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Abstract

After various changes to the BESSEL subroutine
are described, an accuracy check is made on the

subroutine for Bessel Functions of the first and
fourth kind.




INTRODUCTION

Various changes in subroutine BESSEL! were necessary because recent changes
were made in the CDC 6600 compiler, in order to allow the argument to have

a phase value of m, and in order to eliminate a few inaccuracies. BESSEL

is used to compute tables of Bessel Functions of the first and fourth kind

for phase values of 0, m/4, w/2, 3w/4, w, 5n/4, 3n/2, and 7n/4, for orders

0, and 1, and for arguments(x).l to 100. These tables are compared to
listings found directly in reference material or to listings computed

from intermediate results. In any case the listings are considered to be
tabulated and must be capable of being expressed in terms of functions which
are in reference material so a comparison and accuracy check can be made.

We then have a comparison of tables, one computed and the other tabulated.
Formulas for relating the functions for different phase values to tabulated ber,
bei, ker, kei, K(x), or I(x) had to be derived in many cases and the necessary
relations and expressions were all found in Reference 2. Especially in the
case of the eight Bessel Functions of the first kind it was feasible to use
the same tables for various phase values since only a sign difference was
indicated by the formula relation. A check is made for the derivative of

the Bessel Function of the first kind for order zero by a comparison to the
Bessel Function of the first order. The accuracy is extremely good and the
variation of accuracy due to intermediate calculations is discussed.

CHANGES IN SUBROUTINE BESSEL

In the original version of Mathematics Note 1, BESSEL had arguments in its : -
formal parameter list which also appeared in an EQUIVALENCE statement.
Recent changes to the CDC 6600 system at AFWL do not permit this usage.
Consequently, many of the parameters were switched to COMMON statements in
order to provide for proper communication between BESSEL and its calling
routine. Previously the calling sequence for BESSEL was

N

CALL BESSEL(N,Z,J,Y,H2,JPRIME,YPRIME,H2PRIME,IVALCHK,IPRINT)
The parameters J,Y.,H2,JPRIME,YPRIME,H2PRIME,IVALCHK,IPRINT all appeared in
an EQUIVALENCE statement which equivalenced them to other variables within
the subroutine. The calling sequence was changed to

CALL BESSEL(N,Z)

and the arguments deleted from the parameter list were placed in the labeled
COMMON statement

COMMON/ARGBESS/J,Y ,H2,JPRIME,YPRIME ,H2PRIME , IVALCHK , IPRINT
The same COMMON block must now appear in the calling routine to achieve proper

communication between the routines. A similar change occurs in the calling
of subroutine CBESS from BESSEL. Previously the calling sequence was

CALL CBESS(z,JZ,J1,YZ,Y1,H2Z,H21,IVALCHK,IPRINT)

The parameters JZ,J1,YZ,H2Z,H21,IVALCHK, and IPRINT all appear in an /
EQUIVALENCE statement. In the original paper, Math Note 1, the variable Y1 -
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was not included in the EQUIVALENCE statement, yet it is not used by CBESS.

It was determined that it should have been equivalenced to the variable YONE.
In the current version of CBESS the calling sequence is

CALL CBESS(Z,YONE,IVALCHK,IPRINT)
The arguments now missing from the original list are in the COMMON statement
COMMON/ARGCBES/JZ,J1,H2Z ,H21

IVALCHK and IPRINT remain in the parameter list. To achieve this, the

variables were deleted from the equivalence statement where they appeared
as below

EQUIVALENCE ... ,(IVALCHK,CHECK),(IPRINT,PRINT)
INTEGER PRINT,CHECK

The INTEGER statement above was also deleted, and where PRINT and CHECK
appeared in the subroutine they were replaced by IPRINT and IVALCHK. To
achieve proper communication between CBESS and BESSEL the COMMON statement
which contains those parameters deleted from the argument list when BESSEL
calls CBESS must be included in BESSEL. So, now one has two COMMON statements
in subroutine BESSEL, one to communicate with the main program and the other
for communication with CBESS.

As explained in Mathematics Note 1, the algorithm to compute the functions

of order 0 and 1 is different for values of |Z|<6.0 from that of |z|>6.0.

It was found that the accuracy of the functions drops at this point by about
five significant digits. The accuracy improves gradually, however, until at
|2]>10.0 it is back to its original accuracy. In order to attempt to correct
this loss of accuracy at the switchover point of the algorithms it was decided
to try changing the switchover point to different values. The first algorithm
was used for increasing arguments until it was noted that the numbers produced
by this method matched those of the second algorithm in accuracy. This point
was at Z=10.0, so now the first algorithm is used to this point and the

second algorithm is used thereafter. The original card in CBESS was

IF(CABS(Z)-6.)1,1,4
and the new card is

IF(CABS(Z2)-10.)1,1,4
Another change in CBESS was made after discovering that the variable JZERO
goes to 0+i0 in certain instances, namely when 2=2+i0 andZ=-2+i0, causing an
arithmetic error when JZERO is used as a divisor. Previous to this division
the following check is made

IF(JZERO.EQ. (0.,0.))JZERO=CMPLX(1.E~15, 0.)

This will change an exact zero to a very small number, introducing a minute
error in the computations, but avoiding a computer dump in the process.
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The BESSEL subroutine was not designed to handle a phase of 7 so a few
changes were made in order for the subroutine to accept it.

2 . ) on' I3 .
H( )(xeﬂl) = J (xe l)—iY Cxewl) v =0,1
v v v
by definition of the Hankel Function and it is known that

J(x) = 1DV I (xe™)
and that - v v

Y+ 21T G 1= Y, G

so the Hankel with a phase of 7 can be calculated from the Hankel with
a phase of O. '

The following 11 cards were added in CBESS in order to equip the subroutine
for the phase value of m:

4 K=0
IF (ABS (AIMAG(Z)).LT. 1.E-9.AND.REAL(Z).LT.0.) GO TO 5
GO TO 6 "

5 Z=-27
K=1

IF(K.EQ.0) GO TO 12

Z=-7

YZERO=YZERO+2 .*JZERO* (0. ,1.)
H2ZERO=JZERO~-(0.,1.)*YZERO
JONE=-JONE
YONE=-YONE+2 ,*JONE* (0.,1.)
H20NE=JONE-(0.,1.)*YONE

A card had to be added to FUNCTION ARG in order to eliminate round-off
error. The manner in which the main program calls the BESSEL subroutine
determines the accumulation of the round-off error. The new ¢ard is

IF(Y*Y.LT.1.E-12)Y=0.

It was also noticed that the value for w in that subroutine was incorrectly
given. The correct value is used throughout this note.

The final change made in BESSEL was to remove from the function FUNCTION
ZERO the following statements

EQUIVALENCE (IPRINT,PRINT)
INTEGER PRINT

The variable PRINT was replaced by IPRINT everytime it appeared in the
function routine.

All of the above changes do not affect the operation of the routine as
described in Mathematics Note 1 except in the cases noted. A TIDY3 computer
listing of the current version of BESSEL containing the major subprograms

is included in the appendix at the end of this note. The changes which were
made are underlined. '




GENERAL

Bessel Functions of the first kind, Jv(xel¢), and of the fourth kind, H(z)(xei¢)
also called Hankel Functions were generated for phase values of 0, ﬂ/4,vﬂ/2 ’
3n/4, m, 5n/4, 3n/2, 7n/4 , for orders O and 1, and for arguments (x) .1 to’

100 in various steps of incrementation. The derivative of the Bessel Function
of the first kind for zero order was also generated for arguments (x) .1 to

100. for accuracy verification. The computed tables, obtained by a direct

call to the BESSEL subroutine were compared to tabulated results found

directly in reference material or compared to tables computed from equations
based on tabulated intermediate results. These tables of comparison are

found in Math Memo 1

The Bessel Functions for phase 0 and ™ could be compared directly to tables
for accuracy check and the Bessel Functions for the other phase angles could

be related to the ber, bei, and the modified Bessel Function, I(x), formulas
and tables for comparison..

The Hankel Functions for phase 0 and m were resolved into the Bessel of the
first kind and the Bessel of the second kind, Weber Function, and readily
compared to tables. The functions for the other phase values were resolved
into ker, kei, ber, bei, I(x), or K(x) values, and then as data points these
values were used to calculate the listings for the different phase values as
tabulated values. Note that the need to relate to the ber, bei,...functiomns
and for the derivation of formulas is for the production of valid tables of
comparison to the computed values.

Reference 2 provided the main source for formulas used in resolving values
into ber, bei, and ker, kei relation, for formulas used in analytic contin-
uation,for the various tables used for comparisons in determining accuracy,
and for the modified Bessel Function relations needed in developing relations
when certain phase angles were employed.

The arguments (x) used for the computed values incremented consistently from
.1 to 10. in steps of .1 and from 10 to 100 in steps of 10. The tabulated
values used to check the accuracy of the BESSEL subroutine were not as
consistent; in various instances a table had to be computed from equations
involving modulus and phase values and by using arguments which did not
consistently follow the argument list used for the computed values.

The accuracy of these comparisons was very good and a valid check was able
t?z?e made for all phase angles. For arguments .l to 10. of the J,(xe ¢) and
Hy (xe1¢) when direct tabulated comparisons were possible the accuracy was

at least nine places, and for arguments from 10 to 100 the accuracy dropped

to about eight places. When the tabulated values for arguments five to ten
had to be calculated from the modulu?2§nd ph?ze valueiz)theBagcuracy decreased
to about four or five places. For H; (xe7T1 ) and H{"/ (xe TT1/4) tabulated
values the resulting calculations made from the ber, bei, and ker, kei values
have a varying accuracy dependent upon the accuracy used in determining the
resulting calculations.

The Bessel and Hankel Functions are determined by two different methods and
therefore an accuracy check for the BESSEL subroutine can be made and a
valid presentation of tables for the Bessel Functions of the first and fourth

kind can be given.
5




EQUATIONS AND DERIVATIONS USED IN OBTAINING
TABULATED RESULTS BY RELATING BESSEL AND
HANKEL FUNCTIONS TO JV(X)’ Yv(x), ber, bei,
ker, kei, I, (x), or K, (x) FUNCTIONS

"Bessel of the first kind

Analytic continuation .... Jv(xem“1) = lMvrl J,(x) v

0,1
ber, bei relation ... ber,x + ibeivx = Jv(2e3"i/4) = eVTi; (xe-"i/A)
v

QVTi/2 Iv(xeﬂi/é}) = e3VTL/2 T (ye3Ti/4)

Modified Bessel Relation ... Iy(x) = e3vmi/2 Jv(xe”3“i/2)
Modified Analytic Cont ..... Iv(xemﬂi) = emv“ilv(x)
o, w : Jo(x) = Jo(xeﬂi)

Jl(X) = -Jl(xe“i)

3n/4, In/4 Jo(xe_“i/4) = Jo(xeBWi/4) = berox + ibei x

Jl(xe_ﬂi/a) =~J1(xe3“i/4) -ber;x - ibeilx

T/4, 5T/4 Jo(xeni/4) = Jo(xeswi/a) = ber x - ibeiox
Jl(xeﬂi/A) = —Jl(xesni/a) = —berlx + ibeilx
n/2, 3m/2 Jo(xe“i/z) = 3 (xe3™/2) - I ()
Jl(xe"i/z) = ~J1(xe3"i/2) = iIl(x)

Bessel of the fourth kind

ker, kei, relation ... ker, x+i keiy x efvni/z Kv(xe“i/A)

- i)2 Hil)(xeBﬂi/A) _ /3 e—vﬂiHSZ)(Xe—wi/A)
Modified Hankel relation ... Kv(x) = - mi/2 e~VTi/2 HSZ)(xe_“i/z)
Analytic Cont .... Kv(xem“i) = enéV"iKv(x) - i sin(mvr)csc(vT) Iv(x)




/4 a1 (xe” ™4 - 3 e 4 1Y (xe"TH/%)
2 . - S—
HS )(xeﬂ1/4) _ Jv(xe_W174) _ 4 Yv(xe_ﬂl/4)
ng)(xe“i/4) = Hﬁl)(xe—ni/a)

=2 Jv(xeﬂﬂi/A) - Jv(xe—ﬂifz) -1 Yv(xeﬂﬂi/4)
=2 Jv(xe—ni/4) - [ Jv(xe—ﬂi/4) + i Yv(xe_ﬂi/4)]

HSZ)(xe“i/4) = é Jv(xe-“i;4) -

HSZ)(xeﬂi/é) = 2 Jv(xe_ﬂi/4) - Hsz)(xe-wi/A)

eﬂi/4) =9 VT

(2) . \ ., —ypi
Hy ™ (x =2 e [ber x - i bei, x] + Zlﬁre‘vnl[kervx - i kei x]

2(~I)v [(berv x + 1/7 keiv x) + i (—beivx + 1/7 kerv x)]

Héz)(xewi/A) = 2 [(berox 4+ 1/ keiox) + i(—beiox +1/7 kerox)]

Hiz)(xeﬁi/4) = =2 [(berlx + l/nkeilx) + i(—beilx + 1/ kerlx)]
w2, 3n/2 B ™2y < 21/ ™2 g (x)

12 (xe3™/2) = 21/7 ® (x)

HEZ) (xe3™/2y 2 24/n emi/2 Ky (=)

3,32y o 1) 1,6

ng)(xe3n1(2) - J\)(xe3mt/2) o Y\)(Xeswi/z)

1D xe31/2) o 1 32 4 1 v, (32

HSZ)(xe“i/z) = Hsl)(xe3"i/2)
= Jv(xe3ﬂi/2) _ Yv(xe3ﬂi/2)
=2J (xe3ﬂi/2) - J (xe3ﬂi/25 -iY (xe3ni/2)
PR v , v i
=2 Jv(xe3"i/2) _ [Jv(xe3ﬂ1/2) v i Yv(xe3ﬂl/2)]
= 2 J\)(Xe3ﬂi/2) _ [Jv(Xe}ni/z) - i Yv(xe3“i/2)]

. - > -
2 Jv(xeBWl/Z) - Hi )(xeBWl/z)

2(1)" I (x) + 2i/n e~VTi/2 K, (x)
(D (xe™/2) = 2 1,(x) + 2i/n Ko(0)

(2) i/2
Hy g

(xe ) = 2i Il(x) + 2/m Kl(x)




3n/4 Héz)(xe3“i/4) = H&l)(xe'3"i/4)

Jv(xe;3ﬂi/4) -1 Yv(xe_3"i/4)

2 J\)(xe—?)'ﬂ'i/ll') - J\)(Xe—3"i/4) - i Yv(xe—3"i/4)

2 Jy(xe 3Ti/4)y
o-3n1/h

[iv(xe-B“i/4) + i Yv(xe_sﬂi/4)]

2 3,( ) - [3ye 34y L gy (xe 3L/ 4y)

2 Jy(xe 34y L g(2) (073 4y

2[bervx + 1 bei x] - 2/ keivx + 2i/w kervx

HSZ)(xe3“i/4)

2(bervx - (keivx)/ﬂ + (beivx + (kervx)/ﬂ)i)
ng)(xe3“1/4) = 2(b§rox - (keiox)/n + (beiox + (kerox)/w)i)

1{?) (xe3m1/4y _ 2(beryx - (keiyx)/m + (beryx + (keryx)/mi)

- H\()z) (Xeﬂi) = Jv(xe.rri) - i Y\)(Xe-"i)
= ovmi Jy(x) - i [eVnd Yy(x) + 2icos(vm) J,(x)]

Iy (e¥™ + 2 cos(ym)) - 1e”V™ v (x)

H(Z)
o

H{z)(xe"i)

ni)

(xe 3 Jo(x) - i Yo(x)

-3 Jl(x) + i Yl(x)

Sn/4 Hgl)(xeB"i/A) = 2/n keivx - 2i/m keryx -
Hsz)(xe5w1/4) = 2/m keix + 21/ ker x

2 3 ‘
Hé )(xe5"1/4) = 2/w kei x + Zi/n kerox

Hiz)(xesni/é) = 2/n kei;x + 2i/n kerlx

()
o

i/4
774 xe’ ™%y < 24/n [ker x + 1 kei x]

= =2/7 kei x + Zi/nikerox
H{z)(xe7ni/4) = =21i/7 [kerlx + i keilx]

= 2/7 keilx - 2i/7m kerlx




SUMMARY

Various changes were made to the BESSEL subroutine mainly due to new speci-
fications on programs running on the 6600 computer at the AFWL and in order
for the subroutine to generate functions for arguments with a phase of .
Bessel Functions of the first kind, simply called Bessel Functions, and
Bessel Functions of the fourth kind, Hankel Functions, were generated for
phase angles of 0, w/4, w/2, 3n/4, m, 5n/4, 3n/2, 7n/4, for orders O and 1,
and for arguments (x) .l to 100 both by a direct call to the BESSEL sub-
routine (the computed value), and by using formulas employing intermediate

tabulated results to produce tables for comparison. These tables are found
in Math Memo 1.
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SUBKOUTINE BESSEL (Ne2Z)

COMMON /RATIO/ B(2000)sFY(1000) 4FH(100n)

COMPLEX CSGRT4CLOG4CCOSyCSInNsCEXPCCON

COMPLEX Z9JNZyYNZyHNZy INZPRMyYNZPRMoHNPRMy UZ9J19 Y29 Y19HZyH14BoFYs
1FHyCONSToR1 9 WRONSK o INZADD s YMZADD ¢ HNZAD'y ¢ HNONEZ  HNONEA

COMMON /ARGBESS/ J,YsH2s JPRIMEyYPRIME yii2PRIME . IVALCHK IPRINT
COMMON /ARCCBES/ JZ79J19YZeHZeHI

COMPLEX JaYeH2 e JPRIME s YPRIMF 9 HZPRIME

REAL nMAX

INTEGER PRINT,CHECK,VALCHK

EQUIVALENCE (JNZwJ)s (YNZsY)s (HNZyH2), (JNZPRMyJPRIME), (YPRIME,Y
INZPKM) 3 (H2PRIME s HNZPKM)y (IVALCHKsVALCHK) 9 (IPRINT PRINT)

«PlelLToARG(Z) LTe+PT FOR PROPER OPERATION
WILL ACCEPT NEGATIVE NsZEROsZ

VALCHK=
MAX=SWRT(2,0)#(1,0FE150)

IF (N LTe0) GO TO 25
IRETUR: =]

IF (NeGTel) GO TO 3

CALL CRESS (29Y1sCHECK,PRINT)
IF (CHECK.“EQO) VALCHK=1
1F (NGEWel) GO Te 3

JNZ=JL '

YnZ=YZ

HNZ=HZ

JNZPHM==J}

YNZFR! =2=Y1

HNZPRNm=H ]

RETURN

JNZ=J}

"YNZ=Y)

HN7=H]1 .

1F (Zot Go(CasDal) 60O TO 2
INZPRM=JL=(14/2) %1
YNZPRitzYZ=(1e/2) ¥Y]
HNZPRMeHLZ=(1,/7) #H1

RE TURM

JNZFPRM=(

YNZPRIi=U o

HNZPHM:“I

RE TURH

1F (2ot MalUesDa)) 6O T0 24
QALL CRESS (ZoY1lsCHECKIPRINT)
IF (CHFCKeRE Q) VA|.CHr=]
IDIM=tnE:)

IF (IbiMelTa200) InIM=200
IF (IDItelTL2000) IDIM=2000
CALL BKRWRU (Zym,INnTH)

10
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g | - FRERS L B ‘-u:m: EE I I

NLVENYS

DO 4 1=]9em o
JNZ=Uim ¥ () 52
4 CONTIr e ot
JMZPHRMZ (N4 ) % 0l e () g9 ng ) H In s (pe]) gz
Rl=Y1/YZ . Ré
ThIm=ts, 57
IF (LI TGl 1ln00) TolM=1000 58

CALL FUWKL (Z9FYy[NTMeR1) 59
YtiZ=y/ ‘ ' -

DU o I-1siv 2?
YNZEY I 7% (rY (1)) 62
& CONTt Iritt 63
YHNZPRz 3/ 2) RYRZ=YR 78 Y (rj+ ) 64
INZ AL = il (ney) 65
YNZalLUsYWLEFY (ide 1) 66
IF (AlAGLZ) sEYelLY GO TO 7 : 57
R)=Hl/HL 68
IDIm=t, g 69
IF (InTrevial0n0) InIM=100n ) 70
Colb Fo¥RD (Z9FHy 1) TMsR]) 71
SIRVA-13V4 . . 72
DO o 1=l 73
HNZsHIIZ%F (1) - 74
3 Canytung ‘ 75
o HNZFRM= (N2 ) H e NZ#FH (Ne 1) ‘ 76
Ny GO 1o ‘ ' 77
I HMZ=J1 74 (e a=14)#YrZ 78 |
HN!Pht—cu//)ﬁnn?—(JH?*H(Nol)+(w..-l.)*:YNZ»FY<N¢1))) 79 |
HNZ DDz (2B (0% 1) )+ {Dep=lad ¥ (Y i/ RFY (RL])) 80 |
GO Tu - ‘ a1
< Hi.Zzablztew8FH (%) 82
9 DIFF=ASS (L RO (2 v Ny UNZ e INZADD 9 JHTZRRM PR NT) ) 83
IF (LIFF oUTol.')E."H) G0 TQ 14 R4
10 DIFF=ARSILERO(7 aNg Y7 g YNZADD 9 YHZPRM PR 11T) ) 85
IfF (BIFFeGTelaE=R)Y GO TO 20 ' 86
1" DIFt =4S (LERO(ZoNyHINZ yHNZAND s HNZPHM g PR INT ) ) 87
IF (h1FFaL.a)a0E=8y GO TO 12 88
GO Tu (elei6)y IKETURN . o /9
12 IF (PRIMT4eQa0) OO TO (27926)9 IRETUKN 90
IF (DIFF.GTal e E=A) GO TO 13 v 91
CPRTST 2by nel ‘ 92
GO 16 (21e/6)y IKETURN 93
13 IF (L1FFaGTslanE=4) GO 10 14 : 94
PRINT 29y Nol ' 95
GO 1o (279c8) 9 IRETURM 96
14 IF (UIFFeGTalattE=2) GO TO 15 97
PRIWT 30 ~9d 98
GU 1u (27976)y IRETURN 99
15 PRINT 319 t o2 100
11
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721

7

"3

75

FA)

27

GO TU (cleeh) g IRET RN

IF (IPRINTabQen) GO TO 10

IF. ("1}".‘3"-1.&'(\) GO 10 17

PRI- T 3¢y »~ad

GO 10 1L

IF (UIFFeUBTale:E=4)y GO TO 1K

PRIT 33 ' 92

GO Tu 1
IF IFFeGT. E=2) GO T0 19

PRINT 3ue ¢ ek
G0 1O 3

PRINT 359 nyl

GO [ 1t

IF (PHIINI JEW,0) GO TO 11

IF (nIFFeGTalatE=g)y GO TO 21

PRINT “1by o/

GO 10 11

IF (01FFeGTeleitb=md4y GO TO 27

PRINT 1 Te Nol

GOoe 1]

IF (LIFFeLTal,ab=2y GO TO 23

PRINT 38 neld ‘

GO Tu )1l

PRINT 379 NolZ

GO 10 11

JNZ=(la0l0)

YNz=("lot:ﬁ?0!On)

HNZ= (1 ,E30Ge0,)

JuZrrii=(0es04)

YNZPritz=(1le: 300e0,)
HNZPHM2 (=] 4E3009U,)

GO T (2(+26)y IRETURN

[RE lUKpu=Z

Sy

GO 10 =

IF ((CAbS(JNZ).GT.MAX).UR.(CAH&(YNZ).GT.MAX).OR.(CABS(ﬁNZ).GTnMAX)
I,QR,(CAHS(JNZPRM).GT.MAX).OQ.(CARS(YNZURM).GT.MAX).OR-(CAHS(HNZPRM
?2)eGlalMAX)) VALCHK=1

IF (( (1= (N/2) )= (1N/P)) aEQ,0) RETURN
JNZ=-JNZ

YNZ==YNZ

HNZZ=H L

JNZPREz (N ) #J84% (JHZ¥B(N+1))
YNZPH! = (N/l: ) #Y“Z* (Y“Z“FY (H‘l ))

HN PRz JNZFHME ((o g=14) #YNZPRM

KE Tuki .

1F ((CAHS(VNZ).GT.AAX).OR.(CAHS(YNL).GT.M&X).OR.(CABS(ﬁNZ).GT.MAX)
I.UR.(CAUb(VNZPRM),MT.HAX).“H!(CAQS(YNZ RM) o GToMAX) e ORe {CABS (HNZPRM
?).G‘.MAK)) VALCHK:"

RETUR
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31

%

RACH

EE

7
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FORmal (93F DIFFe EQN CHECK FOR
1 N=13.6+4y 722E16,7) '
FORMAT (bar: DIFFe EQN CHECK FOK
1] n=l3,4Hy 2=2PFE16,7)

FORMAT (S8rcDIFFe FON CHECK FOK
1 N=l3,4Hy =2El6,7) i
FORMAT (6b6FQDIFFe EQN CHECK FOR
1 lusstade R=llgbity 7=2FE1647/)
FORMAT (Sak0DTFF. F'N CHECK FUw
1eli=l394hs ¢=2E10a7)

FORMAT (SdF0DIFFe EOGN CHECK FOR
I N=I3.4Hy Z=1ble,.7)

FOR-AT (98FQLIFF. EON CRECK FUr
I N=I3.0ry Z=PEL6,7)

FORMAT (borUDIFFe FON CHECK FOR
1 VV¥*aZe A=]39by 7=2E16.7/)
FOrrial (09F00IFF, FaN CHECK FO
1 TO luwt=o, N=1394My Z2=2E16,7)

HANKEL @
HANKEL =
HANKEL =,
HANKE L«
HANKE]L. 5
HANKEL =
HANKEL 4
HANKEL <

NEUMANN

SHOWS AGREEMENL TO lo#e=6,
sHQws AGREEMEN! TO 1o##=é4,
SHUWS AGREEMENL TO 1oww#=2,
DOES NOT SHOW AGREEMENT TU
SHOWS AGREEMENT TQ 1(#¢==8
SHOWS AGREEMEN! TO 10%##=4,
SHUWS AGREEHEN] TO 10®e=2,
DOES NOT SHOW AGREEMENT,fU

FUNCT1ONS SHOWS AGHEEMENT

FORFAT (69R0UTFFe FON. CHECK FOR NEUMAGN FUNCTTIONS SHOWS AGREEMENT

1 10 lhases, N=zl3vaH, Z22E16,7)

FORMAT (69F0DTFFs EGN, CHECK FUR NEUMANMN FUNCTIONS SHOWS AGREEMENT

1 TO luww=gZ, N=I344Hy Z=2E16,7)

FORMAT (77r00TFFe FUN, CHECK FurR WEUMA-N FUNCTIONS DOES NOT SHOW A
JGREEMENT TC Lo#®=2, N=I3.4He Z=2E10,7/)

B
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151
182
153
154
155
156
157
158
159
160
161
162
163
166
165
166
167
168
169
170
171
172
173
174
178
176




& w

FUNCTIGH ZERU (LyNyAsAADD o APRIMFE ZIPKINT)

COMPLEX ZeasAADDYAPRIME JFACTLoFaCI24RATIN
FACI1=7%(RADD+APIME)

FAC| 7=h#A

RATLO=FACTL/FACT2

ZERO=1,000000000001=CARS(RATIO)

IF (ABS(LERU) oLTe1,0E=08) RFTUHHN

RATIO=REAL (FACTL) /REAL (FACT2)+(n,01.)# (AIMAG(FACT1) /AIMAG(FACT2))
ZERU=1,000000000001-CARS(RATIG)

IF (ABS(ZEKO) JLTe] 0F=08) HETURN

IF (IPRINTGLEQa0U) GO TU ]

PRINT 39 FACT1+FACT?

FACI H=REAL (FACTL)

FAC11I=AlHaG(FACT])

FACT2R=KEAL (FACT2)

FAC12I=AIMAG(FACI2) ‘
LIRKE=FACTIHAND«v3IT777000000000000
L1It=FACI1I«AND,03777000000000000

LeRE=F ACTIZH 4 AND S (03777000000000000
L2IE=FACT2] o AND 2 3777000000000000
LIRM=FACT Lo AND & O TTTTTITTTTTTTTTTY
LYIIM=FACILT AND G UTT?TTITTTITTITTTITITT

LeRMe ACT 2k o AND W QTTTTTTTTTTITTTTT
L2IM=FACT2 L e ANU e 7TTTTTTTTTITIVTITT

IF ((LI1RESNE JLZKE)Y ,OR, (L1IF NESI.2IEY) O TO 2
ZERUZCABS ( (LIRM=L2RM) ¢ ((HeNgleC)#(L1IM= 2IM))#] ,Q0E=F
IF (ABS({ZEKQ) 4. Ta1,0E=08) RETURH

IF (IPRINTLEQ41) RETURMN

PRINT &9 FACTIKyLIRE L 1RMgFACTZHgL2RE ) 2RMyFACTIT9L1IEs 1IMsFACT2I

1oL21E oL 21

RETUN

FORMAT (4EZ0a10)

FORMAT (8H FACT1R=3(020+3X)/RH FACT2R=4(02043X)//8H FACT1Ia3(020,3
1X) /780 FACTZ21=3(02043X))

END
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SURKOUT INE BRWAD (7 ¢RATIO INIM)
DIMENSTUN R TTO(INTM)

COMPLEX HATTU¢KUNST«NENOMokY o/
KONST (1) =2.%1/2

DO L Jz=leitilnm

HATI()(J):( -'G')

CON T Tt

IcsIDit=-]
RATIO(TUIMY =2/ (24#T1:TH)
DENUMEZKUNST(T) =RATTO(T+])

IF (UENUM) 34443 )
KATIO(T) =4« /DENOM

GO 10 &

RATIO(TI)=1,0E300

I=]=~1

IF (1) 69s6y2

RE TURP

Era
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SURRQUTLINE FRWRD (740 TI0«THItMeRY)
UIMENSTUN KATTO(LINDTH)

COMPLEX RATIO LK1 9Z KONST

KONST (T)=2e®T/7

IMAa=]INIid=]

RAaTIO (1) =R]

DO 1 I=lelivax

RATIU(T+4) = (RATLIO(T) #KONST (1) =(1,904)) /RATIO(])
CONT 1N

RE TUKR

Eni

T OT~NDU P WN

-
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SUBRUUTINE CHESS (74 YONES IV LCHK, IPRTNY)
CUMKFLE J‘,J]A.YZ’Y‘QH?ZQHZI CRE

COMPLE Y Ly ZERU S JONE 9 YZERO W YONE 975Uy F AT 4 ZFACT 4 JZAUD 4 J44DDEZ sP s Q9 CBF
1COSH «STP a2 ZERU g HPONE g COMGT ¢ WKONSK

CBE

CHE
COMMUI ZARGLHES/ J79J)9YZyHRZ4H2] CRE
COMFLEX COGRTyCLUG,CCOSsCSTINyCEXD CHE

REAL Hax B CRE
EQUIV LENCE (JZERO9JZ) s (JONE9JL) s (YZ 'ROIYZ) s (H2ZERVUIHZZ) s (H2ONCBE

CET~NT UL WN~

1EsHcl) CRBE
MAX=SLRT (40 # (Lo 0F1%0) CRF 10
IVALCHE =y CBF 11
[t (CAuS(4)=10e) lelsé ‘ CBE 12
JZEKU=(ley: o) . CBE 13
JUNE=(1eoU,) CBE 14
YZER()=(UOQ‘§.) CBE 15
vyOnE=(levUa) CBE 16
FK=1. CBE 17
FRFACT=1 CBEF 18
VAL VA FA SV CRE 19
ZFEaCi=(lest,) CRE 20
SKIV=]a CBE 21 |
JFACT=7FACT#7Su CBRE 22 |
FACI=AFACT/FRFaGT CRE 23 |
JZautisraCi/FKFACT CBF 24 |
FR=FR+], CBE 25 |
FRF-LT=FKE ACT#FR ‘ ceE 26 |
J1auD=FACT/FKF&CT CRE 27 |
JZERO=JZERC+JZ 0D CBE 28 |
JOKE=JonE+ S1ADD CBE 29 |
YZERQO=YZERCG*JZL,DDUSKINY CBE 30 |
YONE=YORECJIADD® (SKINVeSKIMNVel, /FK) CBE 31 \
SKInv=SRINV4],/FK : R CBE 32 |
IF (JLERUSEWO(1090,)) JZERO=CMPLX(leE=15404) » CBE 33 1
TF (CABS(JZADD/JZERO) «GT.1.0E=25) GO T 2 CBE 34 |
IF (CABS(J1ADD/JUNE) oGTelaE=2%) GO TO 2 cas 35
JONE=JOMER2#,5 CBE 36
IF (ZeFUalite90e)) GO TO 3 - ) CBE 37
YZEHO=((-57721%6949*CL0G(Z“.5))*JZERO-VZERO)/I.5707963d679b CBE 38R
YONt=((.5772156649+CLOG(Z*.5))*JONE-(1.-ZSN*YONE)/Z)/1-57079632579CSE 22
[ : ' ' gag 61 |
H2ZERUSJLERO* (Heye=]e) #YZERO 3F o
H2ONE = JUNE+ (0av=14)#*YONE ggg e
GO 10 12 CRE ‘Z
YZERuU=(=1ebE3U0+04) : CBé o5
YONES (=1e£30004) , car o2
H2/ZERU=(leF300404) : CBE o7
H20E=(1eE300 401 4) CRE 4B |
IVALCHK=1 oBE aé
17 |




»

2

11

17

IF (ABS(ALMAG(Z2)) 4L Telab=04ANDGREAL(Z) LTe0.) GO TO 5§

G0 TG

==7

= .
FACI=3,141%926535R9793#7
FACT=CSuURI(FACT)
COSP=CCUS(2) /FaCT
SINP=CSIN(2)/F CT
lFALW:(l.ol.)*CEAP((0.,-1.)#2)/FACT
U=(Qe )

E-L‘=Aa ‘}“;

FN=1,

FR=1i,

P=l.

W (U=1,)/t¢

FacCl=w

FNzFNeP,

FK:FKQI.

FACI==FACT# (U=FN®*FN) /EZ/FK
P=P+FACT

FH=FNe»

Fh=FK+]
FACT=FACT®* (U=Fn#FN) /EZ/FK
WzQ+FACT

LF (CARS(FaCT/N) 4L T4140F=R) GO TO 9
IF (FK.L!.él.O) G0 TO R

IF (U) 10910911

JZERO= (P +u) #¥COSP+ (P=Q) #SINK
YZFRUS (P+d) #STINP~ (P=Q) #COSH
HR2ZERU=2LFACT® (Pe (1, 9m]e)#Q)
U=g o

GO 10 7
JUNE=(P+W) #SINP= (P=Q) #COSP
YONE == (Peu) #COSF= (P=Q) #SINP
HZ2ONE=Z7FACT# (Qe (D4y] o) ®P)
IF (K FWeQ) GO TO 12

L==i
YZEROSYZERC42 4 #JZFERG# (0e9ly)
H2ZERU=JLERO=((ey],) *YZERD
JONE == JUNE
YONE==YONE42 o # JUNE# (099)q)
H2ONE=JUNE= (049 1e) # ONE
CONST=(2es 4)/(34141592653508979348L)

CRE
CRE
CBE
CBF
CBE
CBE
CRE
CBE
CBE
CRF
CRF
CcBE
CBRE
CBE
CBFE
CRE
CBE
CRF
CBE
CBE
CBE
CBF
CRFE
CRFE
CRE
CBE
CBF
ChE
CBF
CBF
CRE
CBF
CBE
CHBE
CRE
CRE
CRF
CRF
CRE
CRF
CRF
CBE
CBF

IF ((CABS{JLERO) e GToMAX) o O (CABSIJONE o GT4MAX) ORs (CABS (YZEROD) ¢ GTCRF

LeMAX) s OKe LCABS (YONFE) o GToMAX)) TvALCHK=1

IF (IPRINTqEWai1) WFTUKRM
P=JUNE#YZE+O

A= JLEROEYURE «CONST

WRONS: =P/ )
NDIFF=],000000000001=CABS (WROHSK)
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CRE

- CRE

CBF
CBE
CBE
CRE




13

14

1=

15

18

19

SRS N SRS LRI UM O R S g

IF (AHH(UAFF).LT,1,.E-3) RE TUK~

iF (uhQ(UIFF).GTgl.nE-é) G0 Tou 113

PRINT by 2
RETURI

IF (ABSIULFF) oTe) ,0E=4) GO TO 14

PRINT 17,
RETUK. .

IF (b (ULFF) (uT41,0E=2) GO 10 15

PRINT 18s ¢«
RETUkRN
PRINT 19y 4
KE TUR,

FORMAT (66 (0WROMNSKIAN CHECK FOR
1 10%4ay, 4=2E.1(Jo7)

FORMAT (66FC:WRONSKTAN CHECK F Ok
1 lo¥#=gs s=2PE160e ()

FORMAT (boE WRUONIKIAN CHECK FOUKR
1 lo#emp, /22F16.47)

FORMAT (7T4r: WRONSKTAN CHECK FOR
1EMENT TO Lo#%a?l, 7=2E16,7/)

E Ny ‘

BESSEL<,
RESSEL G,
RESSELS

RESSELS,

19

CRF

CRF

CBE

CRE

CRF

CRE

CRE

CBE

CBE

CBF

CRE

CBE

, CRE

N=0ygl, SHOWS AGREEMENT TOCRF
CBE

M=nyly SHOWS AGREFMENT TOCRE
. CBE
N=ny ] SHOWS ALREEMENT TO CBF
CBE

N=pely DOES NUT S0OW AGRECRE
CBF

CRF

lo1
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122




FUNCITIOHN axG (2)
COMPLEX 4

X=RteoL (4)

Y=alman(2)

IF (y#YLi,1,E=1l2) Y=¢,
It (YY) 49lyé

IF (X) 2+3,3

A G=3.141552651589793
RE TUKIY

ARG=0,40

RE TUKTY

ARG=2 ¢ o #ATRN(Y/ (SURT (X#XeYHY)+X))
RETUKI

NN
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