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ABSTRACT

BES evaluates the Bessel functions Jn(x), Yn(x), In(x), and Kn(x)
for real arguments and integer orders. The functions Jn(x) and In(x)
may have positive or negative arguments, while the functions Yn(x) and
Kn(x) are restricted to positive arguments. The order for each of the
functions may be positive or negative. In addition, the Hankel func-
tions Hél)(x) and Héz)(x) may be determined through the use of this

routine.
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FOREWORD

The Sandia Laboratories Mathematical Program Library consists of
a number of dependable, high-quality, general-purpose, mathematical
computing routines. The standards established for the library require
that these routines be mathematically sound, effectively implemented,
extensively tested, and thoroughly documented. This report documents
one such routine.

The library emphasizes the effective coverage of various distinct
mathematical areas with a minimum number of routines. Nevertheless, it
may contain other routines similar in nature but complementary to the
one described here. Additional information on the mathematical program
library, a description of the standard format for documenting these
routines, and a guide to other routines in the library are contained in
SC-M-69-337.

This report is also identified within Sandia Laboratories as

Computing Publication ML0O004/ALL. The routine was originally documented

in July 1968. This report and its corresponding library routine are
expected to be agvailable from COSMIC shortly after publication.
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BES: A ROUTINE FOR THE EVALUATION
OF BESSEL FUNCTIONS

1. Introduction

1.1  Background

Each of the routines previously used at Sandia for the computation
of Bessel functions for real argudents and integer orders had certain
drawbacks. Some were limited to orders of zero and one, some were vague
about ranges of application, and some did not indicate the accuracy of
the functions; none of them organized the most commonly used functions
into one routine.. BES was developed to provide an accurate, clearly
defined, multifunction routine.

The routine by Gilbert and Baker,l although it was limited to
evaluating Jn(x) and In(x) and had several drawbacks, did serve as the
basis to begin writing the essentially new BES routine. Some of the
ideas used by Gilbert and Baker were incorporated during the programming.

1.2 Applicable Programming Languages and Computer Systems

The programming language is a common subset of Control Data 3600
FORTRAN and Control Data 6600 FORTRAN.

Applicable computing systems are the Control Data 3600 Tape SCOPE
and Control Data 6600 SCOPE.

In each of these systems the BES routine is maintained in a library
file for the convenience of the user. The routine is accessible by means
of a few machine-dependent control cards which are described in Appen-
dices D and E.
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‘1.3 Considerations Regarding Use

\ When discussing Bessel functions, there are two variables that
‘must be considered. Using the notation f (x) to represent a Bessel

‘function, we refer to x as the argument of the function f and n as the
‘order of the function.

‘ The routine BES is designed to make function evaluations for one
Ergument at a time. For each argument, however, the user can request
khat the routine return values for either a single, particular order or
E range of orders. For example, suppose we wish to evaluate a function
Bf argument x for all integer orders between 0 and n. By providing the
Eoutlne with the largest order needed, in this case, n, then the values
Eo(x), fl(x), cens fn(x) will be returned in an array of the calling
equence. Let the array be named Tl. In this array we would then have
TL(1) = £4(x), T1(2) = £1(x), ..., TL(a+l) = £_(x). At the same time,
he array element Tl(n+l) is equated to another member of the calling
Lequence, say RSLT1l, and this value is returned also. This provides
he user with.the feature of requesting a function value for a single
$rder and having that value returned directly into his variable name in
éhe calling sequence. Hence, the user can avoid the problem of equating
particular variable name to an array element later in his own routine.
o help clarify this point, suppose we request a value be returned for
function of argument x and a specific order k. Then the value k would
e entered in the calling sequence as the maximum order needed and the
eturned value for f, (x) would be in RSLTl. (Note that this value could
1lso be found in the array element T1l(k+l) and furthermore, all integer
rders between 0 and k would also be available in the array Tl.)

‘ This routine is restricted to real arguments and integer orders
positive, zero, or negative) and cannot be used for arguments or orders
eyond these restrictions. For the functions Y (x) and K, (x), negative
ﬁrguments may produce complex results. Since the output of BES is
ssumed to be real, negative arguments for these two functions are not
Zermitted. A complex Bessel function routine (BESSEL) has been devel-
Jped for the Sandia Mathematical Program Library and will soon be
Jeleased.

By using Jn(x) and Yn(x), the Hankel functions Hél)(x) and Héz)(x)
mfy also be calculated by the user (see Section 3).




2. Usage

2.1 ntr
The calling sequence is:

CALL BES(X,NO,KODE,RSLT1,RSLT2,T1,T2,IERR)

2.2 Description of Arguments

In the following discussion we will refer to an argument which
must be preset to some value by the calling program prior to the call
of the subroutine as an input argument. An argument which will return
with a value determined in the called subroutine is referred to as an
output argument. BES does not have any dual purpose arguments, i.e.,
input data becomes replaced by output data. Each of the input arguments
can appear as either a variable name, a constant, or an expression, but
an output argument can only appear as a variable name (includes array
names). Examples of calling sequences are given in Section 2.4.

X - input, type real, the Bessel function argument. Specific
restrictions on the argument ranges for each of the func-
tions are machine dependent and are described in Appen-
dices B and C.

NO - input, integer order of the function desired for a single
value to be returned, or the maximum order desired if an
array of values is to be returned. Restrictions on the
magnitude of the order are dependent upon the magnitude
of the argument, X, and are described in Appendices B and C.

KODE - input, an integer indicator for the particular function
(functions) to be computed.

KODE = 10 -~ function J (x) only
= 11 -- function Yn(x) only
= 12 -- Jn(x) and Yn(x)
= 20 =-- function In(x) only
= 21 -- function Kn(x) only
= 22 =-- In(x) and Kn(x)



RSLTL - output, type real, contains the function value for
Jn(x) or In(x) corresponding to the order NO and
argument X supplied, depending on the KODE value.
If KODE = 11 or 21, RSLT1 contains no computed
results.

RSLT2 - output, type real, contains the function value of
Yn(x) or Kn(x) corresponding to the order NO and
argument X supplied, depending on the KODE value.
If KODE = 10 or 20, RSLT2 contains no computed
results.

Tl = output, type real, is a work area within BES which will
return with the array of function values for Jn(x) or
In(x) of orders zero through NO. Tl must be dimen=-
sioned in the calling program and must contain at least
M cells of storage where

M = max {INOI, int (2Ix1)} + 51 .

" Upon return from the subroutine, T1(l) = value for
function of order zero, ..., TL(NO+l) = value for
function of order NO.

T2 - output, type real, is similar to Tl for the functions
Yn(x) and Kn(x). An exception is that if T2 is not to
be used (only J (x) or I_ (x) called), then T2 may have
a dimension of 1 since the parameter must still appear
in the calling sequence. Otherwise, T2 must be dimen-
sioned at least M.

IERR = output, an integer indicator to the calling program
that an error condition exists. IERR normally has the
value 1, and a value greater than 1 indicates an
error condition. Error codes and descriptions are
listed in Section 2.8.



2.3 Restrictions Between Arguments

The bounds on the maximum absolute order, In!, that can be re-
quested for a function evaluation are interrelated to the magnitude of
the argument for that function. These interrelated restrictions on
order and argument ranges are provided in Appendices B and C. The re-
strictions shown in these appendices are checked by the routine and
any violation will cause an error condition.

In this routine, it is necessary that each of the output argu-
ments be distinct from any of the other arguments.

2.4 Principal Uses with Examples

(a) Problem: Given an argument x and order n, find Jn(x).

Example: Consider n = 2, x = 1.5. We must define
the dimension of Tl to be at least M = 54
and T2 will have a dimension of 1.

DIMENSION T1(54), T2(1l)

X =1.5

CALL BES(X,2,10,RSLT1, RSLT2,Tl1,T2, IERR)
Then RSLT1 = J2(1.5).

(b) Problem: Given an argument x and largest order N,
find I5(x), I;(x),...,In(x).

Example: Consider N = 20, x = -40.0.
We must define the dimension of Tl to be at
least M = 131 and T2 will have a dimension of 1.

DIMENSION T1(131), T2(1l)
NO = 20

CALL BES(-40.0, NO,20,RSLT1,RSLT2,T1l,T2,IERR)
Then T1(l) = IO(-QO.O),...,TI(Zl) = IZO(-40.0).
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(c) Problem: Given an argument x and largest negative order (:)
=N, find J_y(x) and Yq(x), Y_l(x),...,Y_N(x).

Example: Consider N = 30 and x = 4.6. Suppose that the
parameter KODE takes on different values in the
calling program according to different sections
of the program. 1In this particular instance we
have KODE = 12. We must dimension both Tl and T2
with at least M = 81l.

DIMENSION T1(81), T2(81)

X =14.6

CALL BES(X,-30,KODE,RSLT1,RSLT2,T1,T2,IERR)
Then RSLT1 = J_30(4.6) and

T2(1) = Y,(4.6),...,T2(31) = Y_30(4.6).

ry Routi xplicitl equired
The standard Fortran subroutines used are IABS, ABS, IFIX, EXP,
» and SQRT. In addition, the mathematical library routine ERRCHK2 <:)

sed to process error codes and messages.

User-Supplied Routines Required

BES does not require any user supplied subroutines.

Cautions and Restrictions

The error conditions are tested in the routine prior to any major
utation, and therefore the output arguments do not contain meaning-
results upon an error return. In addition, failure to provide

sufficient core storage in the dimensioning of the arrays Tl and T2 is
not| checked by the routine and should this problem arise, the routine

wil
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2.8 Exror Conditions, Messages, and Codes

Error conditions except improperly dimensioned arrays (Tl and T2)
are reflected in the parameter IERR of the calling sequence. Error
messages are processed by the error routine ERRCHK™ and unless preset
by the user by a call to the routine ERRSET, messages are printed, and
all error conditions checked are considered fatal. If the user desires,
error conditions may be preset as nonfatal and an error checked by
examining IERR. For example, prior to any calls to the subroutine the
user could have the statement

CALL ERRSET(100,0).

In this case, any errors encountered are set as nonfatal and up to 100
error messages could be printed. Should more than 100 errors occur
(say, during a repeated loop of calls) additional messages would no
longer be printed, but execution would continue.

Input parameters to BES are not altered and are returned to the
calling program as originally supplied. If the nonfatal option is
chosen and an error condition occurs, the user may wish to print out
the input parameters of the calling sequence. Values for IERR and the
corresponding messages are

= ], normal - no errors, no message printed

= 2, ARGUMENT IS OUT OF RANGE (for J(x) and Y(x))

= 3, ORDER REQUESTED WAS TOO LARGE FOR GIVEN ARGUMENT

= 4, ARGUMENT TOO LARGE FOR I(X) AND K(X)

= 5, NEGATIVE ARGUMENTS FOR Y(X) OR K(X) MAY PRODUCE COMPLEX
RESULTS (negative argument for these two functions is
not allowed) '

= 6, PARAMETER KODE INCORRECT FOR CALL (if KODE has any value
other than 10, 11, 12, 20, 21, or 22).

11
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3. Mathematical Methods

3.1 Statement of Problem

To evaluate the Bessel functions Jn(x), Yn(x), In(x), and Kn(x)
for real arguments, x, and integer orders, n.

3.2 Methods Used

The primary method used in the evaluation of these functions is
that of repeated application of the recurrence relations described in
Section 3.4. There is, however, quite a distinction between the ways
in which the recurrence relations are used for each of the individual
functions. For the functions of the first kind, Jn(x) and In(x), the
recurrence relations are utilized in a backwards direction. These

techniques were first introduced by Miller3 and then carried further in
the development by Goldstein and Thaler.4 For the functions of the
second kind, Yn(x) and Kn(x), the recurrence relations are used in the

"narmal," forward direction.

Although discussed in more detail in Section 3.4, we note here (:)
that in the backwards technique, a correction to calculated values is
made after the recurrence takes place. However, in the forward recur-
rence, the initial values of the functions must be calculated to within
some given degree of accuracy to start the recurrence. This problem
introduces the other mathematical methods used in the routines. In the
evaluation of Yn(x) and K (x), the initial values used for starting the
recurrence are the zero and first order values. A simple equation to
obtain these starting values is not readily available. Instead, more
complex equations are necessary. To determine Yo(x), a series expres-
sion involving the Jn(x) functions is used and Ko(x) is determined from
polynomial approximations. For both functions, the first order values
are determined by utilizing Wronskian relationms.

Special treatment is given to the functions of the first kind
when |x|] < 1.0. Using the largest order requested, N, we calculate
JN(x), JN_l(x), IN(x), and IN-l(x)' For these small arguments, X,

ascending series are used for the evaluation since convergence is very
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fast. Using these true values, the recurrence relations are then used
to determine the remaining orders. This method is used in preference to
the backwards recurrence algorithm since the results produced are more
accurate for this particular range of arguments.

It should be noted that there are wvarious other approaches that
can be used in evaluating these functions. The treatise by Watson5
covers many aspects of Bessel functions, including various series defi-
nitions, asymptotic forms, properties about the zeros of the functionms,
etc. The reason for using the particular equations and techniques dis-
cussed here and in Section 3.4 is a combination of two factors: (1) the
methods provide results with as much or more accuracy as results using
other approaches, and (2) the methods provide results as fast or faster

than other approaches.

3.3 Mathematical Range and Domain

The routine 1is restricted to real arguments and integer orders,
and the function values returned are real. Specific computer range
restrictions of the variables are described in Appendices B and C.

3.4 Equations and Discussion

In discussing the methods used in BES, we first describe the
general recurrence relations and then elaborate on the backwards recur-
rence techniques. Furthermore, the series used to evaluate the func-
tions of the first kind for |x| < 1.0 are shown. Keeping in mind that
recurrence relations are used in the forward direction for functions of
the second kind, we then describe the starting methods for these
functions.

General recurrence relations:

Let fn(x) represent either Jn(x) or Yn(x). Then the recurrence
relations for these two functions is

£ ) +E LG =2 E () . (1)
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For the function In(x) we have

1,10 = I 1G) =81 (x) (2)
and for Kn(x) we have
K1 (9 - K G0 = 2R (x) . 3)

Backwards recurrence techniques:

By Miller's technique of backward recurrence,3 we determine the
values of Jn(x) and In(x). Given an argument, X, and some order N
(largest order desired for an array of function values), let

M = max {|IN], int(2Ix1)} + 51 . (4)
Then let

Jﬁ(x) = Iﬁ(x) = 0.0

and

Jﬁ_l(x) =e X [Iﬁ_l(x)} = £

where £ is a very small value, depends on the computer used, and is
defined specifically in Appendices B and C.

Then by applying equation (1), recur to Ja(x). Since recurrence

tions, we can consider e ® as a constant and apply equation (2) in

rilations remain valid when a constant is multiplied through the rela-
r

curring down to e-xfla(x)].

These values determined are not the true function values desired,
but they do have the important property of being properly related in
the same scale. Because of this, we need only determine what the scale
adjustment factors, oy and a,, are such that

Jo(x) = ale(x), cees JN(x) = alJﬁ(x) and

Igkx) =ay e™™ (151 wens Iy(x) = ay e (Ip()} .
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From Abramowitz and Stegun6 we have the associated series

Jgx) + 2 Jy (x) =1, and
k=l

Io(x) + 2 :E: Ik(x) =¥ .

k=1
Let
M/2
B = JXG) + 2 )0 IH (), (5)
k=1
and
j M
By = e X(IS(X) + 2 Z; Ix(x); . (6)
. &

Since the multiplying factors a; and a, occur for each function value
in making the corrections, we can define the factors by using (5) and
(6) so that

a; = l/s1 and a, = ex/Bz . (7))

The final step in the process is to make the necessary corrections to
the calculated values Jg(x) and I;(x) by the factors determined in (7).

Series for functions of the first kind, Ix| < 1.0:

For arguments in the range 0.0 =< |x| < 1.0, Jn(x) and In(x) for
orders NO and NO-1 are evaluated by using the ascending series

= 2,k
3,0 = G/ D AL, ana ®)

k=0

15
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From these values, the recurrence relations (1) and (2) are used to
dftermine the lower ordered functionms.

ELaluation of functions of the second kind:

‘ As previously mentioned, the recurrence relations (1) and (3),
r#spectively, are used to evaluate Yn(x) and Kn(x). Before this is
done, however, we must first calculate the starting values for these
anctions. For Yo(x) we use the equation

| M/2

3 e ()
Yot ~ 2 (InGe/2) +v] Jge0 + £ (pf H (10)
k=1

w#ere Y is Euler's constant (=0.577215665...).

By using this value for Yo(x) we can determine Yl(x) from the
W%Onskian relation
| WT ()5 Y ()} = I 11 (Y (x) = I ()Y () = &, ¢5))

wdere we let n = 0.

‘ Since the Jn(x) functions are necessary in evaluating (10) and
(IF), the routine will compute these functions even if they have not
been requested via KODE. The user must not assume, however, that the
Jngx) function values will be present in the array Tl unless so

requested by KODE.

‘ To determine the value of K,(x) we use the polynomial approxi-
makions given in Abramowitz and Stegun.

16




For 0 < x < 2,

Ro(x) = -1n(x/2) To(x) - ag + a; (x/2)2 + ay(x/2)*

(12)
+ a3 (/2% + 2,/28 + ag /D10 + a /D2 4 o )
and for 2 < x < =,
/2 ¥Ry (x) = by - by(2/x) + by(2/x)? - by (2/x)7
(13)

+ b, (2/0)% = bs(2/x)° + bg(2/0)8 + ey(x)

i _ where
ag = 0.57721566  ,  a, = 0.00262698
a) = 0.42278420  , a5 = 0.00010750
, a, = 0.23069756  ,  ag = 0.00000740
O ay = 0.03488590  ,  |e;(x)| <1 x 108
by = 1.25331414  , b, = 0.00587872
b, = 0.07832358  ,  bg = 0.00251540
b, = 0.02189568  , b = 0.00053208
by = 0.01062646 lepx)| < 1.9 x 1077,

Then with the value of Ko(x) from (12) or (13) we can determine Kl(x)
from the Wronskian relation

WK (), I ()} = K 30 I (x) + K (0 I(x) =1L (14)

where we let n = 0.
Additional equations used:

"BES is designed for negative or positive orders om any of the
functions, and negative or positive arguments for the functions Jn(x)
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and In(x). All calculations are first performed for positive arguments
and orders and then if modifications are necessary to complete the func-
tion evaluations for negative orders or arguments, the following addi-
tilonal equations are used:

Iat = CDR I, Y0 = (DR Y ()
I () = I () . R0 =K )
I (=x) = (-7 J_(x) , L (-x) = (-D" 1_(x) .

It should be noted that the above relations are true for integer orders
but are not necessarily true for functions of noninteger orders.

As mentioned earlier in Section 1.3, by using this routine the
Hankel functions Hél)(x) and Héz)(x) may also be determined since

1
Hé ) (x) = J_(x) + 1Y_(x)
and

KD (x) = 3 ) - iy (x) .

3.5 Error Analysis, Bounds, and Estimates

Much of the error study conducted on BES is machine dependent

and hence, is also discussed in Appendices B and C. Theoretical error
7

alyses of Miller's recurrence algorithm have been made by Olver’ and
utschi.8 In these papers, they show that with appropriate starting

nditions and recurrence relations, and provided the starting order M

an
G
c
is large enough, the functions can be computed to any desired accuracy.
By examining the testing results and studies made, it can be seen that
for the functions Jn(x), Yn(x), and In(x), accuracy is limited by the
precision of the particular computer used.

For Kn(x) we see from equations (12) and (13) that ¢, and ¢, are
very close estimates to the "worst" deviations that can be encountered.
% we consider Ka(x) to be the value obtained from the polynomial

proximation, then we can write

-~

PO



|RKy(x) = Ky(x)| s |e®)| < a

where ¢ represents either €] Or €,, depending on the range of x, and a
is the related numerical bound in (12) or (13). Errors arising during
recurrence of the Kn(x) functions are negligible relative to € and €9

4. Programming Methods

The steps taken in the routine follow straightforward from the
methods and equations discussed in Section 3.4. The range bounds on
arguments and orders vary from computer to computer. Exponential over-
flow or underflow in the computation of these functions are the prin-
cipal criteria used in determining the restrictions on the ranges of
arguments and orders. The fact that e* is calculated directly in (7)
must be considered if the routine is to be modified for a computer other
than those specified in Section 1.2. The criteria for convergence in
equations (5), (6), (8), (9), and (10) are also computer dependent.

To arrive at equation (4) for the determination of M, successive trial
evaluations ofJn00 and In(x) were conducted until a value was obtained
which provided sufficient accuracy for both Jn(x) and In(x), and also
provided a sufficient number of terms for evaluating equation (10).

5. Space, Time, and Accuracy Considerationms

Because of machine dependence, timing and space requirements are
shown in Appendices B and C. It should be noted that if the user has a
need to evaluate Bessel functions over a range of orders, but for the
same argument, then the array option of the routine can be most effec-
tive. In this case, the average computation time per evaluation is
considerably less than that of repeated function calls.

As mentioned in Section 3.5, with the exception of the Kn(X) func-
tions, accuracy of the routine is directly related to the precision of

19
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the particular computer being used. Results of the testing performed

on

6.1

the functions are detailed in Appendices B and C.

6. Testing Methods

General

Many relations that are normally considered as tests for the
uracy of computed Bessel functions are implicitly used in BES.

ac
Usjng these particular standard procedures simply does not provide
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ajjquate checks of the routine. It was found in studying other Bessel

ction routines that instances did occur where the testing had fallen
o traps of this nature. Although this alone does not invalidate a
tine, on the other hand, it certainly cannot validate a routine.

Several of the standard procedures that could not be applied to
s routine are briefly discussed. This points out that although con-
ered, these tests were rejected as providing inconclusive results.

Recurrence Relations -- These relations are nicely expressed and
easily handled in testing procedures. But, however good the test
ults appear, we have not proven the accuracy of the routine since

eiurrence is used implicitly in the routine. Using these relatioms

1d only show that the functions obey the rules of recurrence and

s is already known to be true. Furthermore, all of the computed
ues could be off by a multiplicative constant and still satisfy the
urrence relaticns.

Wronskian Relstions Involving the Same Function -- For example,

might consider

WLI, G5 I, 001 = 3 pq G GO + 3,G0T_ () () = 28t Om)

XT

However, in this routine v = n, an integer, and the right-hand side

Zero.
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In Section 3.4 we show that the value of J_n(x) is determined from
Jn(x) and similarly, J_(n+1)(x) is determined from Jn+l(x). Then the

left-hand side of the equation is also zero, hence providing inconclusive

results. Similar results occur for the other functions when Wronskian
relations of this type are used.

Differential Equation Test =-- Another approach in testing proce-
dures is to determine if the computed function values satisfy the orig-

inal defining differential equation. Suppose we consider the equation

2
d°J (x) dJ_(x)
2 n n 2 _ 2 -
X dx2 tx —gg—+ (x n )Jn(x) 0.

The problem then reduces to that of expressing the derivatives in terms
of known function values. It is exactly at this point where the test
fails. Consider the relation

xJA(x) + an(x) = xJn_l(x) .

By differentiating again and then making the proper substitutions into
the differential equation so that we have the equation in terms of
known function values, we find that the differential equation has been
reduced to the recurrence relation shown in Section 3.4, equation (1).
Again, similar results occur for the other functioms.

6.2 Kinds of Tests Used

In testing the function values obtained from the routine, three
principal methods were used. First, many comparisons were made to
existing tables (Abramowitz and Stegun,6 Harvard Computation Laboratory,9
and National Bureau of Standardslo) to insure that no constant factors
(multipliers) were present in the results and also to examine, roughly,
the kind of accuracy that was being obtained.

The second test was the use of the interlinked Wronskian relations:

% | alN

WII (), Y ] = T (Y, ) = T (Y ()

WK, ()5 TG = T GOR L () + I (OK ()
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In this test, the true Wronskian value, Wt’ was first determined
from the right-hand side of the equations and then using the calculated
function values from BES the test Wronskian value, W, was determined
from the left-hand side of the equations. The test Wronskian is then
compared to the true Wronskian by the relation

W -
N ~ W

We

R =

The results from this test are described in Appendices B and C.

As a final and third test of the routine, the zeros of the func-
tions I (x) and Y (x) for the lower orders were taken from Abramowitz
and Stegun6 and used as arguments for the routine. Section 6.4 details
this particular test. ’

6.3 (s} 1 s ested

Arguments tested were 0.0(0.001)0.01, 0.0(0.01)2.0, 0.0(0.1)20.0,
O(l 0)100.0, and 9.0(10.0)1200.0. The restrictions on the magnitudes
orders were determined from the Wronskian tests when the results

were not sufficiently accurate. In most cases, the exponents on the
£ ctlon values were the limiting factors.

6.4 Difficult Cases Tested

Although the zeros of the functions Jn(x) and Yn(x) are not to be
construed as "difficult or pathological" arguments, the most likely
paints of inaccuracy during recurrence may occur near the zeros. To
examine the behavior of the routine near some of these points was
deemed to be a part of good testing procedure. The values supplied in
Abramowitz and Stegun6 as being the zeros of Jn(x) and Yn(x), n=0,1,

..,8, were given as arguments to the routine. These values covered
e first 20 zeros for each of the functions. In addition, arguments
ar these values were also checked. The results of the tests indi-
ted that the routine did, in fact, behave properly in the neighbor-

h od of zeros and that the function values tended to zero in these

neighborhoods.

ZW
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6.5 Range, Error, and Fault Checks Tested

All of the possible error conditions described in Section 2.8
were checked by calling the routine with faulty parameters.

7. Remarks

Should the user wish to evaluate Bessel functions for arguments
or orders beyond the ranges prescribed for this routine, it is recom-
mended that the routine BESSﬁL (cylindrical Bessel functions for com-
plex arguments and real orders) be used. Although slower in computation
time, BESSEL has a very much larger range of applicability.

8. Certification

This routine was subjected to a wide variety of tests. The per-
formance of the routine throughout the tests was checked carefully.
The nature of the tests, the reliability of the routine, the error
analyses conducted, and the observed variation in accuracy are reported
in this document. While it is believed that the facts recorded and the
judgments expressed regarding accuracy and reliability are strong indi-
cations of the general quality and validity of the routine, the tests
should not be considered to be exhaustive. The use of this routine out-
side of the stated range of application or in violation of stated
restrictions may produce unspecified results. The statements made in
this document are intended to apply only to those versions of the indi-~
cated routine which are released by the Sandia Laboratories Mathematical
Program Library Project.

In the preparation for the writing of this routine nearly all of
the current Bessel routines available to Sandia users were examined.

" An extensive investigation of the literature on Bessel functions was

made and the author is of the conviction that the methods and testing

procedures used in BES are the most suitable and accurate procedures

available at this time.
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APPENDIX A

The BES Listing

NOTE: BES is more computer dependent than many of the routines of
the mathematical library. For the CDC 3600 computer, certain statements
are different than those shown in this listing.

The range test section, cards BES 1290 through BES 1480, and BES
3000 differ as indicated in Appendix B. 1In addition, the statements
which contain embedded values for return in response to zero arguments
are different. These cards are BES 1760, 1770, 1800, 1810. The state-

ments BES 2240 and BES 3440 are also changed to test convergence at 10°9.

To implement this routine on a computer other than the CDC 3600 or
CDC 6600 requires certain statement changes similar to those just men-
tioned in the previous paragraph. Some changes must be made and some
changes are not as critical to the operation of the routine. The bounds
on arguments and orders that are described in Appendices B and C are
designed to allow the user the maximum range possible without an expo-
nent overflow or underflow. For other computers, if the routine is to
be used for relatively small ranges of orders and arguments, then the
range test sections do not necessarily need to be altered. 1In the case
that a fairly wide range is desired, then new bounds would need to be
evaluated. '

Certain statements in BES must be checked and possibly changed for
other computers. The DATA statements may need alteration and depending
on the word size of the cbmputer, the DIMENSION statement may also need
to be changed. The following is a list of statements that must be

checked before implementation:

BES 1760
1770
1800
1810
2240
2630
3440
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SUBROUTINE BES(XsNOsKODEsRSLT1sRSLT2,T1sT2s1ERR)

——— ———— -

SANDIA MATHEMATICAL PROGRAM LIBRARY
MATHEMATICAL COMPUTING SERVICES DIVISION 9422
SANDIA LABORATORIES

Ps Oe ROX 5800

ALBUQUERQUEs NEW MEXICO_ 87115
WRITTEN BY RONALD De HALBGEWACHSs JULYs 1968,
CONTROL DATA 6600 VERSION
ABSTRACT
THIS ROUTINE CALCULATES THE BESSEL FUNCTIONS J(X)}sY(X)s
I{X)s OR K(X) FOR REAL ARGUMENTS AND INTEGER ORDERS.
DESCRIPTION OF PARAMETERS

X = INPUTsREAL ARGUMENT OF THE BESSEL FUNCTION.

THE ARGUMENT MAY BE POSITIVEsZEROs OR NEGATIVE
{NEGe ARGe FOR Y(X) OR K{(X) PRODUCES ERROR
MESSAGE SINCE RESULTS MAY BE COMPLEXe)
RESTRICTION ON RANGE IS

FOR JIX) ~1100e0 oLEs X OLEQ 1100.0

FOR Y(X)s O0e0 oLEe X eLEe 110040

FOR T(X)s =600e0 oLEe X oLEe 60040

FOR K(X)s 0e0 oeLEe X oLEe 60040

NO

"

INPUTH»INTEGER ORDER OF FUNCTION DESIRED FOR A
SINGLE VALUE TO BE RETURNEDs OR THE MAXIMUM ORDER
DESIRED (+ OR =) IF AN ARRAY OF VALUES IS TO BE
RETURNED

LET XX = ABS(X)e THEN BOUNDS ON ORDERS ARE

le FOR 0e0 oLEe XX oLEe 04025,
ABS(NO) eLEe INT{(600e0%XX + 7040)
2¢ FOR 06025 oLTe XX eLEe 0620
ABS(NO) oLEe INT(140e0%XX + 83,0)
3¢ FOR 0620 oeLTe XX eLEe leOo
ABS(NO) oLEe INT(42¢0%XX + 102e0)
e FOR 10 oLTe XX eLEe 2040
ABS(NO) eLEe INT(QeQ2¥XX*%*3 = (Qe86¥XX%*%¥2 +
17e15%XX + 12440)
Se FOR 20¢0 oLTe XX oLEs 10040y
ABS(NO) oLEe INT(2675%XX + 228.0)
‘6o FOR 1000 oeLTe XX eLEe 400e0Q>
ABS(NO) oLEe INT(1e67%XX + 33640)
7¢ FOR 400e0 oLTe XX oLEe 110040,
ABSINO) oLEe INT(1e33%XX + 470.0)

KODE = INPUT,INTEGER INDICATOR FOR THE PARTICULAR

28
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BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540

11
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FUNCTION TO BE COMPUTED. BES

BFS

KODE = 10 == FUNCTION J(X) ONLY BES

= 11 -- Y{X) ONLY BES

=12 -=- JEX) AND Y(X) BES

BES

= 20 -- [(X) ONLY BES

= 21 -- K(X) ONLY BES

= 22 -- 1(X) AND K(X) BES

BES

RSLT1 = OUTPUTsCONTAINS THE REAL FUNCTION VALUE FOR J({X) BES

OR I(X) CORRESPONDING TO THE ORDER AND ARGUMENT BES

SUPPLIEDs DEPENDING ON THE KODE VALUEe THIS BES

PARAMETER WOULD CONTAIN THE RESULT IF ONLY ONE BES

FUNCTION VALUE IS TO BE RETURNED. BES

BES

RSLT2 = OUTPUTsCONTAINS THE REAL FUNCTION VALUE FOR Y(X) BES

OR K(X) IN A MAMNER SIMILAR TO RSLT1. BES

BES

Tl = OUTPUTsA WORK AREA WHICH WILL CONTAIN THE ARRAY OFBES

REAL FUNCTION VALUES FOR J(X) OR I(X) OF ORDERS BES

ZERO THROUGH NO, DEPENDING ON KODE. BES

Tl MUST BE OIMENSIONED IN THE CALLING PROGRAM AND BES

MUST CONTAIN AT LEAST M CELLS OF STORAGEs WHERE BES

BES

M = MAX(ABS(NO)sINTI(2%ABS(X))) + 51 BES

BES

IN USING THE ARRAYs T1(1) = FUNCTION OF ORDER 0s BES

=== T1(NO+1) = FUNCTION OF ORDER NO. BES

BES

T2 = OUTPUT»SIMILAR TO T1 FOR THE FUNCTIONS Y(X) OR BES

K(X)e AN EXCEPTION IS THAT IF ONLY J(X) OR 1(X) BES

ARE CALLEDs THEN T2 NEEDS NO DIMENSION IN THE BES

CALLING PROGRAM, BUT THE PARAMETER MUST STILL BES

APPEAR IN THE CALLING SEQUENCE. OTHERWISEs T2 BES

MUST BE DIMENSIONED AT LEAST M. BES

. BES

IERR = OUTPUT+ERROR FLAG FOR THE CONDITIONS BES

BFS

=1s NORMAL - NO ERRORS BES

=2y ARGUMENT OUT OF RANGE BES

=3y ORDER TCO LARGE FOR ARGUMENT SUPPLIED BES

=4y ARGUMENT TOO LARGE FOR [(X) AND K(X) BES

=5y NEGATIVE ARGUMENTS FOR Y(X}) OR K(X) BES

=6y INCORRECT PARAMETER KODE BES

BES

--------- BES
———————— BES
DOUBLE PRFCISION AO BES
DIMENSION T1(1)sT2(1)sA(T)sB(T)sC(T) BES
DIMENSION NERR1(4)sNERR2(6)sNERR3(5)sNERR4(8)sNERRS(5) BES
DATA (PI1=3414159265358979)(EULER=0.577215664901533) BES
DATA ((C(I1)91=1+7)=0e36746691+04605593665-0e¢74350384,0425300117» BES
1-0604261214506004279163+-000024846) BES
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550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
Q0
910
920
930
940
950
960
970
980
990
1000
1010
1020
1030
1040
1050
1060
1070
1080
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10
11

12
14
16
18

24
25

27
30
31

34

%ATA ((ACTI)»1=2137)=20e57721566+0e4227842090023069756+0403488590C, BES
104002626985,0+0001075050.00000740) s ((B(I)sI=147)=1425331414, BES
2g-07832358,0-02189568.0-01062446g0o0058787290-00251540;0.00053208)855

ATA (NERR1l= 2,25HARGUMENT IS CUT OF RANGEe.)s(NERR2= 3,49HORDER REBES
1QUESTED WAS TOO LARGF FOR GIVEN ARGUMENTe) s (NERR3= 4,37HARGUMENT TBES
200 LARGE FOR I(X) AND K(X)e)s (NERR4= 5464HNEGATIVE ARGUMENTS FOR YBES
3(X) OR K(X) MAY PRODUCE COMPLEX RESULTSe) s (NERR5= 6,34HPARAMETER KBES

40DE INCORRECT FOR CALL.) BES
FRR=1 BES
F (KODE.LT.10) GO TO 600 BES
IGN = 1.0 BES
0 = IABSI(NO) + 1 BES
SQFR = 0425*X*X : : BES
-------- : BES
NITIAL CHECK OF ORDER-ARGUMENT RANGE TO DETERMINE IF ORDER IS OUTBES
F RANGE FOR THE GIVEN ARGUMENT. BES
BFS
-------- BES
F (X) 392753 BES
CHK = ABS(X} BES
F (XCHK=1100.0} 418,608 BES
%F {XCHK=04025) 55536 BES
ARGOR = IFIX{600,0%XCHK + 7040) BES
0 TO 24 BES
F (XCHK=0e20) 7378 BES
ARGOR = ITFIX(140,0%XCHK + 83,0) BES
0 TO 24 ' BES
F (XCHK=1<0) 9,9,10 BES
ARGOR = IFIX(4240%XCHK + 10240} BES
0 TO 24 . BES
F (XCHK=204C) 11511912 : BES
ARGOR = IFIX(((0e02*XCHK=0e86)1%XCHK+17415)*%XCHK+12440) BES
0 TO 24 - BES
qF (XCHK=10040) 13513,14 BES
ARGOR = IFIX(2+75%XCHK + 228.0) BES
0 TO 24 BES
IF (XCHK=400.0) 16916918 BES
ARGOR = IFIX(1e67#XCHK + 336.0) BES
0 TO 24 BES
ARGOR = TFIX(1433%XCHK + 47040) _ BES
IF (IABS(NO)-LARGOR) 25,525,606 BES
XX=X BES
——————— BES
ETERMINE WHICH SET OF FUNCTIONS IS TO BE CALCULATED. BES
........ BES
WAsKl = KODE/10 BES
IF (MASK1I-2) 30,531,600 BES
MASK2 = KODE-10 BES
GO TO 32 BES
MASK2 = KODE-20 BES
IF (MASK2-2) 34,36+600 BES
IF (MASK2) 600537442 BES
e BES
crscx FUNCTIONS J(X) AND I(X) FOR ZERO ARGUMENT. BES
30‘

1090
1190
1110
1120
1130
1140
1150
1160
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
136C
1370
1380
1390
1400
1410
1420
1430
1440
1450
1460
1470
1480
1490
1500
1510
1520
1530
1540
1550
1560
1570
1580
1590
1600
1610
1620

ey
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36
37
38
40

42
44
46
48

50
52

54
56

58
59

60

61

62

63

IF (X) 604538459

IF (X) 58938459

IF (NO) 54+40+54

T1(1) = 1,0

RSLT1 = 1.0

IF (MASK2.EQeQ0) RETURN

CHECK FUNCTIONS Y(X) AND K(X)

- ke o e

IF (X) 604344459
IF (MASK1.FQ.2) GO TO 50
DO 48 1K=1.KC

T2(1K) = -1.0E322
RSLT2 = -1.0E322
RETURN

DO 52 IK=1+KO
T2(IK) = 1.0E322
RSLT2 = 1.0E322
RETURN

FILL OQUT ARRAY FOR J(X) OR I(X) WHEN

DO 56 IK=2,KO

T1(IK) = 0e0

RSLT1 = 0.0

T1(1) = 1.0

IF (MASK2.EQ.0) RETURN
GO TO 44

X = ABS(X)
MO = TABS(NO)
IMO = MO

IF {X-1e0) 60+714+71

IF (MASK1.EQes2) GO TO 175

USE SERIES TO DETERMINE J(N)

IF (MOeGTel) GO TO 61

AX = 1.0

Al = 1.0
XORD = MO
1L00P = 1
GO TO 63

A0 = 1,0000
IEND = MO-1

DO 62 IK=1,1END

A0 = AO*DBLE(FLOAT{IK))
CONTINUE

Al = 140D00/AO

AX = 140D00/(AQ*MO)
ILoop = 1

XORD = MO

SUMJUN = AX

FOR ZERO ARGUMENT.

(NOeNEsO) o

AND J(N-1) WHEN ARGUMENT IS SMALL,
THEN USE RECURRENCE TO DETERMINE REMAINING FUNCTION VALUES.

BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

1630
1640
1650
1660
1670
1680
1690
1700
1710
1720
1730
1740
1750
1760
1770
1780
1790
1800
1810
1820
1830
1840
1850
1860
1870
1880
1890
1900
1910
1920
1930
1940
1950
1960
1970
1980
1990
2000
2010
2020
2030
2040
2050
2060
2070
2080
2090
2100
2110
2120
2130
2140
2150
2160
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64
65
67

68

69

71

72
73

74

75
76

78

79

32

% 66 IK=1,200
= K -1
= =XSQFR/{(XK+140) *(XORD+XK+140))
RM = AX*FA
MJN = SUMJN + TERM
(SUMJUN =~ 0.0) 64965964
SUM = ABS(TERM/SUMJUN)
(CKSUM - 1e0E=11) 67967465
= TERM
NTINUE
(ILOOP.GTes1) GO TO 68
(KO) = SUMUN*({X/2.0)*#*MO
(MO.EQ.0) GO TO 83
ooP = 2

= Al
%RD = MO-1
TO 63
(KO=1) = SUMJN*(X/2.0)%*{MO-1)
(KOsLE.2) GO TO 83
ND = KO-2
69 IK=1,1END
K = KO-IK
(NK=1) = 2,0%(NK-=1)*T1(NK)/X = T1(NK+1)
NTINUE
TO 83
{MASK2.EQe0) GO TO 74

DETERMINE STARTING LOCATION OF RECURRENCE IF Y(X) OR KI(X)
ARFE TO BE FOUNDe.

JO = 2#IFIX(X)
IF (IMO = JO) 72+73573
IMO = JO

IMO = IMO + 51

GO TO 78

D

ETERMINE STARTING LOCATION FOR RECURRENCE OF J(X)oe

= 2*IFIX(X)

(IMO = JO) 75476976
0 = JO
0 = IMO + 11

NITIALIZE VALUES FOR J(X) AND Y(X)

J
I
I
I
I
T1(IMO) = 040
T
I
F
I
)
F

1(IMO-1) = 140E-200
(MASK1.EQe2) GO TO 151

= 2%(IMO-1)

0 = IMO - 3

2 = IMO

F-Zoo

]

ECURRENCE USED FOR‘FUNCTION VALUES.

BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

2170
2180
2190
2200
2210
2220
2230
2240
2250
2260
2270
2280
2290
2300
2310
2320
2330
2340
2350
2360
2370
2380
2390
2400
2410
2420
2430
2440
2450
2460
2470
2480
2490
2500
2510
2520
2530
2540
2550
2560
2570
2580
2590
2600
2610
2620
2630
2640
2650
2660
2670
2680
2690
2700
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c VARIABLE SUM IS USED TO . DETERMINE ADJUSTMENT FACTOR BES 2710
C ON RECURRED VALUES. BES 2720
¢ - BES 2730
TL(I2+1) = F/X*T1(12+2) = T1(12+3) BES 2740

IF (I2) 80+81,80 BES 2750

80 12 = 12-1 . BES 2760

GO TO 79 BES 2770

81 SUM = T1(1) BES 2780

DO 82 J=3,1IM0s2 BES 2790

82 SUM = SUM + 2.0%T1(J) ' BES 2800

F = 1.0/5UM BES 2810

83 IF (NO) 86+84,84 BES 2820

84 IF (XX) 90532,92 BES 2830

86 IF (XX) 92+32,90 BES 2840

90 SIGN = -SIGN BES 2850

92 IF (MASK2.EQ.0) GO TO 93 BES 2860

GO TO 300 BES 2870

93 IF (X = 1e0) 96594494 BES 2880
94 DO 95 J=1,KO BES 2890

95 T1(J) = T1(J)*F BES 2900

96 IF (MO.EQ.O) GO TO 98 BES 2910

DO 97 J=1,K0s2 BES 2920

97 T1(J+1) = T1{(J+1)*SIGN BES 2930

98 RSLT1 = T1(KO) BES 2940

X = XX BES 2950
RETURN BES 2960

C  ————— BES 2970
c INITIALIZE STARTING VALUES FOR I1(X) AND K(X) RECURRENCE. BES 2980
c ———————— BES 2990
Q:) 151 IF (X=60040) 15251529602 BES 3000
152 F = 2%#(IMO-1) - 2 BES 3010
IMO = IMO - 3 BES 3020

12 = IMO BES 3030

153 T1(I2+1) = F/X®*T1(1242) + T1(12+3) BES 3040
IF (12) 154,155,154 BES 3050

154 12 = 12-1 BES 3060
F=F-2. BES 3070

GO TO 153 BES 3080

155 SuM = T1(1) BES 3090
DO 170 J=2,1MO BES 3100

170 SUM = SUM + 2.0%T1(J) BES 3110

F = 1¢0/SUM*EXP(X) BES 3120

IF (XX) 171,432,172 BES 3130

171 SIGN = -SIGN BES 3140
172 DO 173 J=1sK0»2 BES 3150
T1(J) = T1(J)*F BES 3160

173 T1(J+1) = T1(J+1)*F*SIGN BES 3170
RSLT1 = T1(KO) BES 3180

IF (MASK2.NE.O) GO TO 400 BES 3190

X = XX BES 3200
RETURN BES 3210

‘ 175 IF (MO<GT.1) GO TO 177 BES 3220
AX = 1.0 BES 3230

Al = 1.0 BES 3240
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177

178

180

181
182
184

185

187
188
189
190

192
194

300
320

[a)

N VA D =NV A ZD 4 ra 4 QXD A= =N N

XORD = MO

Loop = 1

GO TO 180

AD = 1.0D00

IEND = MO - 1

DO 178 I1K=1,sIEND

AO = AO*DBLE(FLOATI(IK))
IONT INUE

1 = 1.0D00/A0

X = 1.0D00/(A0%MO)

ORD = MO

LooP 1

UMIN AX

0 182 IK=1,200

K = IK-1

A = XSQFR/((XK+1e0)*(XORD+XK+1e0))
ERM = AX*FA

UMIN = SUMIN + TERM

KSUM = ABS({TERM/SUMIN)

F (CKSUM —1.0E-11) 184,184,181
X = TERM

ONT INUE

F (ILOOP.GT«1) GO TO 185
1(KO) = SUMIN¥(X/2+0)%**MO
F (MO.EQ.0) GO TO 188
LOOP = 2

X = Al

ORD = MO-1

O TO 180

1(KO=1) = SUMIN*(X/2+0)%%(MO-1)
F (KO+LEs+2) GO TO 188

END = KO-2

O 187 IK=1,1END

K = KO-IK

1{NK=1) = 240%(NK=1)*TI(NK)/X + T1(NK+1)
ONT INUE

F (XX) 189432,190

IGN = =SIGN

F (MO.EQ.0) GO TO 194

0 192 J=1sK0»s2

1(J+1) = T1(J+1)*SIGN
SLT1 = T1(KO)

F (MASK2.NE.O) GO TO 400
XX

RETURN

- o - o e -

= NX IJ W™= XD I

EVALUATE YO AND Y1 TO START RECURRENCE.

O\VTWO X720

OVTHR X/3e0

2(1) = (2.,0/PI)*ALOG(XOVTWO)*#T1(1) + C(1)
A = XOVTHR %*XOVTHR

BES
BFS
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BFS
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

UM = ((({L(CITI*AA)+CL6) ) *AA+C(5) ) #AA+C(4) ) *AA+C(3) ) *AA+C(2) ) *AA BES

3250
3260
3270
3280
3290
3300
3310
3320
3330
3340
3350
3360
3370
3380
3390
3400
3410
3420
3430
3440
3450
3460
3470
3480
3490
3500
3510
3520
3530
3540
3550
3560
3570
3580
3590
3600
3610
3620
3630
3640
3650
3660
3670
3680
3690
3700
3710
3720
3730
3740
3750
3760
3770
3780

!



301
302

308

321

309

310
311
312

313
318

400
401

402

T2(1) = T2(1) + SUM BES
GO TO 321 BES
DO 302 J=1,IMO BES
T1(J) = T1(J)*F BES
SUMJL = 0.0 BES
SUMJ2 = 0.0 BES
IF (IMO.LE«80) GO TC 305 BES
IF (KO - JO) 303+304s304 BES
KEND = JO/2 BES
GO TO 308 BES
KEND = KO/2 BES
GO TO 306 BES
KEND = IMO/2 BES
DO 307 N=1sKENDs2 BES
XN = N BES
SUMJ1 = SUMJ1 + T1(2%N+1)/XN BES
DO 308 N=2,sKEND»2 BES
XN = N BES
SUMJ2 = SUMJ2 + T1(2%N+1)/XN BES
SUMJN = 2,0%(SUMJ2=-SUMJ]) BES
T2(1) = 240/PI*(T1(1)*(ALOG(X/2¢0) + EULER) - SUMJN) BES
IF (MO«GT.Q) GO TO 309 BES
RSLTYl = T1(1) BES
RSLT2 = T2(1) BES
X = XX BES
RETURN BES
T2(2) = (T1(2)%T2(1) = 2.0/4iPI*X))/T1(1) BES
IF (MO.EQ.1) GC TO 311 BES
NORD = KO-1 BES
DO 310 N=2,NORD BES
XN = N-1 BES
T2(N+1) = (2e0%XN)/X*T2(N) - T2(N-1) BES
CONTINUF BES
DO 312 J=23K0»s2 BES
T2(J) = T2(J)I*SIGN BES
RSLT2 = T2(KO) BES
IF (MASK2+.EQel) GO TO 315 BES
DO 313 J=1sK0»s2 BES
T1(J+1) = T1(J+1)*SIGN BES
RSLT1 = T1(KO) BES
X = XX BES
RETURN BES
IF (X=2e¢0) 40154015402 BES
XOVTWO = Xx/2.0 BES
T2(1) = —(ALOG(XOVTWOI*T1(1) + A(1)) BES
AAz= XOVTWO*XOVTWO BES
SUM = ((((((A(T)I*AAI*AA+A(6) ) *AA+A(S) ) *AA+A(4L) ) *AA+A(3) ) *AA+A(2) ) *BES
1AA BES
T2(1) = T2(1)+SuM BES
GO TO 403 BES
BB = 240/X BES
T2(1) = B(1) BES
SUM = ((((((B(7)*BB)*BB~B(6))*BB+B(5))*BB-B(4))*BB+B(3))*BB-B(2))*BES
188 BES

3790
3800
3810
3820
3830
3840
3850
3860
3870
3880
3890
3900
3910
3920
3930
3940
3950
3960
3970
3980
3990
4000
4010
4020
4030
4040
4050
4060
4070
4080
4090
4100
4110
4120
4130
4140
4150
4160
4170
4180
4190
4200
4210
4220
4230
4240
4250
4260
4270
4280
4290
4300
4310
4320
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403

405

600

602

604

606

608

T2/ (T2(1)+SUM) Z/(SQRT (X)) *¥*EXP (X))
T2(2) (1eO/X = T2(1)*T1(2))1/T1L1)
NORD = KO - 1

DO| 405 N=2,NORD

XN/ = N-1

T2(N+1) = (20%XN)/X*¥T2(N) + T2(N~1}
CONTINUE

RSLT2 =T2(KO)

X XX

RETURN

CALL ERRCHK(344NERRS)

IERR = 6

RETURN

CALL ERRCHK(37sNERR3)

X XX )

IERR = ¢4

RETURN

CALL ERRCHK(64sNERR4)

IERR = 5

RETURN

CALL ERRCHK(49sNERR2)

IFRR = 3

RETURN

CALL ERRCHK(25sNERR1)

IERR = 2

RETURN

EN

i
|
i
;

36

BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES
BES

4330
4340
4350
4360
4370
4380
4390
4400
4410
4420
4430
4440
4450
4460
4470
4480
4490
4500
4510
4520
4530
4540
4550
4560
4570
4580
4590




APPENDIX B

Control Data 3600 Version of BES
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APPENDIX B
Control Data 3600 Version of BES

Subroutine BES for this machine is a single precision routine.

Due to the large exponent range (10-307

< |N| = 10307) and mantissa

(36 bits) this provides sufficient accuracy for the range of arguments
and orders shown. The range restrictions on the argument (discussed
in Section 2.2) for the CDC 3600 are:

for Jn(k), -1200 < x < 1200
Yn(x), 0 < x <1200
In(x), -650 < x < 650
Kn(x), 0 <x < 650,
In addition, the order restrictions are dependent on the argument and
(:) these restrictions are:
(1) for 0.0 < 1x| < 0,025,
|INO| < [830.0 |x|] + 60.0]
(2) for 0.025 < |x| < 0.250,
|NO| < [160.0 |x| + 77.0]
(3) for 0.250 < |x| < 1.0,
|NO| < [38.0 |x| + 110.0]
(4) for 1.0 < |x]| < 20,0,
INo| < [0.02 |x|3 - 0.86 |x[? + 17.15 |x[ + 135.0]
(5) for 20.0<|x| < 200.0,
Ivo| < [2.3 |x| + 250.0]
(6) for 200.0 < |x| < 500.0,
|No| < [1.5 x| + 410.0]
(7) for 500.0 < |x| < 650.0,
INo| < [| x| + 650.0]
(8) for 650.0 < |x| < 1000.0,
|No| < [1.35 | x| + 480.0 ]
(9) for 1000.0 < |x| < 1200.0,

|vo| < [1.25 x| + 590.0].
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For the CDC 3600, the recurrence starting value ¢ (see Section 3.4)
has the value ¢ = 1.0 x 107290 1t should be noted that the function
vaﬂues returned for zero arguments are embedded values in the routine.

% The length of the CDC 3600 version of BES is 2707 locations
(14799 locations). Timing information for BES is shown in Table I.
The time involved to compute Yn(x) is longer than the other functions
since the Jn(x) functions are necessary in the Yn(x) evaluations (see
Section 3.4) and must be determined first.

‘ Since many arguments were tested in the validation of the routine,
only a sample of output from test results is shown. Table II(A, B, C,
D, E, F) is concerned with the interlinked Wronskian tests that were
described in Section 6.2. The true Wronskian value, W.> is shown at
the top of each table. Each table then gives the calculated Wronskian
vallue, W, and the absolute value of the relative error between the two
Wronskian values.

~ In all of the ranges prescribed by the restrictions on argument
anhAorder, the results of these tests showed the relative error R to be
suih that R = 3.0 x 10-10. Accuracy of the functions Jn(x)’ In(x), and
Ynﬁx) is at least nine significant places. Thg principal testriction
on| accuracy for these functions is the amount of precision available
wi&h the computer. From the results of the Wronskian tests performed
weimight suspect that many function values for Kn(x) are of better
ackuracy than that described in Section 3.5. However, as a result of
thk absolute error described there, we can only guarantee the accuracy
ofithe polynomial approximation for this functionm.

40
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TABLE I
CDC 3600 Timing of BES

Timing was essentially identical to that

Function Max, Order
Type KODE Argument Requested
J(x) 10 0.001 60
1.0 100
F“j 128.0 100
.F 256.0 100
] 512.0 100
w 1024.0 100
Y(x) 11 0.001 60
1.0 100
128.0 100
256.0 100
512.0 100
1024.0 100
J(x) & Y(x) 12
for Y(x) alone
O 1(x) 20 0.001 60
1.0 100
128.0 100
256.0 100
\ 512.0 100
K(x) 21 0.001 60
1.0 100
128.0 100
256.0 100
512.0 100
I(x) & R(x) 22 0.001 60
, 1.0 100
: 128.0 100
; 256.0 100
] Y 512.0 100

Time

(millisec)

12
13
24
46
80
156

75
135
255

12
17
27
49
95

12
18
31
52
95

17
25
38
64
104

41
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TABLE II (A)

Wronskian Test for J(x) an

Argument = 1.0000000-003, Wronskian Value = 6.3661977235+002

d Y(x)

NOTTTTTTTTURCIXY YY) Y T TTTT TTTARS(REL, SRIOVR)D
0 6,35661977235+332 0,0000000+000
"1 e 6.360197773:»032 TTTTT2,34085639-911 7
2 6,3601977233%+9)2 2,3405589-011
T T T T 6,366197723%433277 T T 2,3406659-01L
4 6,86619772434+3192 7,0220053-011
Tyt 6.6661977741-139 TTTTT7,8220053-611
-] 6,368197723%+332 4,5913379-911
I '6.55619772592aaé"""'”4.63133795011'"
8 6,35661977242+022 7.,02200%58-011
T T T T T T8,866197/7289+092 0 T4,6813379-a11
10 6,39651977252+702 4,5313379-911
LT, 8601977234902 77T 74,6313376-011
12 6,3656197723%+302 4,6813379-011
TTRAITT T8 ,3641977235+.902 77777777 0,0000000.000 7
14 6,3661977235+312 0,0003000+000
TS U6 ,366197723%4002° 7 4 ,6313379-011
16 6,366197723340192 4,6813379-011
Q7 T, 3661977242.902 7 77779 ,3625757-011
18 6,36561977262+302 9,3%25757-311
YT T8, 36619772424002 77T 9'3626777 -011"
20 6,3661977242+902 9,3625757-011
21‘"“‘““‘% 346197724240027 9,3525757:a1f“
22 6,36619772408+202 7,0220058-011
“‘23‘"'"'"'"'6;366197724d;302 """"" 7;b2205«5?bff‘"
24 6,3661977244+792 1,1703345-0173__
TR T ,366167724640202 7T £‘1755345 -g1d’”
26 6,3661977242+112 9'}6262?2_511
TR T T8 ,366197724 40027 T 7,0229068-011
28 6,3651977242+372 g 3825757-911
T 29T T T 8,3651977235+302 T T T2,3406639-011
30 6,3651977233+272 4, 16313373~ -GtL
8L T T 8,9561977285.932 4,6313379-911
32  6,3601977243+232.  7,0220058-011
33 8,3661977244+7)2 1,1703345-313
34 - 6.365197724¢,;aa__"_"_; 1703345-010
T3y T T, 3661977245.3032 1,5384632-010
36 $,3661977244+002 1,1703345-011
TT37 T 6,36619772434002 77771 ,4044016-011
38 6,3661977249+232 1.8725351-010
TTIY T T T T8,3661977245%102 1,8364632-019
49 6,36619772454+0732 1,4044014-019
TTTAY T TTTTTTTTTTTTE , 3661977243302 T, 572:3:1 019
42 6,3661977243.302 1,8725351-010
43T 6.355197724;.aa2" "2'1065020 019"
44 6,3651977243+132 _ 2,1065020-010__
TS TITTTTTTTT T6,3661977231+702°  2,3405639-010
46 6,3561977253+132 2,5747358-010
47 7 6,3661577254+202 'z,anadaz7-n10
4y 6,3661977253+592 2,5747358-010 __

c e s teecmm e EAme A me sl mE e m e memame eme -
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TABLE II (B)

Wronskian Test for J(x) and Y(x)

N T T T T RCIX)) S Y UX)) Y T T T T ABS(REL T TERROR) T
0 6,3661977235-1203 0,0000000+000
T T 6,3661677234-303 0777771, 7857337-011
2 6,3661977253<723 3,57157738-311
TT I T T, 3461977237333 T 1,7557837-611

4 6,36561977237-233 1,7857857-011
TTTTETTTTTTTTTTT6,8661977253-033 T 73,5715773-011
-] 6,3661977237=233 1,7357857-311
T T 8,36419772384-203° 77 77 1,73578437-911
8 6,3661977235-503 0,0000G30+002
T T T 6, 3661977235303 TTTTTTT0, 06060304000
10 6,3661977254-303 1,7857457-G11
TULYTTTTTT T 6,3661977234-293 7T 7T, 78578375117
12 6,36619772357-333 1,7857487-011
TS T8, 36681977237-503 7T 1,7857387 .01
14 6,35661977235-303 9,0000020+G03
TS T T T TT8,3661577235-9037 0,00 00000%000
16 6,3661977235-293  0,3000050+003__
"'i7"”'"'"'"'3'366197775: 903 0,0000000%000
18 6,3561977234-063  1,7857337-011
YT T, 3661977235-0403 “g,0000aR0e0n0
20 . 6,3661977232-233 _1,749575887-011__
21T T T T6,3661977255-903 a go0tan0+000
e 6 3661977235-933 0 (0008000+000 __
T S 6,3$66197723341323 3 571:773 -011t
61566197723/ 293 3 ;12697347 011
TTRSTTTTTTTTTTTTTe,3661977237-293 1,7857837-911
26 _6,3661977255-203 __ 0,0000000+000___
TRTT T T T8 ,3661977235-093 0,0000300+000°
_e8  6,3661977235-003 0, 0000090+000 __
29 6,3661977233-303 3,5715773-911
30 6,3661977233-303 3,5715773-911
"3i'"'“'"‘"’3;5661977233-933“"‘"'3;5715773-q11”'
32 6,56619772353-233 $,5713778-011
T3 T 6,8561977233%-203 T T 3,5715778-011
34 6,3661977233-243 3,5715773-011
BB - R s'soo1977235 243 77T 3,5715773-311
- 36 6,3661977233-393 3,5715773-311
"37‘"“'“‘“'6;3651977234-q03"' T 1,7857837-011
38 6,3661977231-303 7 1431547 0tL__
TR T T 6,3661977251 . :gj““““7 1431547-011
40 6,3601977231-033 _ "_1,1431:4? 011 __
Tey T8, 8661977231003 8,9289434-011
42 6,3661977251-003 7 1431547 11
TTa3 T YT 6,3661977231-303 T7,1431547-011
44 8§,3661977232-203 5,35786%0-011 _
45 6,3661977233-033 3,5715773-011
46 6,36619772351-303 - 7,14315¢7-011
47 6.3661977232-003 5,3573650-011
L8 6,3661977233-203 _ 3,5715773-011

Argument = 1.0000000+002; Wronskian Value = 6.3661977235-003

43

I



TABLE II (C)

Wronskian Test for J(x) and Y(x)
Argument = 1.2000000+003, Wronskian Value = 5.3051647698-004

N WUy Y (XYY T ABSTREL, ERIORY
0 . 5,3051647493-024 0,0006000+0072
T o5,308516475393-0046777777770,00000003000 7
2 5,380151647573-914 a,anunonu«ooo
T T 5,3051647593290477 7 70,0000690+0007
4 5,3051647493-004 0,0000000+000
TIN5, 8051647593034 770, uoonunouonu N
6 5,3051647703-334 5 39735«0 911
""" 77 T T 78,305164753%.0347 777777 2;678basa-311”'
8 5,3051547595004 0,0000003+003
i ""“""“5.3051647599.304‘"“‘”2;6785330-011“‘
10 5,30516477)2-794 5,3573650-011
TTTLLTTTTTT T 5 ,30516475339-9047 7777 T2,6478583G-011
12 5,305164757%-504 2,67356839-011
LI T TTT5,305166759%«33477° 77 2,6765830=011 "
14 5,30516477G0=34 5,3573560-011
TS T T T 5,3051647493004T . 2,67858380011
16 5.,31051647593-094 2,6784830-011
TTTY?TTTTUTTTTS 3051647593034 "0, 00000004000
18 5,30516475693-994  0,0000000+000
YT TS, 3051647599734 2 K78A830-011
20 5,3051647%93-294__ 0,0000070+000
ST T T T5,3051647593%-034 2, Y e786A830=011
22 5,30516475953-074 ______ _2,678%830-011 _
23 5, 3n:1a47=9a g04 0,0000600+000
24 .. 5,3051647499-004 _____2,678%330-011__
TTTRs T 5,90516647539<004 2,87855830-011
26 ‘ 5,3051647433-004 2t§]aqign_a1;__
Y A 5,30516475932394 0,070N0000+002
238 . 5,3051647593-004 ___  2,478583u-011 _
Te9 T T e,3051647593.704 0,n00d000+000
30 5,30151647539-394 2,67853350-911 _
"31”‘""“'""5.sn5164759;-a14 2,6735330-011
32 5,3151647599-134 _2,6785330-011__
T3S T T 5,3051647%93.034  0,03900000%033
34 5,30151647593+71¢ 0,0000000+000
TSI §,8031647379-024 '"'2;6785350-011
36 5,3051647593-104 2,6786330-011
U377 T T TS ,30516475953-394 7 77777770,0000000+000
38 5,305164/593-294 2,6785830-011_
TTE9 T T T TT5,3051047599-004 T2,67856830-011
40 5,3051647599-3104 __-z 6785330-011
ey TS, 6051oa7595‘304”'" “79,0700000+000
42 5,3051647593-794  0,0300090+007 _
T 43T T 5,3051647593.104 70,00000n00+009,
“_44“_“____‘_5,305164757:-CU4._____2 6785830-011
45" 5,30151647595-034 2,6786630'011
46  5,3051647595-304 2,6786330-011
47 5,3051647595-204 2,6785330-011
.48 . 5,3051647595-004_ - 2,6786830-011
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TABLE II

(D)

Wronskian Test for I(x) and K(x)

N WEKTXY T CX))
_____ 0 . ..1,00000170000+703
1 1,0000000000+303
. _@__ . _1,0n00000000+9u3
3 1,0000000000+303
_______ 4  1,000000000N+303
5 1,0000000000+003
6 1,00000000004303
IR A "1.0000000001+303°
8 1,0000003700+303 i
9 i'hanouobooo¢003"“
e L ©1,0000000001+203
11 T1,0000000308+303°
12 ___“_"_;<nngnouup0;+n03__"
13 1,0000000031+903
_ 14 4,0000000001+303__
15 T 1,00000000014233°
6 1,0000000001+903
TtyrTTTTY 1,0000003000+003
18 1,0000000001+703
19 "71,000000000L+003°
_ 20 1,0000000001+903
21 ~1,0000000001+303
22 1,000n000001+703
23 1,0000000001+203
4 1,0000003001+203
25 1,0000000001+303
e6 __1,0000000001+303
27 1,0000000001+303
@8 1.6n00000001+903 __
29 1,0n00000001+n03
30 1,0000000001+003
T3y T 1,0000000004+903 ~
_32 _1,000000G001+003 _ __
33 1,0000000001+303
.34  1,0000000001+903 _
35 i 1,0000000001+903
.36 1,0000000001+203
37 -14,000000000L+003
38 _ 1,0000000001+003
39 1,0000000001+303
40 1,0000000001+2303
41 "7 77T TTTTT4,000000300L+003
42 1,00000000061+303
43 T TTTTTTTT1,0000000002+303
44 1,0000000001903
45" T T41,0000000002+303
46 ~..1,00Q0000y002+303
47 1.oouaononu2.a03
48 1,0000000002+303

T AB

TT5,9604645-011

e

5, ‘9504645911

0,00000n00+000
1,49011481-011

0,0000000+000

0.0000005+000

Argument = 1.0000000-003, Wronskian Value = 1.0000000000+003

S(REL, ERIORY

4,4703484-011

"1,4901151-011

0 0“00000.000
5 9404645-011
1,43%01161-011
7 ,450538n06-011
7! 1 45055058=-011
1, 1920929 =013
5,9504645=-011
5,9504645-011
7 4:0:306 =011

: 95046645-011
9406957-011

S ,47034342011 7

"2, ,9802322-011"

““5,9504645-011'"

1,0436813=-910 ___

8,9406347-011
1,1920929-010 _
1, 1920929=013
8 9406967 611 __

] 9406967 =011

1,0430813-010
1,1920929-010
1,0830813-010 °

1,0430813-010
8,9405957-911

7! ,45038a6-011

1 u43ua13 o019
8,9406957-011
1, 3411045 g10

1, '6391277-010

1,4901161-010

1, 19209?9 =010

1,6391277-910

"1,93715104010

1,6391277-010

“20 ,08616256-014

1.7881393+010
1,9371510+010

1,7881393~010

1, 0430813 =010

1.1920929-010___
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TABLE II (E)

Wronskian Test for I(x) and K(x)
Argument = 1.0000000+002, Wronskian Value = 1.0000000000-002

N T WEKTXY S LX) YT T ABS(REL, ERRIORY
L 1,0000000000-002 0,0000000+000
B 1,0000000000-002 0,000n000+0n0
__.2 _1,0000000000-002 _  0,0000000+000
3 T1,0000000000-302 u gnoooac+anad
I A __1,0000000n00-002 _  0,0000000+0N0
5 1,000000000N0032 0,0000000+000
6  9,9999999398.303  2,2737348-011
Ty 9,9999999993.003 2,2737358=-011
8 9,9969999393-003 _  2,2737358-011 _
9 9, 19999999393-003 2,2737358-011
80 9,9999999393-003  2,2737348-011
11 9,9999999993-303 2.2737368-011
e 9, 19999999393-203 o 2,2737355-011
13 9,9999999395-303 4,54747359011
.14 9,9999999995-003__ 4, 15474735-011
15 79,9999999995-003 T2,2737368=011
L6 9,99999995995-003 ____ _ 4,5474735=011 __
Y4 9,9999999995-003 4 547475: 011
A8 9.99999993995-003 .4, 5474755 011 _
19 9,9999999993.7303 6,82121n3-011
20 ;_q 9999999393003 ___ 6 5212103 011
21 T 9,99999999934003 6, ‘a2121n3-011
.22 . 9,9999999993-303 ____ . _6,8212103-011
23 9,9999999593-003 6,8212113-011
24 _ 9,9999999993.003 _______ 4,5474733-011 _
25 9,9999999995.1203 4 54747399011
__2¢6 9 9999999395-003__ 4, '5474735-011
27 T 9,9999999995-403 4.5474735-011
28 . .9,9999999993-303 L. 2,2737348-011
29 9.9999999995-303 2,2737368-011
30 L 9,99999995%95-003  4,5474735-011
3L T T T 9,9999999993003 6, 18212103-011
.32 . 9,9999999995-003 __ ____4,5474735-011 _
33 9,9999999995-103 4,5474735-011
.34 .. 9,9999999995-303 . 4,5474735-011 .
35 9,9999999993=003 2,2737368-011
36 o .9,9999999993-003 . 2,2737348-011
37 9,9999999995-003 4,5474735-011 -
.38 _ . 1,0000000000-002 __ __ 0,0000000+000 _
39 9,9999999993.003 2.2737368-011
40 9,99999993%93-003 2,2737358-011
41 7T 9,9999999993-003 2,2737348=-011
42 . 9,99999999935303 .4,5474735-011
43" T 9,9999999993-003 T e, 3212103’011
44 9,9999999995-003 4, ‘54747352011
T45TTTTT TT79,99999998954003 4,5474735-011
48 9,9999999995-003 4 5474715 -011
A7 T 9,9999999993-003 6,82121037011

48 9,9999999398-003 ... 2,2737368-011
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TABLE II (F)

Wronskian Test for I(x) and K(x)
Argument = 6,5000000+002, Wronskian Value = 1.5384615385-003

N TTURKEX S L)Y T ABS(REL, ERRQR)
0 1,5384615385-903 0,0000000+000
""" 17777TTTTTTTT 1,5384615345-003 T "0,000000Q0+000

2 _1,5384615384.303 1,8473111-011
B T1,53846153384-003 7 3,6948222-011
4% 1,5384615382-003 1,8474111-011

5 1,5384615334.2Q3 1,8474111-011
6 . 1,53846153684.303 1,8474111-011 _
TTTTRTTTTITTTTT "1,93584615384.003 T1,8474111-011

8 1,5384615385003 ___ _ 0,0000000+000 _

9 1,5364615384=-003 1,8474111-011
A0 .. 1,5334615384-003 __3,6348222-011 __
11 1,9384615334-903 3,6348222-011

12 1,53684615334.903 1, ‘§474111- -011
TRy T 1,5384615334-003° 1, ‘8474111-011"
14 _”1,538561538~3003 3,6948222-011__
15 1,5384615384-003 T1,8474111-011
I X 1,5384615384-003 . 1,8474111-011 __ -
17 1,5384615334=303 1.8474111~011
18 . 1.5384615384-303 _ _____1,8474111-011
19 1,5354615384-003 1,8474111-011
_2e0__ 1,53846153854083__ 0,0000000+000__
21 1, '538461538¢.003 1,8474111-011
_e2 ... 1.5384615383-303 __________ 0,0000000+000_ ____
23 1,5384615345-003 1,8474111-011
Y L 1,5384615335-003 __  _1,8474111-011 ___
25 1,5384615385-003 1,8474111-011
_e6_ 1,53346153354003 _ _0,0000060+000
27 1,5384615385-003 "o, nouunnaruau
_ 28 1,5334615353-003 ___ . 0,000000Q0+000 __
29 1,5384615335-003 0,0008000+000
30 .. 1,5384615383-903 0, unnnna0~nna N
TRy T 1,5384615385-303 0,00000n00+000
_32_ . 1,5384615335-003 _ __1,8474111-011_ - _
33 1,53846153435-2303 1,8474111-011
34 .. .1,5384615335-003 u.oouoonovanuuun
35 1,5384615335.303 0,0000000+060
36 ___1,5354615335-n03, _g,angnoadegna .
37 1,53846153835-303 0,0000000+000
_ 38 1,5334615385-203 __ ___ 1,8474111-011 __
39 1,5384615385-003 0,0000000+000
40 1,53846153385-303 _ 0,0000000%000 . __
% 1,5354615385-203 0,0000000+000
42 1,5384615335.303  0,0000000+000
3 '“'“'1 5384615335-003 a 0000070+0n0
44 1.53&4615384 003 _ 1,8474111-011
45‘*""“"1 5384615386303 1,8474111-011
46 1,5384615385-003 - 0,0000000+000
"17‘"”"“'"'1.5354615385~003 a.ouunuoutnno
48 _ 1,5384615385-003  _ 0,0000000+000
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APPENDIX C

Control Data 6600 Version of BES
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APPENDIX C
Control Data 6600 Version of BES

Subroutine BES for this machine is a ‘single precision routine.

Due to the large exponent range (10~

295 < |NI| = 10322) and mantissa

(48 bits) this provides sufficient accuracy for the range of arguments

and orders shown. Also, since the exponent range is nonsymmetric, the
range restrictions on the argument (Section 2.2) for the 6600 are:

for Jn(x), -1100 < x <1100
Y, (x), 0 < x < 1100
In(x), -600 < x < 600
K (x), 0 <x < 600.

In addition, the order restrictions are dependent on the argument and

(:> these restrictions are:
(1) for 0.0 < Ixl < 0.025,
INol < [600.0 Ix| + 70.0]
(2) for 0.025 < |x| < 0.20,
INO| < [140.0 |x| + 83.0]
(3) for 0.20 < |x! < 1.0,
INOl < [42.0 x| + 102.0]
(4) for 1.0 < Ixl < 20.0,
IN0| < [0.02 ixi> - 0.86 1xI12 + 17.15 Ix! + 124.0]
(5) for 20.0 < |x| < 100.0,
INo| < [2.75 |x| + 228.0]
(6) for 109.0 < |x| < 400.0,
Nol < [1.67 |x| + 336.0]
) (7) for 400 < |x| < 1100.0,

INo| < [1.33 (x| + 470.0].

51



hag the value § = 1.0 x
values returned for zero arguments are embedded values in the routine.

For the CDC 6600, the recurrence starting value £ (see Section 3.4)
107290 1t should be noted that the function

The length of the CDC 6600 version of BES is 20108 locations

(1(*3210 locations). Timing information for BES is shown in Table I.
The time involved to compute Yn(x) is longer than the other functions
since the Jn(x) functions are necessary in the Yn(x) evaluations (see

SeTtion 3.4) and must be determined first.

Since many arguments were tested in the validation of the routine,

on*y a sample of output from test results is shown. Table II (A, B, C,

D,
de
; th
! va
Wr

an

E, F) is concerned with the interlinked Wronskian tests that were
cribed in Section 6.2. The true Wronskian value, We» is shown at

top of each table. Each table then gives the calculated Wronskian
ue, W, and the absolute value of the relative error between the two
nskian values. '

In all of the ranges prescribed by the restrictions on argument
order, the results of these tests showed the relative error R to be

such that R < 3.0 x 10-13. Accuracy of the functions Jn(x), Yn(x), and
In(x) is at least 12 significant places. The principal restriction on
ac#uracy for these functions is the amount of precision available with
thé computer. From the results of the Wronskian tests performed we

tha

pPo

mii:t suspect that many function values for Kn(x) are of better accuracy

that described in Section 3.5. However, as a result of the abso-

ynomial approximation for this function.

luie error described there, we can only guarantee the accuracy of the

.f<,



TABLE I
CDC 6600 Timing of BES

Function Max. Order Time
Type KODE Argument Requested (millisec)
J(x) 10 0.001 60 4
1.0 100 4
128.0 100 6
256.0 100 12
512.0 100 20
Y 1024.0 100 36
Y(x) 11 0.001 60 4
1.0 100 6
128.0 100 8
256.0 100 16
512.0 100 28
] 1024 .0 100 50
J(x) & Y(x) 12 Timing was essentially identical to that
for Y(x) alone
I(x) 20 0.001 60 2
1.0 100 4
128.0 100 6
256.0 100 12
i 512.0 100 20
K(x) 21 0.001 60 2
1.0 100 4
128.0 100 8
256.0 100 12
512.0 100 20
I(x) & R(x) 22 0.001 60 6
1.0 100 6
128.0 100 8
256.0 100 12
512.0 100 22
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Argument = 5.0000000E-03, Wronskian Value =

HEJIX) oY EX))

,
1.273239544735E+02
1.273239544735E+02
1.273239544T35E¢02
1.273239544735€402
1.2732395447356+02
1.273239544T35E¢02
1.273239544735E+02
1.273239544735E¢02
1.2732295447135C¢02
1.273239544735C+02
1.273239544735€6+02
1273239544 735E+02
1.273239544735E+02
1.273239544735C+02
1.272239544735C+02
1.273239544735E£+402
1.273239544 7356402
1.273239544135C+¢02
1.273239544735E+02
1.273239544735€E+02
1273239544 735€+02
1.2732395447358+402
1.27323954473%E402
1.271239544 7356402
1.273239544 7356402
1.273239544735€6+02
1.273239544735€402
1.273239544735€¢02
1.273229544735E402
1.273239544735C+02
1.2732395447356+402
1.27323954473%E+02
1.273239544735C+02
1.273239544735€+02
1.273239544735€¢02
1.273239544735E+02

.....

. TABLE IL (A — — —

Wronskian Test for J(x) and Y(x)

ABS (REL. ERROR)

7.1431547E~15
0

3,57T15773E~15
1.0714732€6~14
0.

7.1431547€~-15
1.42086309E-14
2.5001041E-14
2.8572619E-14
1.7857887E-14
3.2144196E-14
2.8572619E~14
2.8572619E-14
3.57157730~14
3.5715T13E~14
4.2850920E-14
4.6430505E~14
4.6430505E~14
6.0716015E-14
6.4200392E~14
7.1431547E-14
7.8574702E~14
6.7059969€~14
6.7859969E~14
6.0716815E-14
T.143154T€6-14
7.5003124E~14
7.1431547E~14
7.5003124E-14
7.5003124E~14
8.5717056€E-14
B.9289434E~14
9.2861011E-14
1.0357574E-13
1.0714732€-13
1.07147326-13

O

1.273239544735E+02

JIx) Yix)
9.999937500090£~01 -3.446792364684E+00
3.124993489586E-06 =5.0929900111 59E+04
1.627602132161€~12 ~4.889250037719€+10
3.390838906350€E~19 ~1.564558708269E+17
3.7844192062429E-26 ~1.051383076463E+24

2.628069264069€E-33
1.244351006077E-40
4.2731839480639E-40
1.112808374507E-55
2.272093009748E-63
3.7303109884126-71
5.057239022131E~79
5.726040683957€E~-87
5.505000451910E-95
4.551759705534~-103
3.269942362661-111
2.060195566164-119
1.147613407119-127
5.692526875976-136
2.530461826675-144
1.013206829510~152
3.679612532533~161
1.2155146822907-169
J.6700306738197-178
1.016743893539-186
2.593734435266~-195
6.112604877594-204
1.334880525014-212
2.708767311559-221
5.120930356979-230
9.041190633412-2139
1.494115326352-247
2.316026908642-256
3.374165202920-265
4.0287394932606-274
5.989568458950-283

=1.211193063769€E+31
=2.131699523079E+38
~5.320721544507E+¢45
=1.707762324354E+¢53

‘=7.780341254200€+60

-4,2574025L953UC+ 68
=2.0060974437100€E+706
=2.31624484047332C¢ 04
=2.223%95002219(+92
=2.4975418460242¢10C0
=3.244806333026+109
-4,828271756408+116
~-0.15704785994T¢124
—=1.553254215724+133
-3,3102951352590+141
=T.849372272084¢149
«2.0596752608094+158
=5.9516376124065+166
—1.8854787TH3455¢175
=6.522240169100¢1 183
=2.465445241T7704+192
~1.001416501414¢201
=h.415846536902+¢2909
-2.090410265375+218
-1,071700086459+227
=5.867772291572+235
=3.43616T7442010+244
—-2.147467T197574¢253
~1e629354)162342+262
~1.011296654037¢271
~7.5920062206462+2179

©
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SS

340

3ano
400
420
440
460
4uy0
500
520
540
500
540
600

TABLE II (B)

Wronskian Test for K(x) and Y(x)

Argument = 2.0000000E+02, Wronskian Value = 3.,183098861838E-03

WHEJIXD,eYIX))

’
3.1030968861838€E-03
3.183090861838E-03
3.183098861838E-03
3.183090861038€-03
3.182098861833€-03
3.183098861838€E-03
3.183096861838E-03
3.182096861838E-03
3.183098861838E-03
3.183098861838E-03
3.183008486183LE-03
3.183098861838C-03
3.183098861836E-03
3.,18209086183¢L€E-03
3.183096861838E-03
3.183090861838C6-03
3.103098861 B38E-03
3.1830968861028€-03
3.183098861838E-03
3.1030988610838E-03
3.183096861038€E-03
3.103098861039E-03
3.1830988018386-03
3.18309886183LE-03
3.1830900561830E-03
3.182098861838E-03
3.153098861838E-03
3.183098861838E-03
3.1830980861838E-03
3.183090861038E-03
3.183096861838E-03

ABS{REL. ERROR}

4,3598356€E~15
B8.7196712E~15
0.

4.3598356€E-15
OI

4.,3598356€E-15
4.,3598356€~-15
O.

8.7196T12€-15
8.7196T12€-15
B.7196712€E~-15
%.3598356€E-14
B8.7196712€-15
2.61590L4E~-14
1. 7439342€-14%
2.1799178€-14
1.3079507€-14
1e7439342E~14
1.3079507E-14

- 143079507€~-14
4.3598356E~-15

0.

3.0518849€E-14
6.5397534€E~14
9.1556540E~-14
1.1771556€~-13
9.5916384E-14
1.3961474E~13
1.1335573€E-13
9,1556548C—14
6.1037699€E-14

Jixy

=1.543743993051€-02
3,745093871090E-02
~3.193299329803E-02
3.415650000123E-02
«16395009114461E-02
9.333214186607E-03
=4.331910558266E-02
4.970931161697€~02
-6.237724851090€E-02
3.971943875705E-02
7.648760893097E-02

1.0920077848358E-04

1.9238421062395€E-09
1.68338408970223E-15
1.339798069630E~-22
1.3941182954466E-30
2.437257%29640£-39
8.625601061854E-49
7.148802920207£-59
1.561126009224E-69
9.906636976730E-81
1.98482074600RE-92
1.348425690592-104
3.305782443772-117
3.,089472062197-130
1.1556£9238211-143
1.807717165201-157
1.229938181859-17}
3.772662534661-186
5.390271644012-201
3.696364517353-216

Yix)

=54426577524983E~02
=4.238574289323E-02

4.T21236205570E-02

4,650442831622E-02

5.725740582833E-02
=5.990294357227€-02
=4,584989654395E-02
=4,45063482408TL1E-02
=3.7589533067824E-02
=7.557344150550€-02
-1.324833973407€-01
=3.187038303258£+01
=1.247477370831E+006
=1.137953620960C+12
~1.212435761530€E+19
=1.021109739783C+27
-5.228299172041E+35
=1.342154113691€+45
=1.487525741497E+55
—6.,310490209254E+65
=0.275431234715CE+76
~%4342324643433€E+80
~6,023209779112+100
~2.324436024429+113
~2.361199515955+126
-6,010348501162+139
=3.668416228189+153
-5.,1595483085572¢167
~1.6130346737817+¢182
=-1.004677149400¢197
-1.522300687694+212




i

50
100
150
200
250
300
350
400
450
500
$50
600
650
700
150
800
850
900
950

1000

HIJIUX) o YUIXD)

5.787452476069E-04
5.787452476069E~04
5.787452476069E~04
5.787452476069E~04
5.787452416069E=04
5.707452476069E-04
5.707452476069E-04
5.707452476069E-04
5.787452476069E~04
5.787452476069E~04
5.787452476069E-04
5.7087452476069E=04
5.7874524 76 069E~04
5.787452476069E-0%
5.7067452476070E-04
5.787452476070E~04
5.7074524760705-04
5.787452476070E-04
5.7874524760706-04
5.787452476070E-04
5.707452476069E-0%

Wronskian Test for J(x) and Y(x)
Argument = 1.1000000E+03, Wronskian Value = 5.787452476069E-04

ABS [REL. ERROR}

1.1989548E~-14
5.9941T40E-15
1.,1989548€~14
1.7984322C~14
243979096C~14
3.5968644E~14
4.1963418€E-14
4.T7T9581NE-L4
5.9947749C~14
5.9947740E~14
T.19372088€~-14
7.1937288E-14
T.1937288€E~-14
5.9947740€-14
1.0191116€~13
1.0790593€-13
1.19895489E-13
L.37079805-13
1.0790593€-13
1.0191116E~-13
599477406~ 14

O

Jix)

2.265627601561E~-02
-1,687927418515€~02
=14169985477708E~02
2.1489068933745-02
1.391179656327€~02
2.429231101991€-02
-2.452368143035E-02
-1.849204L087983€-02
-1.423638317036E-02
=9.316185299129E-03
=1.672474733776E-02

1.155444656L06E-02

-7.0912A30071065~03
2.672047170156€E-02
3.290900670808E-03
2.812132122004E-02

=-5.575037787750€-03
2.964913484T70E-02
8.137637219940E-03
1.205297042146E-03

«3.,263155660891E~02

Yix)

~8.08939T7067848E-03
=1,715908200502€E~-02
-2.107759515997€-02
1.106445736868E-02
=-1.,987503529531€~-02
=2.044706617427€-03
3.T7T160375824646E-04
1.639643335413€6-02
=2.0459770825769€E-02
2.339774124839€E-C2
1.923616165890€-02
-2.312513537727€-02
=2.5064682228L6E-02
1.845253395872C-03
-2.719251010547€~02
-5.,0850057063021E~04%
-2.849806739415C~02
=5.7192393960195-03
=3.066516795050€E-02
3.386089080305€~-02
1.800782532282€E-02




il

LS

WIK(X)o2UXD)

’
2.000000000000E¢02
2.,000000000000€+02
2.000000000000E+02
2.000000000000£+02
2,000000000000€+02
2.000000000000E+02
2.000000000000E+02
2.,000000000000E+02
2.000000000000E¢02
2.000000000000E+02
2.000000000000E+02
2.000000000000E+02
2.000000000000E+¢02
2.000000000000€E+02
2.000000000000E+02
2.000000000000E+02
2.000000000000E+02
2.000000C00000E+02
2.900C00000000E+02
2.000000090000E+02
2.,000000000000E+02
2.900000000000€ +02
2.000000000000E+02
2.000000000000€+02
2.000000000000E+02
2.000000000000£+02
2.0000000000005+02
2.000000000000E+02
2.000000000C00E+02
2.000000000000E+02
2.000000000000E+02
2.000000000000E+02
2.000000000000€E+02
2.000000000000E¢02
2.000000000900E+02
2.000000000000£+02

TABLE II (D)
Wronskian Test for I(x) and K(x)
Argument = 5,0000000E-03, Wronskian Value = 2,000000000000E+02

ABS (REL. ERROR)

9.,0949470€E~15
1e3642421E~14
4.54T4735€~15
4.54T74T35€E~-15
H.,54T4T35E~15
4.94T4735E~15
0.

4.54T4735€E~15
9.0949470€~-15
9.0949470E~-15
2.2737368€~14
2.27373635-14
1.8109894L~14
1.8189894E~14
1.3642421E~14
2,2727360E~14
2.2737360E~-14
2.7204841E~14
2.2737306L8BE~14
2.7284841E~14
3.1832315€~14
3.1832315€-14
3.6379700E~14
3.1832315¢€~-14
2.7284841E-14
1.8189894E-14
2.2737360E-14
2.7284841C-14
3.1832315€-14
3.63797083€E~14
4.0927262€-14
5.0022209€E~14
5.45696082E~14
5.45696082€E~14
5.45069682E-14
6.82121903E~14

1x)

1.000006250009E+00
3.125006510420€E-06
1.627606201172€~12
34390845041425E~19
3.784424518570E~-26
2.528072250513€E~33
1.244352282569E~40
4e273187509627E-48
1.112809192749E-55
24272894505073¢C-63
3.738313213597€-71
5.057241770631€E-79
5.726043546978C-87
5.505811000904E-95
4.551761667500-103
3.2699436811606-111
2.060196346542-119
l.147613016981-127
5.0692520799128-136
24530462637721-144
1.013807138597~152
J.679613572108-1061
1.215517160550-169
3.670039714271-178
1.016744152912-186
2.593735070985-195
6.112686319265-204
1.334880829196-212
2.708767905587-221
5.120931441922-230
9.,041192486116~239
1.494115622803-247
2.316027434032-256
3.374165832436-265
4.620739331806-274
5.989569513452-283

KUX)

5.414288976226E400
7«999950001932E+04
7.679984000030E+10
2.457596928004E+17
1.651505725442E+424
1.902534973196E+31
3.348461975610€+38
B8.3577610821697E+45
2.808208152103E+53
1.222132247704E+61
6.6875079182405+68
4e494005461047€E+76
3.6293406916071E+04

3.4928131153596+92 .

3.923127163821+100
5.0926727672125+108
7.504220481576+¢1106
1.281431259905+125
2.439845145264+133
5.199790023770+141
1.232976118079+150
3.235329359130+158
9.34080807782420+1066
2.961702324606+175
1.024512074183¢184
3.8554430858490+192
1.573021102132+201
6.936393884039+209
3.296174387830+218
1.683422190065+227
9.217073209301+¢235
5.397518090113¢244
3.373232916569+4253
2.245223836122+262
1.508540772092+271
1.192549332400+280
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140
360
300
409
420
440
4060
4BO
500
520
540
5060
580
60V

WIK(X) o IUXD)

5.,000000000000€~03
5.000000000000€~03
5.000000000000€-03
$.000000000000€£-03
5.000000000000€-03
$.000000000000£-03
5.00000C029000E-03
5.0000000000008~-03
5.000000000000£-03
5.000000000000C~-03
5.00C6000000000€6~-03
5.000900000000£-03
$.000000000000E-03
5.000000090009C-03
$.000000000000£~03
5.000000000000€~-03
5.000000000000E-03
5.000000000000E-03
5.000000000000€-03
5.000000000000E~03
5.000000000000E-03
5.00€000090000€-03
5.090000000090€-03
5.000000000000E-03
5.000000000000E-03
5.0000600000000E-03
5.000000000009€-03
5.000000000000€-03
5.0000000000Q0E~03
5.000000000000E-03
5.000000000000E-03

 __TABLE II (E) .

Wronskian Test for I(x) and K(x)
Argument = 2,00000004+-02, Wronskian Value = 5.000000000000E-03

ABS (REL. ERROR)

5.5511151€E-15
1.,1102230E-14
5,5511151E~-15
5.5511151E~15
545511151€E~-15
5.5511151€E~15
5.5511151€E~15
2.2204460E-14
2.7T75557T6E~14
2.22044060€E-14
O.

0.

1.6653345E~14
1.1102230E-14
0.

1.6653345€E~14
2.77555T6E-14
3.3306691€-14
4.4408921C~14
4.4400921€E~14
2.77555176€E~14
2.220440L0E-14
5.5511151E-14
6.1062266E-14
4.04C921E~-14
4.9960036E~14
4 .4408921E~14
4.4408921E-14
4.9960036E-14
5.5511151E~14
5.5511151E-14

Iexy

2.03968T173410€E485
T+491067663T771E+84
3.74822T6305087€E+83
2.630647948131C+81
2.711154304903E+78
4.352750449T729E+ 74
1.165863786098E+T70
S.611324513984E+64
5.240997906477€+58
1.026029226830E+52
4.540059132268E+44

4.882600242180€+36

1.367468950317€+28
1.064490542220E+19
2:.6408166312209€+09
1.761089738425€-01
4,178691011789€-12
3.436299635602€-23
1.025428919531E-34%
1.158937213971€E~46
5.162267204284€E~59
9.404734939821E-72
7.2541617602886~-85
2.446649542569€E~98
3.718715848379-112
2.620015353282-126
B8.785916544272-141
14437536461361-155
1.124698557638-170
4£.900499561367-186
1.065471922489-201

Ktx)

1.2256820535676€-88
3.320755266225E~€8
6.540293470468E-87
9.102584071607E-85
8.561642529290€~82
5.137138007720E-78
1.038749232904E-73
3.649901C561228-58
3.7248056588986-62
1.811091051370€~55
3.893704530876E-48
3.444230598441E-40
1.1703807680406E-31
1.431929577702€-22
5.9354394324560€~13
7.874382R34573€-03
3.170841055949€+08
3.608705119516E¢19
1.183990919396E+31

1.0046083919794E+43
2.165780121882E+55
1.142864317604E+68
1.426087667931E¢81)

4.074204371501E494
2.585672013845+108
3.543782699550+122
1.021461491770+137
6.040095529966+151

7.157928913317+166
1.663048018530+182

7.419898280631+197

(X ]




09-6S

50
100
150
200
250
300
350
400
450
500
550
600
650
700
750
ueo
850
900
950

1000

WIKIX)oLEX))

1.666666666667E-03
1. 06666066664667E~03
1.66666666L66TE-03
1.66666b666666TE~03
1.6666666066667E-03
1.660666666666TE-03
1.6606666b66666T7E-03
1.666666666066T7€E~-03
1.666L660606666TE-03
1. 6606666660666TE-03
1. 6606666666667E-03
1.666666666667€-03
1.666666666667E-03
1.66666666666TE-03
1.6666L666666TE~03
1.666666666667E-03
1.6656666666667€-03
1.660L666666667E-03
1.6666066666606T7E-03
1.666666666667E-03
1.666666666066T7E-03

O

TABLE II (F)
Wronskian Test for I(x) and K(x)

ABS (REL. ERROR)

4.1633363E-15
8.3266727E~15
1.6653345E~14
1.2490009E~14
4.1633363€E-15
%.1633363E~15
0.

2.0816682E~-14
4.1633363E~15
8.3266727€-15
4.5796700E-14
4.16333063E-14
2.0810602€-14
2.0816682€E-14
1.6653345€-14
2.0980019E-14
2.0816682€-14
2.4980010E-14
8.3266727€E-15
2.08166082C~-14
2.0816682€-14

tx)

6.1463054039394258°

T.668983914180+257
1.495622591663+255
4$.793324651T775+4250
2.09435945T73627+244
2.904790408028+236
6.682884412500+226
3.697165347932+215
5.588826052356¢202
2.0634946131402+188
4 .4205471272664172
3.029272831987T+155
9.599844450885+136
1.597542283628+117
1.574361T42644E+96
1.030380219362E+74
4.9932602002172E+50
1.986000159019E+26
T.144923836214E+00
2.5482209540630E-26
9.821753T76T66T7E-54

Argument = 6.0000000E+02, Wronskian Value = 1.666666666667E-03

KX}

1.355828563158-262
1.085706392829-261
5.496006644940-259
1.686621119392-254
2.934164781167-2448
2.648145689243-240
1.115320790384~-230
1.9469394671068-219
1.2640645489145-206
2.530095711822-192
1.445585425736-176
2.0278563022241-159
6.1308178350561-141
3.538143272522-121
3.44644736151003~170
$.052301471974E-78
1.001343862057E~-54
2.419784741795E-30
6.459629861884E~05
1.746287853531E+22
4,365273708539E+49

[ 2
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APPENDIX D
Control Cards for Using BES on the CDC 3600

BES is maintained on an auxiliary library tape for the convenience
of the Control Data 3600 users at Sandia Laboratories, Albuquerque, New
Mexico. The tape is labeled 36-00001 and is in HI (556 BPI) density.
Questions concerning the availability of BES on the Control Data 3600
at Sandia Laboratories, Livermore, California, should be directed to
the Numerical Applications Division 8321.

Two control cards, EQUIP and LIBRARY, are required for using the
auxiliary library tape. The EQUIP card may immediately precede the
LIBRARY card or may appear at the beginning of the job. The LIBRARY
card must precede the first binary deck or first LOAD card (for an exe-
: cution in which the auxiliary library is needed). If the job includes
i a compilation, then the LIBRARY card should appear between the SCOPE
(:} and LOAD cards.

A complete typical example follows:

i 7
9JOB, LI

f : JFIN,L,X

SCOPE
} JEQUIP,72=(36-00001) ,HI,RO
* JLIBRARY, 72

7
9L0AD

7
9RUN

All library routines required by a program must be available on a single
library tape. Auxiliary library tape 36-00001 contains routines which

63




are likely to be used in connection with the mathematical library rou-
tines. In particular, the tape includes the standard Control Data 3600
FORTRAN routines (as modified by Sandia), the SCORS SC4020 plot package,
and a few other special Sandia routines (GOFU, ROMBERG, DATE, ANDGEN,
and UDGEN) .
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APPENDIX E
Control Cards for Using BES on the CDC 6600

BES is maintained in a library file for the convenience of the
Control Data 6600 users at Sandia Laboratories, Albuquerque, New Mexico.
The name of the file is MATHLIB. Questions concerning the availability
of BES on the Control Data 6600 at Sandia Laboratories, Livermore,

California, should be directed to the Numerical Applications Division
8321.

One control card, COLLECT, is required for using the mathematical
library file. The COLLECT processor operates on one relocatable binary
file and from one to six library files. The library files are searched
for routines which contain entry points matching external references in
the relocatable binary file. Such routines are added to the relocatable
binary file.

A complete typical example follows:

JOB CARD

ACCOUNT CARD

FUN,S.
COLLECT,LGO,MATHLIB.
REDUCE.

LGO.

7/8/9 punch in column 1
Program

7/8/9 punch in column 1
Data

6/7/8/9 punch in column 1

In the above example, external references in LGO are satisfied, if pos-
sible, by selectively adding routines to LGO from MATHLIB. Additional

information on the COLLECT processor with examples is contained in
UR0004 /6600, 1 '
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R.
c.
M.
M.
E.
B.
T.
L.
M.
E.
R.

.| L.
Winter, 1710

R.
H.
JD
G.
D.
A.
B.
L.
P.
T.

C.
S.
H.
M.
w.
G.
A.
w.
E.
E.

D.
H.
w.

R.
H.
w.
H.
M.
E.
L.
G-
M.
J.
L.
L.
E.

.| T.

K.

STRIBUTION:

Cotter, 100

Myre, 1210
Stuetzer, 1220
Olson, 1510
Blake, Jr., 1520
Lane, 1540
Othmer, 1541
Peurifoy, Jr., 1550
Moore, 1610
Arthur, Jr., 1640
Prairie, 1643
Stevens, 1650

Morrison, 1720
Wicke, 1721
Thompson, 1722
Clem, 1730
Sivinski, 1740
Lieber, 1910
McCampbell, 2310
Gillespie, 2320
Shoup, 2330

Abegg, 2340 = -

Kraft, 2440
Church, 2450
Roth, 2490
Tapp, 2610
Rodgers, 2620
Franzak, 2630
Hood, 2650
Gobeli, 5110
Jones, 5130
Schirber, 5150

Herrmann, 5160
Bertholf, 5162 , e

Karnes, 5165
Snyder, 5220
Mehl, 5230
Renken, 5231
McClure, 5232
Beckner, 5240
Stoller, 5310
McDonald, Actg., 5320
Schwoebel 5330
Kepler, 5510
O'Neill, 5520
Davis, 5530
Brin, 7250
Pace, 7260
Stiegler, 7280
Moffat, 7290
Montoya, 7292

.| McWhirter, 7320
Cowan, 7340

. W.
.| A.

Neilson, 7360
Moore, 7370

L. E. Lamkin, Actg., 7510
W. E. Caldes, 752%

R. J. Dill, 7530

J. W. Pearce, 8120

J. D. Benton, 8121

D. E. Gregson, 8130

L. E. Davies, 8150

R. A. Baroody, 8160

G. E. Brandvold, 8170
C. S. Selvage, 8180

J. C. King, 8310

J. W. Weihe, 8320

J. N. Rogers, 8321

A. G. Schuknecht, 8322
G. W. Anderson, Jr., 8330
J. L. Wirth, 8340

C. D. Broyles, 9110

G. E. Hansche, 9120

H. E. Viney, 9130

J. R. Banister, 9150
M. L. Kramm, 9210

J. C. Eckhart, 9220

H. H. Patterson, 9230

. R. E. Hepplewhite, 9240 -

J. H. Scott, Acté., 9250
R. C. Maydew, 9320
W. H. Curry, 9322

. E. C. Rightley, 9323

H. R. Vaughn, 9325

D. F. McVey, 9328

K. J. Touryan, 9340

W. C. Scrivner, 9400

L. E. Mahuron, 9410

J. E. Wesbrook, 9411

C. E. Katzenberger, 9412

G. D. Horne, Jr., 9413
M. B. Moore, 9414
J. L. Tischhauser, 9420
A. R. Iacoletti, 9421
D. A. Young, 9422
R. D. Halbgewachs, 9422 (50)
D. K. Robbins, 9424
B. T. Fox, 9427
P. Van Delinder, 9427
For: COSMIC (3)
A. J. Arenholz, 9428
A. J. Clark, Jr., 9510
G. J. Hildebrandt, 9520
L. C. Baldwin, 3412
G. C. McDonald, 3416
Attn: M. S. Goldstein (2)
J. L. Gardner, 3421
C. H. Sproul, 3428-1 (65)
B. F. Hefley, 8232 (5)





