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ABSTRACT

A subroutine for the generation of Bessel, Neumann, and
Hankel functions is described from both the operational
and the algorithmic points of view. Methods of accuracy
verification are discussed, and sample error printouts
are presented. The use of the subroutine to generate
tables of Bessel functions and their derivatives is outlined.




BESSEL

A Subroutine for the Generation of
Bessel Functions with Real or Complex Arguments

INTRODUCTION

This note describes a computer subroutine entitled BESSEL, written in
FORTRAN 66 for the CDC 6600 computer. The subroutine accepts as inputs
the order gn) and argument (z) of the function, and returns values for Jn(z),
Yn(z), HifXz), Tn(z), ¥n(z), and HENz). The order must be TYPE INTE-
GER in the range 0= |n | <100 and the argument must be TYPE COMPLEX

in the range 0.001 < |z =100. Values outside these ranges will be accepted,
but the accuracy of the results is not guaranteed. All returned parameters
must be TYPE COMPLEX.

There are a number of error checks contained within the subroutine, and a
validity check parameter (TYPE INTEGER) is returned along with calculated
answers to enable a qualitative evaluation of the answers to be made. This
check is normally zero. If it is not, then either one or more answers do not
meet the accuracy requirements or one or more answers are outside the
range of the computer (+10150),

OPERATION

General

BESSEL must be used in conjunction with a main routine which assigns values
to the order and argument, calls BESSEL, and accepts the results from the
subroutine. A typical program production deck incorporating the BESSEL
subroutine is illustrated below:




W END JOB CARD
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OTHER SUBPROGRAMS

SUBROUTINE BESSEL

| MAIN (CALLING) PROGRAM

CONTROL CARDS

Production Deck Organization Using BESSEL

Calling Sequence

BESSEL is called by the main program with a FORTRAN 66 CALL statement.
The format of this statement is

CALL BESSEL (N, Z,J,Y, H2, JPRIME, YPRIME, H2PRIME,
IVALCHK, IPRINT)

The parameters N, Z and IPRINT are supplied to the subroutine by the main
program; they must have been previously assigned before execution of the
CALL statement., All other parameters are returned by the subroutine.

Parameters

1. N TYPE INTEGER. This is the order of the Bessel functions
to be calculated. For stated accuracy, the range of N must
be 0= 'N  =100.

2. Z TYPE COMPLEX. This is the argument of the Bessel func-

tions to be calculated. For stated accuracy, Z must be in
the range 0.001< {Z | <100, and largZ <m. Zero is an
acceptable argument.



3. J TYPE COMPLEX. This is the value of the Bessel function
of the first kind of order N and argument Z, returned by
the subroutine.

4. Y TYPE COMPLEX. This is the value of the Bessel function
of the second kind (Neumann function) of order N and argu-
ment Z, returned by the subroutine.

5. H2 TYPE COMPLEX. This is the value of the Hankel function
of the second kind of order N and argument Z, returned by
the subroutine.

6. JPRIME TYPE COMPLEX. This is the value of the derivative of J,
returned by the subroutine.

7. YPRIME TYPE COMPLEX. This is the value of the derivative of Y,
returned by the subroutine.

8. H2PRIME TYPE COMPLEX. This is the value of the derivative of H2,
returned by the subroutine,

9. IVALCHK TYPE INTEGER. This is a validity check parameter re-
turned by the subroutine, If the calculated values for J,
Y, H2, JPRIME, YPRIME and H2ZPRIME are within the
range of the computer and meet the accuracy requirements,
then the value of IVALCHK is zero. If any one of the cal-
culated values is outside the range or does not meet the
accuracy requirement, then IVALCHK = 1.

10. IPRINT TYPE INTEGER. This parameter is supplied by the main
program and has the value 0 or 1. If IPRINT = 0, the
subroutine provides all values as stated above and nothing
more, If IPRINT = 1, in addition to all calculated values
the subroutine prints all appropriate error messages.
These messages are primarily of a diagnostic nature and
their selection is not under control of the programmer,
The value of IPRINT is normally 0.

The names given to the parameters were chosen for illustrative purposes,
and are formal parameters in the subroutine. The actual parameters used
must agree in type and number, and need not be identical in name,




ERROR MESSAGES

Validity Check

The parameter IVALCHK contains a returned value of either zero or one, If
the value is one, then either one or more answers are out of range of the com-
puter or one or more answers do not meet the accuracy requirements. This
parameter is always returned, and provides a means for quick, qualitative
evaluation of the calculated results.

Error Printouts

If the value of IPRINT is equal to one, then if any criterion as stated below is
not met, a printout occurs. These various printouts originate at various points
in the main BESSEL subroutine, and at various points within certain subrou-
tines which BESSEL itself uses. Each printout, its origin and the criterion

is discussed below, in conjunction with a brief description of the subroutine or
subprogram containing it.

1. FUNCTION ZERO -- This subprogram provides an independent check of
the values generated by BESSEL by verifying that these calculated values
are solutions to a differential equation having Bessel functions as its solu-
tion. The differential equation used is

z[an+1(z)+a;(z)] - nan(z) = 0

where ap(z) is any Bessel function of order n and argument z. If the
left side of the equation above is greater in magnitude than 1078, and
IPRINT # 0, the following error message is printed:

ZERO PRINT zero z
1
an(z) an+l(z) an(z)
factor 1 factor 2

Zero is the calculated difference from zero as computed by the following:

zla ,,(2)+ a (2)]

zero =1 -
nan(z)
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z is the value of the argument; ap(z), ap+1(z) are given values of the
Bessel functions of orders h and n+l, respectively, and of argument z ;
and ap(z) is the given value of the derivative of the Bessel function of
order n and argument z. Factor 1 and factor 2 are values of the nume-

rator and denominator, respectively, of the ratio contained in the above
formula.

2. SUBROUTINE CBESS -- This subroutine computes the Bessel functions
of orders 0 and 1 which are used as starting values in BESSEL. A
Wronskian check of computed values is contained in CBESS. If the check
indicates that errors greater than 10-8 have occurred, and if IPRINT #0,
a printout similar to the following is made:

WRONSKIAN CHECK FOR BESSELS, N = 0,1, SHOWS AGREE-
MENT TO 10## -6. Z = 1,0000000E+00 - 1,0000000 E +00

The Wronskian relation used is

Jl(Z) YO(Z) - JO(Z) Yl(Z) = .

ﬂlm
N

3. SUBROUTINE BESSEL -- The printouts occurring in BESSEL itself are
a direct result of the returned value of zero as calculated by the FUNC-
TION ZERO subprogram. These printouts are similar to the following:

DIFF. EQN CHECK FOR BESSELS SHOWS AGREEMENT TO
10%% -4, N =53, Z = 7,0710678E-03 - 7.0710678E-03

ORGANIZATION

BESSEL, as a program, utilizes other subroutines and subprograms.

These additional programs are listed below for reference, along with a brief
description of their function and calling sequence. All of the routines are
contained in the BESSEL subroutine deck or are contained in the CDC 6600
function library.

Subroutines:

CBESS This subroutine computes the Bessel functions of
orders 0 and 1 for any complex argument. Its
calling sequence is
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BKWRD

FRWRD

Functions:;

ZERO

CALL CBESS (z, JZ, J1, YZ, Y1, H2Z,
H21, IVALCHK, IPRINT)

The formal parameters Z, JZ, Jl, YZ, Y1, H2Z, and
H21 are all TYPE COMPLEX. Their definitions are
obvious from the context. The formal parameters
IVALCHK and IPRINT are TYPE INTEGER and have the
same meaning as in BESSEL.

This is a backward recursion routine for Bessel func-
tions. The calling sequence is

CALL BKWRD (Z, RATIO, IDIM)

where Z is the argument, IDIM is the maximum begin-
ning value of n, and RATIO is the returned value. The
formula used is

Ratio(n) = 1/[(2n)/z - Ratio (n+1)]

Z and RATIO are TYPE COMPLEX, while IDIM is
TYPE INTEGER. See Section V, ALGORITHMS, for
a further description.

This is a forward recursion routine for Bessel functions.
The calling sequence is

CALL FRWRD (Z, RATIO, IDIM, R1)

Where Z, RATIO and IDIM have the same definitions as
in BKWRD, and Rl is the starting value of the ratio, and
is TYPE COMPLEX. The formula used is

'fr(2n) [ Ratio(n)] /z oo
Ratio (n)

Ratio (n+1) =

See Section V, ALGORITHMS, for a further description.

This is a function which verifies solutions to the differen-
tial equation explained in Section III above. Its calling
sequence is
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ARG

CEXP

CCONJ

ZERO (2, N, A, AADD, APRIME, IPRINT)
The parameters have the following definitions:

z TYPE COMPLEX. This is the argument of
the Bessel function.

N TYPE INTEGER. This is the order of the
Bessel function.

A TYPE COMPLEX. This is the value of a (z)
as explained in Section III above.

AADD TYPE COMPLEX. This is the value of
(z) as explained in Section III above.

APRIME TYPE COMPLEX. This is the value of a (z)
as explained in Section III above.

IPRINT TYPE INTEGER. This parameter has the
same definition asthat contained in BESSEL.

This is a function which computes the value of the argument of
a complex number z through use of the formula

arg(z) = 2 arctan —2—1—5————
\/ X +y +Xx
z = x+iy

Its calling sequence is ARG(Z) where Z is TYPE COMPLEX.

This is a TYPE COMPLEX function which computes the value

- of the exponential function for a TYPE COMPLEX argument Z.

The calling sequence is CEXP(Z), and the formula used is
exp(z) = exp(x) [cosy + i siny]

This is a TYPE COMPLEX function which computes the com-
plex conjugate of a TYPE COMPLEX argument Z. Its calling
sequence is CCONJ(Z), and the formula used is

z = x-1iy
-7-




PR

CCOSs

CSIN

CLOG

CSQRT

ALGORITHMS

This is a TYPE COMPLEX function which computes the
value of the cosine function of a TYPE COMPLEX argument
Z through use of the formula
iz e-iz

2

cos(z) =

This is a TYPE COMPLEX function which computes the
value of the sine function of a TYPE COMPLEX argument Z
through use of the formula

iz e-iz
sin(z) = 51
This is a TYPE COMPLEX function which computes the

logarithm of a TYPE COMPLEX argument Z through use
of the formula

In(z) = 1ln 'z] +1iarg(z)
This is a TYPE COMPLEX function which computes the

square root of a TYPE COMPLEX argument Z through use
of the formula

‘\/_z_. = \/x2+y2

cos ___g_g___arz z) + i sin ___g_____ar2 (z)

The starting values for BESSEL are generated by the subroutine CBESS.
For arguments ;zj £6, the Bessel functions of orders 0 and 1 are computed
by the formulae:

-]

1 2K
Jn(Z) _ %‘.Z)n Z zz) )
! ]
k=0 k!T(n+k+1)
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k=0

%
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@0
: 2
i (.l.zzn z 3 (-3 2%)
. wk+1) + yYkk+n+1) E (htR) 1
k=0 :

19G) = 5 @ - 1Y _(2)

k=1

y = 0.5772156649 (Euler's Constant)
T'(n+l) = n! ,
n = 0,1

If lz] > 6 and !arg zi < m, an asymptotically converging series approach is
used. The formulae are;

|
|
n-1
where Y(n) = -y + Z K!
!.
Jn(z) ="\/ -1;2; , P(n,z) cos X - Q(n, z) sin X \
|
|

Yn(Z) =-‘\‘ ';2; { P(n,z) sin X +Q(n, z) cos X :

!
\‘)

( exp (“- iX)

1% (2) \/;;2; . P,2) - 1Q(n,2)




where P(n,z) = 1 p-1) (u-9) + (u-1) (u-9) (u-25) (u-49)
2! (8z)2 41 (82)4
Qln, z) = ﬁé.;_ - (u-l)(:-smézs) .
! (82)
® o= 4n2
X = 2z- (%n +% yr o,
n = 0,1

The resulting values for Jo(z), Yo(z), Ji(z) and Yj(z) are then checked
for accuracy through use of the Wronskian relation

' .2
Jl(Z) YO(Z) - YO(Z) Jl(z) == .

The agreement must be less than or equal to 108 in magnitude. If this

criterion is not met, the quantity IVALCHK is set equal to one, and if IPRINT
is equal to one, an error printout is made.

The various derivatives are calculated through use of the formula

z@ =220 -2 @

n+l

),

where Zn(z) is any of the functions Jn(z), Yn(z) or Hn (z).

The calculated values are then checked for accuracy of one part in 1()8 or
better by verifying that the differential equation

z[Zn+1(z)+Z;1(z)] - nz_(z) = 0

is satisfied. If this criterion is not met, IVALCHK is set equal to one, and
if IPRINT #0, an error printout is made.

Subroutine BESSEL uses the starting values obtained from CBESS in forward
and backward recursion formulae to generate Bessel functions of large orders.
These relationships are developed as follows: For Bessel functions of the first
kind, the recurrence relation
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N
=

Joe1f®) = 3 3, 2)-J

may be rewritten as

Ind 1 -1
. |
Bn(z) B z Bn+ l(z)
where Bn(z) is a ratio of Bessel functions:
J (z)
B (z) = L
n Jn-l(z)

The subroutine BKWRD begins by setting Bp41(z) = 0, and proceeds through
the recursion from n 2 20 *N, where N is the given value of the order, to

n = 1. Each calculated value of Bp(z) is placed in an array which is in labeled
COMMON between BESSEL and BKWRD.

Upon return to the subroutine BESSEL, the recurrence relation
To41@ = B @) - I @)

n+1

is then used to obtain the desired Bessel function.

For Bessel functions of the second kind, the recurrence relation

2n
Yn+1(z) Tz Yn-l(z)
may be rewritten as on
— F (2)-1
F (z) = S/ « S
n+1 Fn(z)
where Y (z)
F (z) = =—> .
n Y (z)
n-1




The subroutine FRWRD uses as a starting value the ratio of Neumann
functions '

’Yl(z)

YO(Z)

Fl(Z) =

obtained from BESSEL, and calculates values of the forward ratios from
n=1 to n=N+2, where N is the given value of the order. Each value of

Fn(z) as calculated is placed in an array which is in labeled COMMON between
BESSEL and FRWRD.

Upon return to the subroutine BESSEL, the recurrence relation

Yn+1(Z) = Fn+1(z) . Yn(Z)

is used to obtain the desired Neumann function.

For real arguments only, the Hankel functions of the second kind are cal-
culated as

Hf)(z) = I () - iY () .

If the argument is not real, and [argzl <7, the subroutine FRWRD is used
with a starting value '

(2)
H1
()
0

(z)

Flfz) =

H. " (z)

obtained from BESSEL. Returned values are contained in an array in
labeled COMMON between BESSEL and FRWRD.

EXTENDED USE IN TABLE GENERATION

Because of the method used to calculate the Bessel, Neumann, and Hankel
functions, it will be noted that these functions are calculated for all integer
values of the order from 0 to N, where N is the given value of the order. If
it is desired to produce an array of Bessel, Neumann and/or Hankel functions,

-12-




the recurrence relations as previously described may be used by the main
routine along with the ratio: values as contained in labeled COMMON. The
labeled COMMON is

COMMON/ RATIO/ B(2000), FY(1000), FH(1000)
COMPLEX B, FY, FH

where B contains the Bessel ratios, FY contains the Neumann ratios, and
FH contains the Hankel ratios.

SUMMARY

The subroutine BESSEL, providing values for the Bessel, Neumann, and
Hankel functions and their derivatives, of order n and argument z, uses
approximately 2750 computer words. In addition, a COMMON block length
of 8000 words is required for full utilization of the capabilities of the sub-
routine. On the average, approximately 15 msec/call is required. These
figures are based on the use of a CDC 6600 computer. Accuracy has been
verified through use of the tables contained in Handbook of Mathematical
Functions, AMS 55, M. Abramowitz and I. A, Stegun, eds; National Bureau
of Standards, November 1964 (with corrections) and Tables of the Bessel-
Kelvin Functions ber, bei, ker, kei, and Their Derivatives for the Argument

and Range 0(0.01) 107,50, H. H. Lowell, National Aeronautics and Space
Administration, TR R-32, 1959,
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DO

'aEeEale)

APPENDIX: PROGRAM LISTING

SUBRCUTINE BESSEL (NeZ oy YyH2y JPRIMEZYPRIML yH2PRIME, IVALCHK ,
$IPRINT)

FQUIVALENCE (UNZ9J) g (YNZ Y ) e (HNT7 GH2) g LINZPRM PP THMT) , (YOIL] 2,
BYNZPRM) o (H2PRIMEGHNZPPM) , (TVALCHK g VALCHK) g { IPK[NT,PRAINT)
CUMPLEX JoYoH29JPRIMEyYPRIME yHZPRIME
COMMUN/RATIC/ZPL200N) o FYLTICON ) aFHE100D)
TYPE CUMPLEX CSORTHCLUGYCCUS W CSINGCHXP 4L CONY
COMPLEX Z9JUNZyYNZyHNZ gUNZOWAGYNZPRMgHNIPRM ¢ J7 ¢ JLa¥7 Y1 g A2 gril g igkY,
$FHyCONST o P Lo wFUONSK g JNZAND G YNZANID G HNZAND y HNONE £ g HNON T A
RFAL MAX
INTEGER EBRINT,CHECK,VALCHK

“PlalToARSG (7)) LT.+P1 FGR PREPER NOEPATION
WILL ACCFPT NOGATIVF NyZFRQ

VALCHK=0

MAX=SWRT(2.0)%(1.0F150)

IF (N TL0) GD TDO 4

IPETURN=1

IF (NGTWl) GO T 3

CALL CRESS (Z9J79dLlyYZ oY1 oHZ sHLyCHFCKyPRINT)
IF (CHECKNCLO) VALCHK=]

[F (MN.EQaLl) GU TR L

INT=J7Z

“YNZI=YT

HMZ=H/7
JN7pPpeM==J1]
YN PRM=<Y]
HNZPRMz=H]
QETUFN
JNZ=J1
YNZ=Y]

 hNZ=H1

If (7.6Qel0.906)) GIY TOY 2
IN7PRM=JI-(1le/2)%J1
YNZDPRM=YZ-(1./2)%Y1]
HNZPEM=HI=(1./7 ) %H1

RETUYRN

JMZDPN=N,

YNZPRM=0,

HMZPRY=(,

RFTURN

IF (ZaFQelGeyDa)) U TG v
CALL CRESS (796J2eJdloYZ og¥Y1 g7 gHLyCHECK,P?INT)
IF (CFECK NE SO} VALCHK=]
IDTM=N%x20

IF (IDRIMLTL200) INIM=200
[F (JOIMETL2000) INTM=200n0
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CALL RKWEL{Z R, I0IM)

INZ=J7

TC 4 I=1,N

JNT=INT®R(T)

CONT INUFE

JNIPENM AN/ Z I RINT 4l =10y O ) H{INZEUMe]))
Rl=Y1l/Y7

IDIVv=N+?

IF (ICIM.GTL1000) INIM=1000
CALL FRWRD(Z,FY,I0IVeK1)
YNLZ=Y7

o9 I=leN

YN7=YNZ%TY(])

COnTINUE

YNIPIMz (M2 ) RYNT-YNTRFY(N+1)
JNZAD=dN x5 {MN+])
YNZANDSYNZRFY(N+])

[F (ATMAGIZYtwafla) D T 1
kl=k1/17

[GIM=N+2

IF (10IMGT1000) INIM=1000
CALL r'k’”Q|‘(.7'F'HQI'1)IN’Hl’
bBiNZzk7

Ne L0 T=1,M

HWNZ=FNZ%FH{T)

CUNTINUE
HNZPRMzAN/Z Y %RENZ=HNZXFH(M4+ L)
GO T 30
FN7=2INZ+#{Ue9-1e)%YN7

HNZPRM=(N/Z ) *UNZ=(IMLRS N+ L) +(Deg=1 e ) 2 LYNIEFY(M4]1)))
HNZAGN=(INZ*3IN+ L) )+ (D ap- 1o ) X(YNZEFYIN+]L))

50 TG 32
HNZARC=HNZ%FH(N+]1)

~=OIFFERENTIAL EQUATION

OR H2INsZ).

NIFF= ABRSUZEROUIZaNGINZ 9 UNTADD GINT PRI, PRINTY))

IF (NIFF.GTWla0F=3) GO T 12

PIFF= AAS(IZERCUZyNyYNZyYNZADDZYNIDPT W PRINT))

IF (DIFFGTlaUF=5) G T4 5D

DIFF=s ARSTZERO(LZIGMNyHNZ yHNZADD GHNZOw M, PR INT))

IF (CIFF.GTeleQE=R) GO T 33

GU TC (Bey 7)) [PFTURN

IF (PR INTF WD) Uil T (33 7)Y, IRFTURN
TF (PIFFaO0Tel10F=0) GU T 35

PRINT 34,N,7

FOGRMAT (S#HJDIFF. FOM (HeCX FOR HAMKELS SHGWS

¢t Nz=[2,4H, Z=2t16.7).
GO TO (e 7)), IFETURN
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b

3¢&

35

24
40

15

16

17

e

1+

If (CIFF.GTalaNE=-%) GO

PRINT
FCRMAT
¢ N=13,
6L T

PRINT
FOKMAT

¢ N-=i’3y4H'

G TC

PRINT

FORMAT
$ 10%%-
GG TL

IF(FR]

PRINT
FORMAT
L N=I3'
aLoTo

IF (DIFF.GTL1.0E-%)

PRINT
FORMAT
¢ N=[32,
G T

369Ny 1
(SRHQLIFF,

FidN

4Hy 2=2ElbeT7)
(897) 4 IRFTURN
IF (CIFFGTL1.0E-2) GO TG 39

384N,y 7
{(58RODIFF,

EIN

7=2816.7)

(84 7)yI+ETURN

404Ny 2
(H56HODIFF,
Z2e N=l3g4ak,

EWUN
7=2F

(89 7)), IRETURN
TN 390
[F (UIFFeGToaleNE=06) G TO 14

NT.EC.0) GN

134N,y?7
(S58HUO0IFHF,

FON

4Hy I=2t16.T7)

90

l",Ng 7
{(59RODIFF,

ENp

4Hy L£=22F16.7)

90

IF (TIFF.GTales0F=2) GO

POINT
FOOMAT
¢ MN=171,
GUOTU
PRINT
FURVAT
¢ 10%%~-
GO TC

174Ny
(SaHODIFF,

LEN

4tly 7=7F16.7)

50

199N97
{66HIDIFF.

Ze N"—'I?,’#‘",

30

EGN
=2t

[F (PRINT.EQ.O) GO TN

IF (CIFFGTealaOE=6) GO

PRINT
FR™AT
5 TO 10
60 TO

IF (CIFF.GTele0E-4) GU

PRINT
FUORMAT
£ 7010
Gy TO

IF (CIFFaGTele0F=2) GU

PRINT
FUORMAT
¢ TO 10
Gy Tr
PRINT
FNKMAT

SLeNylZ
(69HUDIFF,

CON.

x%=-064 N=T344H, 7

300

S53,My7
(69HODIFF.

FoM.

*¥k-4, N=I13,4H, /7

300

R5gNiy 7
{6GROLTFF,

EJN e

k-2, N=[2p4H, /

G300
STeNgl
(77601F0 .

EON

T 37

CHECK ik

CHECK F(k

CHECK FLUR

16.7/7)

CHECK FOK

Gl T2 1454

CHECK Fuu

™ 18

CHFECY FUK

CHECK FUf
16.7/7)

909D
TO 52

CHECK FUR
22F16.7)

TO 54

CHECK FOR
=2F1lé6aT)

TN 96
CHECX FOF
=2F1%.T7)

CHECNR TR

HAMKELS

HANKEL >

HANKFELS

RESSFLS

FESSELS

BESSELS

RLESSLULS

NEMANN

NEUMANN

NEIMANN
NEUMA iy
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7

DN

$GREFMENT T J0O%R%=2, N=13,411, 2=2Fl&aT1/)

GU T 500

IN7=({(CapQa)

YNl:(‘l QF%()O’OO )

HNZ=(1.L030Cy0a])

JNZPEM= (0.1, )

YNZPRM=(]1,FE300,0.)

HMNZPRM={=1at3007,0,)

G TO (HBe7)y [FETURN

[PETHRAN=?

N==N

Gt 1C 13

[F (CUCABRSTUNT Y s GTaMAX) R QUCARSIYNZY il TedAX) o M g (CASSIHM Y o3 T ev AL
FeOP o (CABSTINIPP M) oGTeMAX) &NIR o (CATSEYNZPRM) o OT oiaX ) o130 LA, (Hi2 7 e
$1eGToMAX)) VALTHK=]

IFCOIN=IN/Z2))I=IN/2) ) LW AFTURN

JMNZ==JNZ

YNZ=-YNZ

HNZ==-HN/

JMNIPRM= (IN/Z ) RINZH(INZEB(NGL))

YNIPEM=(N/2)EYNZ+(YNZEFY(N+1))

HN7PRM=UNZPEME( ) ey =1o ) XYNZPRM

RFTURN

IF {(CABSTINZ) e OTaMAX) o UR G ICABSIYNT )T oMAX) s IR Q (DABSTHNZ Y qT o v AX)
SR GUICADSTINZPRY) ¢ GTMAX) IR (CARSIYNZPRM) e GT o ™MAX) oW o (CARS (71
£)oGT4NMAX)) VALCEK=1 :

RFTUFN

END

FUNCTTON ZERD (ZyNy Ay AADT APKIME, TPRINT)

FOQUIVALENCE (IPRINT,PRINT)

INTEGER PRINT

COMPLEX 74AyAADDAPRIMEZFACTL FACT? 4 RATIN
FACT1=/=(AACC+APRIME)

FACTZ2=HN*A

RATIN=FACTL/FACT?
LFRPI=1.0000CAC000CC1-CARSIRATIN)

IF (ABS(I7FR0C) el Tala0E-03) KETURN
RATIU=REAL(FACTL)/REAL(FACT2)4(0ey Lo )R lATMAG(FACTIN/ATMAGIRALTZ))
7FRO=1.000000C000001-CABS(RATIOQ)

P (AES(7ERG) &L ToloQF=08) RETURN

IF (PRINTSFLLO) GO TO - 5

PRINT 1y ZEROWZ oAy AADDZAPR TME

FORMAT (11HOZERY PRINT,, M 20.10/6F203410)
PRINT 2y FACTL,FACT?

FORMAT (4+204.10)

FACT1R=PFAL(FACTL)

FACTLI=AIMAC(FACTL)

FACTZR=RFAL(FACT?)
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FACT2I=AIMAGIFACT2)

LIRE=FACTI1R CANT NITTTCICCCRN0IC000T))
L1IE=FACTILI «ANGLQ3T7T7I00COCOCUUCON0DC
L2RE=FACTZR «ANDSD3T7T7I00000308030000)0
L2TE=FACT 2] «AND O3 T7T775000000000230000)
LIRM=FACTILR «AND Q7777772777777
L1IM=FACT1I] «AND Q7777277277777 777
L2RM=FA(CT2R SANCOTTTTTINTITITTITTITT
L2IM=FACT21 CANDNTPITTITII7T7I7T7T7

IF ({LIREGNF.LPRE)SORSILLIIELNFLL2IE)) G TO 3
ZERO=CABS(ILLIRM=L2RM)+(0eCylaQ)*(LIIM-L2IM) IRl 0F=3

IF (ARS({ZFRO) L To1.0F-08) RETURN

IF (PRINT.EQ.O) RFTURN

PRINT 44FACTIKyLIRESJLIRMytACT2RGyL2RE ¢ L2RMyFACTLLLLTELLITY,
SFACT2T4L21F,L2IM

FOEMAT (8H FACTIR=3{020,3X)/8H FACT2R=3(020,3X)//34 FACTLI1=2(020,

C$3X)/8H FACT2I1=3(020,3%X))

RETURN
END

SUBRCUTINE BKWRD (7,RATIC,101IM)

DIMENSIGN RATIN(IDIM)
COMPLEX RATIO,KONST,DENOM4R1,7
CUMPUTE CONSTANTS. PiESET ARKAY
KONST(1)=2.%1/7
DO 1 J=1,IDIM
RATIO(J)=(0es04)
CONTINUE
[=101IM=-1 :
RATIO(IRIMI=Z/(2.%1D1M)
» CCMPUTF RATINS
DENUM=KUNST(I)=RATIN(I+1)
IF (DENGM) 3,4, 3
RATIC(I)=1./DENCM
GU TO S
RATIC(I)=1.0F300
1=1-1
IF (1) é,6,2
RETURN
END

SUPRCUTINE FRWRD (Z,HATIO,ININM,KR1)

DIMENSTION RATIC(INIM)
COMPLEX RATIO L9 Z XUNST
KONST(1)=2.%1/7
IMAX=ICI4=-1
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RATIO(1)=F1
NN 7 I=1, IMAX
RATICUI+L)=(RATIO(T)*KONST(I)=(14404))/RATIOCT)
7 CONTINUE
RETURN
END

SUERCUTINE COESS (79JZ9J1eY2Z oY1 gH2Z4H?21 o IVALCHK yIPRINT)

FEQUIVALENCE (JZFRO9JZ) 9 (JOUNESJL) o (YTERU WY Z) g (H2Z L1149 H2Z ) g LI420 NE
$H21) o (IVALCHK yCHECK) y ( IPRINT,PRINT)
COMPLEX JZyJdlyYZ43Y1lyH2ZyH21
INTEGER PRINT,CHFCK
COMPLEX I.,JZEQHQJUN&’YZF‘_QU'YUNEQZS";)'FACYvZFACT,JZ.A”‘)leAi”’]
$oELoPyQoCUSPoSINP HZZERDGH2ONE gCONST o WHITNSK
TYPE CCMPLFX CSERTyCLOGYyCCUSyCSINGLFXP
REAL MAX
MAX=SQRT(2.0)%(1.CE150)
CHECK=0 ‘
IF(CARS(Z)= 6.)1,41,10
1 JIERC=(1e90s)
JUNE={1l+90.)
YIERO={(ey04)
YONE={1le90a0)
FK=1].

FKFACT=1.
1) 750==2%7%,25

ZFACT=(10100,
SKiINV=1,

2 LFACT=2ZFACT®ISN
FACT=2FACT/FKFACT
JZADD=FACT/¥KFACT
FK=FK+1].,
FKFACT=FKFACT*FK
J1ADC=FACT/FKFACT
JIEKG=JZIFRO+JZALD
JONE=JONE+J1ADDC
YZERC=YZERC+JZADD*SKINV
YUNE=YONF+JLANDR{SKINV+SKINV+]1 . /FK)
SKINV=SKINV+1l./FK
IF (CABS(JZADD/JICRC)GTLLe0E=-25) GO T1v 2
IF (CABS(J1ADD/JUCNF) GT1l.0F=-25%) GU TO 2
JONE=JONE*7%0,5
IF (ZeFQel0e90e)) GG TO S
YZERG=( (5772156646 +CLUGIZ%*,S)V*JZERO-Y7CRUI/LSTITIHI2ATAS
YNNE={(5772156649+CLOGIZ%.5) )%JNNE={1.=ZSQ%YONF) /L) /12707363757y
15
H2ZFRC=JZERN+(Ne9—- 1V *Y/FERU
H2ONE =JONE +{0e9=1e)%Y(NE
GO T 6
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5 YZERO=(‘10F300!OQ)
YONE=(-1.6300,0.)
H2ZFRM=(1.F3030,0.)
H2GNE={1.E30U0,0.)

CHECK=1

RETURN -
C CABS{Z)aGTe66 ¥k =PI LT ARG(2)&LTPI FCR PROPEX M,
10 FACT=3,14159265359%7

FACT=CSQRT(FACT)
CNSP=CCOSIZ)/FACT
SINP=CSIN(Z)/FACT
JFACT=(leela)*CEXP({0,,=14)%2)/FACT
U=0.

EZ=8.,0%7

200 FN=1.

FK=1.
P=1,

- Q=(U-1.)/C17
FACT=Q

15 FN=FN+2.0
FKSFK*IQ
FACT==FACT*(U-FN*FN)/E2/FK
P=P+FACT
FN=FN+2.

FK=FK’1. )
FACT=FACT®{U-FN*FN)/F2/FK

W=Q+FACT

IF (CABS{FACT/Q).LT.1.0F=8) GO TO 40
IF {FK.LT.21.0) GO TO 15

40 IF(U) 300,3CCy40C

300  JZERC=(P+Q)*COSP+{P-Q)*SINP
YZERU=(P+Q)*SINP-(P=-0)*COSP
H2ZERN=ZFACT®*(P+{0ey=1.)%0Q)
iJ=44
¢0 TC 200

400 JONE=(P+Q) %S INP=-(P-0)*COSP

‘ YUNF==(P+Q)*COSP-(P-N)*SINP
H2UNF=72FACT*(Q4(0.y lo)%P)

WRONSKIAN CHECK

e NaKe

CONST={2e90)/(3.141562653589793%7)
IF ((CARSUJZERD) «GT oMAX) cURSICARSIJONE) s UToMAX) &R {CARSIYZFUIY) o657
£.MAX).ORL{CABS(YONE)GToMAX)) CHECK=1
IF (PRINT.FWJ.0) RETURN

P=JUNE*YZERQO

QU=JZEROXRYONE+CUNST

WRONSK=P/Q
DIFF=1,000000000001-CARSI{WRCONSK)

IF ( ABS(DIFF)LTaleNE-3) RFTURN

I+ ( ABS{DTIFF).GT.le0E=-6) GO T 8
PRINT 7,2




11

12

a¥ala!

FORMAT (66HOWRONSKIAN CHECK FOR BFSSELS,

t 10%*-6, 7=2€E16.7)

RETURN

IF ( ABS(DIFF).GT.1.0E=-4) GO T 11
PRINT 9412

FORMAT (66HOWRUNSKIAN CHECK FOR BESSFLS,

t 10%%-4, 21=2E16.7)

RETURN

IF ( ABS(CIFF)GTL.1.0E-2) GG TO 12
PRINT 12,2

FNRMAT (66HOWRUNSKIAN CHECK F(R RESSELS,

$ 10*%x-2, 7=2F16.7)
RETURN
PRINT 14,2

FORMAT {74HOWRUONSKIAN CHECK FOR BESSELS,

$SEMENT TO 10%%-2, 7=22C16.7/)
RETUKN
END

FUNCTION ARG(Z)

TYPF COMPLEX 7
X=REAL{2Z)
Y=AIMAG(2Z)

IF(Y) 14241
IFIX) 34494
ARG=2,14159265356
RETURN

ARG=0.0

RETURN
ARG=2O%ATAN(Y/{SQRTIX*X+YRY )+X})
RETURN

ENC

COMPLEX FUNCTION CEXP(Z)

TYPE COMPLEX Z,1

I=(0erl.)

X=REAL(Z)

Y=AIMAG(Z)

IF (Y) 14241
CEXP=EXPIX)E{CUS(Y)+TxSIN(Y]))
RETURN

CEXP=EXP({X)

QFTURN

END
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COMPLEX FUNCTIUN CCONJIL(?Z)

TYPE COMPLEX Z,1
I=(0eyl.)

X=1

Y=7I*%1I
CCONJ=X+]®Y
RETURN

END

COMPLEX FUNCTIUN CCUS(Z)

TYPE COMPLEX Zy1l,E12
TYPE CCMPLEX CEXP

[F (AIMAG(Z)) 241,2
CCOS=CCSIREAL(Z))
RETURN

I=(0eyle)
E1Z=CEXP(I%Z)
CCOS=(EIZ+1./E12)/2,
RFTURN

END

COMPLEX FUNCTICN CSINUZ)

TYPE COMPLEX 7Z,1,E1Z

TYPE COMPLEX CEXP

1F (AIMAGIZ)) 2,1,2
CSIN=SINIREAL(Z))

RETURN

I=(0eyle)d

ET1Z=CEXP(I%7) )
CSIN=(EIZ=1./E1Z)/(2.%1)
RETURN

END

COMPLEX FUNCTION CLOGUZ)

TYPE CCMPLEX Z,1

I=(0eyle)
CLOG=ALNGICABS(Z))+1*ARG(Z)
RETURN

END
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COMPLEX FUNCTION CSQRTU7)

TYPE COMPLEX Z,yl

I=(0esls)

THETA=ARG(Z )*0.5
CSURT=SQRT(CABS(Z) )% (CNSI{THETA)+IXSIN(THETA))
RETURN

END
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