 165¢170+170
NQaNQ+)

IF (NQeEQo5) NQ=1

GO TO (175+]1909190+195) NQ
IF {(l1a) 180,1854180

140

M2PaM2P+1
GBESQF4FLOAT (M2P I+ TP

GO 10 200
BL=YF+PI+FLOATI(MZP)STRE

GO TO 200

BE=BF ¢ TPIFLCAT (142071 2T

Jh=))

JOS=INS

PR=P/GLE

RELFRaABS (OR~PR)/ (PR+0OR)}

IF (ORELER~RELER) 20592104210
]0S=~10S

6O YO 160

P=BE+P

CR=PR

CORELER=RILER

TFeWws (PLLUSHSIGHE SR
CALL TEK {(QWRMsENGEL
SUMEM=0.

LC 720 IK=2,157T0P
SUMM=SUMEM+CCIIKI*SIN(PSAVIIKD)
TF:w%(PLUSl+SIGNEM*(EE/EK*TF+5UMEM))
RETURN

END

(PZERALTISTORY I

)
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We have formally written down an inverse Jacobian function in Eq. (3.9) and
thi% subject of inverse Jacobian functions merits a more detailed numerical
stuqy. For purposes of this section, however, we are concerned with complex
arguments (u + iv) rather than complex amplitudes (¢ + iy) so that the process
of finding F(u + iv|m) is rendered trivial. Moving on to the incomplete
e]]ﬂptic integral of the second kind, we have by making use of the addition
theqrem

] E(u + iv|m) = E(u|m) + E(iv|m) - m sn(u|m)sn(iv|m)sn(u + iv|m) (3.10)

Oncé again, using Jacobi's Imaginary Transformation [6] for the second term on

the r.h.s. and also the identity [6],

“ sn(iv|m) = i sc(vlml) (3.11)
we h%ve
|
|
|

E(u + iv|m) = E(u|m) + i[y + dn(vlml)sc(vlml) - E(vth]
- i[m sn(ulm)sc(vlml)sn(u + iva)] (3.12)

|
Expahding the factor sn(u + iv|m) in terms of its real and imaginary parts [6]
we can write E(u + iv|m) in terms of its real and imaginary parts as,

. E(u + iv|m) = Real Part + i Imaginary Part

withl
| m sn(u|m)cn(ulm)dn(u|m)sn®(v|m
| e o 2 i (1)
| art

| cnz(vlml) +m snz(ulm)sn?(vlml)

|

Imégigz:{ ] [v + dn(vlml)SC(Vlml) - E(v|m1)]
; m snz(ulm)SC(V1m,)d"(V|m1)
- cnz(vlml) +m Snz(u|m)sn2(VIm1)

wheré, as before
|

| m = Complementary Parameter = (1 - m)

(3.13)
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From Eq. (3.13) or otherwise, one can observe the following interesting prop-
erties

if
E (u+ divim)

X+ Y

then
E(-u + iv|m)

-X + iy (3.14)
E(u - iv|m) = X - 1Y
E(-u - iv|m) = -X - iY

Fn arriving at Eq. (3.14), we use the fact that sn, cn and dn are respectively
¢dd, even and even functions of their argument. With the notation w = u + iv
?nd a bar over a quantity signifying the complex conjugate, Eq. (3.14) may be

more elegantly represented by

| E(-w|m) = -E(w|m)
| E(W|m) = E(w|m) (3.15)
E(-w|m) = -E(w|m) = -E(w|m)

The conjugate properties of E(w|m) also hold if E is replaced by F in Eq. (3.15)
ﬁor the elliptic integral of the first kind since F(w|m) is simply = w itself.

In view of the conjugate properties, it is sufficient to compute E(w|m) in the
ﬁirst quadrant of the complex w-plane. The conjugate properties have been in-
éorporated into the subroutine CEF and it may be used for the argument w anywhere
ﬂn the complex plane. Subroutine CEF may be called by the standard Fortran
%tatement
| CALL CE (CW,M,CEM,CFM)

where the variables are

| CW

| - Complex Argument w = u + iv
| M - Real Parameter m (0 € m < 1)
| CEM - Subroutine Returns E(u + iv|m)
CFM - Subroutine Returns F(u + iv|m) = u + iv

i (A1though trivial, this is included for completeness and also for
} possible extension to the case when complex amplitude is given in
| place of w.)
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|
As is evpdent from Eq. (3.12), the subroutine CEF in turn makes use of sub-

routines‘CJEFS, JEFS, TEK and TEF of earlier sections. With the complex argu-
ment 1
ul+ iv = Me'® (3.16)

a sample output of E(u + iv|m) or E(Meielm) as also a listing of the subroutine
CEF is i¢c1uded. In the sample output, the values of the magnitude of the argu-
ment are‘set to be 0.5, 1.0, 1.5, 2.0 and 2.5. For each of the five magnitude
settings+ the phase angle varies from 0 to 360° in steps of 20°. The calcula-
tions ar¢ tabulated for three values of the parameter m given by 0.3, 0.6 and

0.9 (Tab]es 3.4, 3.5 and 3.6, respectively). The sample points in the complex
w-plane #re illustrated in Figure 2.1.
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Table 3.4. Sample Output of Subroutine CEF for m = 0.3
[o 5 19, ] E[].O emlm] 5(1.5 emlm] E[Z 0e'®|m ] E[Z 5 1| ]

eo

' Re Im Re Im Re Im Re Im Re Im

0.00| 0.48827 | 0.00000| 0.92130( 0.00000| 1.29496| 0.00000| 1.24346| 0.00000| 0.86294 | 0.00000
20.00| 0.46349 | 0.16096 | 0.88849 | 0.27744| 1.24737| 0.36000| 1.31214| 0.45998 | 0.88503 | 0.63478
40.00( 0.38850 | 0.31034| 0.79184 | 0.55272( 1.15391| 0.68343| 1.38738| 0.74847 | 1.18915| 0.82199
60.00| 0.26288 | 0.43227 | 0.60866 | 0.83882 | 1.08577 | 1.07365| 1.45013 | 0.96501 [ 1.46715| 0.87260
80.00 | 0.09374 | 0.50377 | 0.25071 | 1.08993| 0.76407 | 1.89840| 2.83135| 1.57678 | 1.53256 | 0.14611
100.00 | -0.09374 | 0.50377 | -0.25071 | 1.08993 | -0.76407 | 1.89840 | -2.83135| 1.57678 | -1.53256 | 0.14611
120.00 | -0.26288 | 0.43227 | -0.60866 | 0.83882 | -1.08577 | 1.07365( -1.45013 | 0.96501 | -1.46715 | 0.87260
140.00 | -0.38850 | 0.31034 | -0.79184 | 0.55272 | -1.15391 | 0.68343| -1.38738 | 0.74847 | -1.18915 | 0.82199
160.00 | -0.46349 | 0.16096 | -0.88849 | 0.27744 | -1.24737 | 0.36000| -1.31214| <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>