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Abstract

This paper extends the results for propagation on random lay cables. As with previous results we consider

the case characterized by circulant matrices for which some deterministic results have been found.
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1. Introduction

In analyzing the propagation of waves on a nonuniform multiconductor cable it is instructive to look at
certain aspects which are not statistical in nature [7] before tackling the more difficult statistical aspects. Here we
have found, based on the canonical problem of a cable with a single set of N wires on a common radius circular
cylinder (inside a reference cylindrical shell) with Cp symmetry) that the common mode is unaffected on
interchange of wires along the cable. Furthermore, the differential modes for N = 2 and 3 are also unaffected

(negligible reflections).

We need to understand, for higher N, what the reflections on wire interchange do to the differential-mode

propagation. Such is the subject of this paper. Let us retain the above Cp symmetry for this purpose. This will

lead to some statistical properties of the differential modes.

2. Product-Integral Representation

The general form of the N-conductor-plus-reference multiconductor-transmission-line (MTL) equations is

(for voltage and current vectors)

d (7 (2:5))

dz\ Z(I,(z.5))

(Fun(z9),.,)
((Fn,m (Z))u,v)

(7 (0.5))

Z(1,(29.5))

= (Fam(z),, ) ©

- —y((Fn’m (z))wj
Onn)  (Fonmc)]

= 4 (real)

(fgn,m(z)) (On,m)
(Z,'%m (z,s)) = s,u(fgn ” (z)) = per-unit-length impedance matrix (N X N)
-1
(Y,;’m (z,s)) = sg(fgn " (z)) = per-unit-length capacitance matrix (N X N) 2.1
= se(2,,, (=)

(ch’m (z)) =Z ( fgn’m (z)) characteristic impedance matrix

For the N wires (plus reference) in a uniform isotropic medium. We also have



T
( Senm (z)) = ( Senm (z)) (reciprocity) with nonnegative eigenvalues)

(0 ) = (i )

1/2
Z = [ﬁ} = wave impedance
£

—-1/2

v = [ue] = propagation speed

s .
— = propagation constant

<
Il

l
Il

two-sided Laplace transform over time (¢)

= Q + jw = Laplace-transform variable or complex frequency
This is a special case of a lossless system. Appendix A gives some important properties of ((£7; ,(2))y,v) -

The solution of (2.1) takes the form

_ ((Un,m(Z»ZOQS)) j (Z ZO;O»))

(2.3)
z ((I:n,m(z’,s))u dez' (product integral)

The product integral has many important properties [4-6, 8, 11] which will help us.

3. Interchanging Wires at Various Positions z, Along Multiconductor Transmission Line
At various positions z, along the multiconductor transmission line the positions of the various wires

(excluding reference (or shield)) are interchanged. This is accomplished by a permutation matrix (Appendix B).

Applying this to vectors as
3.1

relocates each wire to a generally different position of some other wire, there being N such wire conditions. In the

process the wire numbering is permuted according to (5, ,,) at the position z.



Going along from z; to z; where such a permutation occurs we have from (2.1)

(3.2)
T -

= | (), + () = () |+ (Br), = [2070 (zoo0)]
This indicates that ( fgn m ) is transformed as

(fgn,m ) = (Pom), * (fgn,m ) * (Pum), (3.3)
and similarly as one goes to permutations at zj , etc. From the voltage vector we find the same for

-1 -1 T
(fgn,m ) - (P”am )1 : (fgn,m ) * (Pn,m )1 (3.4)

and similarly along the transmission line.

Recalling the propagation supermatrix from (2.1) and how it fits in the product integral (2.3) we can write

((Un,m (z,zo;s))uavj _

ZIA[/[ e((fn,m(z”s))u’vde' O'..Olﬂ[e[(f‘n’m(zv’s))u,vjdzr
ZM -1 20
M 7, . o ¥ 2] ~nm Z,’S .
_ ewj_l((r”””(z’ Do J o4 (Fam(=),, o y

= e((fnym(zmys))“”)Az Q-0 e((fn’m(zl’s))u,vjAz

Az + 2z, =12, M

Z¢
where we have chosen ((f“n,m (2,5))y,v))Az to be uniform in each section of common length Az .

Assuming the Az is small compared to radian wavelength we can write



Inserting this in (3.2) we find

((Un,m(zzaZo;s))u’v)
= |:((lnm)uv) + ((~n,m(zz,S))u7V)Az} Q-

Here we have included a factor M2 to account for the oM 2) such times the quadratic factor appears.

Now ((Fy, 1 (z¢))y,y) transforms like (3.2) through (3.4) giving

(0nm) (g o (2041 ))

((Fn,m (zz+1))uvj B ( &m (20+1)) (0m )
_ (On,m) (Pn,m )[_'_1 * (fn,m (ZE)) : (
(P”,m )g+1 : (gfn,m (Zf)) ' (P”am)ir] (O”am)

So the summation in (3.7) looks like

(3.6)

3.7)



o O lintl] [0
M

(=1 (gfn m (Z[ )) (O”am) (an,m ) (On,m)
M
(an,m ) = ;%(fgn,m (Zf )) (3.9)
M | 1
(Grum) = 237 (&m 0)
1=l

(25,0 ) = (Fep (20)”

Now, appealing to Appendix B ((B.9) through (B. 11)), we have, assuming that all permutations (7, ,,,) are

equally likely,

(g (1)) = avg((Pn’m) (e (20)) + (Prm )Tj

%Zf Snn (diagonal elements)
VN Z Tenm ~ Z Tenn (off-diagonal elements)
n,m=l1 n=1

(g (20)) = 35 (Pr) + (i )+ (Bun) )

N N P?
Z J, ; nn | %Z Je nn (diagonal elements)
n,m=1 n=l1 i
= r 2
N
Z Te, m /, om' |~ ﬁ Z Je nm (off-diagonal elements)
n,m,m'=l1 n,m=l1
: e (3.10)

In these formulae we have considered the geometric-factor matrix ( fgn m) which has negative off-

diagonal terms (mutual inductance). The same formulas apply to its inverse (g, ,(z¢)) which has positive off-

diagonal terms (mutual capacitance).



4. Application to Circulant (f, nm )

As mentioned in Section 1, and illustrated in Fig. 4.1 let us consider the special case of N perfectly

conducting wires of radius »( with centers on a common radius of ¥; and surrounded by a perfectly conducting

cylinder of radius ¥ . With N wires we have the wire centers positioned at

¢n = n¢l
ox .1)
"W

From Appendix C we have the result for a single wire corresponding to n = 0 or N, but applying to any

individual wire

Wy b4
fgl,l _ fgn,n = i{fn[r—(?] + Zn(ly—(l)ﬂ 4.2)

From Appendix D we have the off-diagonal terms as

&n,m Em,n

nm n*m

4 2
p v 2r|ln—m
LTI e “

U]

For this we find

fg1 | (diagonal elements)

44

o 20)) -

N
ﬁ Z f 2lm (off-diagonal elements)

m=2

(independent of n). For the second term we have



{WOT +1 - 2{%}2 cos[zn[m_n]J
1 \Pl \Pl N (4 5)

= ——1/n
fg”»’” n<Em 4 2{1 (27z[m—n]ﬂ
—cos| ———+
N

An alternate representation is

. N
N—1Zfl””
m=2

wol' [ W] o 22 (4.6)
_iﬁ ﬁ! {‘1’1} zfl;{[‘z;gml]ﬂﬂ N j

In matrix form we can write

‘Wg((fgn,m (20 ))) = Ja (ln,m )

. N—Zf o) (1]

4.7

For the variance we have

var((fgn,m (z¢ )))
N N

RS z f 2 - LZ f (diagonal elements)
N En,m N &n,n &

B n,m=1 n=1

IR LN
Y Z fgn’m f. g |~ m Z f, Snm (off-diagonal elements)
n,m,m'=l1 n,m=1

N

2 2
ng Lm fg1,1
m=l

= 2

1 N | N N ! N
| 2| 2 onn| 2 g || T 2 e
n=I[ m=1 m=1

=t En,m
m'=1




= 5 (4.8)

For interpreting this result we have used the properties of bicirculant matrices

N N
sce = sre = Z fg nm = Z fg nm (independent of n, m)
m=l n=l1

N N
sce2 = sre2 = Z fgznm = Z fgn’m (independent of n. m)
m=1 n=l

de = fglm (independent of n) 4.9)
de2 = f 2 (independent of n)
En,n
Then (4.7) can be written as
avg ((fgn,m (Zf))) = de(ln,m)
(4.10)

+

Nl_l[sre - de][(Un’m) - (ln’m)]

and (4.8) can be written as

sre2 — de2 (diagonal elements)

var((f n,m (20 ))) N= 22 [sre]2 (off-diagonal elements)
[V-1]

[sre2 — de2] (1,,,,) (4.11)

N—_zz[sre]z () = (tam) |

o

Similar results apply for (g Fam ).

Consider a few cases. For N = 1 there is only one element giving

10



an((fgn’m (Zz))) = (fgm)
var((fgn,m (Zf))) = (0)

4.12)

noting that there are no permutations. For N =2 we have

@e( fey (20))) = Ser (1nm)
+ Jan [(“nm) - (ln,m )]

- {fgl,l fgl,zj B (f )
- ~ \V&n,m

Taip Jaiy
Var((fgn)m (Zg))) = [sre2 - deZ](lnym) (4.13)
= f2 (ln,m)

g1,2

2
0
B /, 21,2
h 2
0
/ 1,2

“Vg((fgn,m (Zf))) = fg1,1 (ln'")
+ %[fgm + fg1,3}[<”"’m) - (1”’”)]
= Jai; (IHM)

1
* 7 e [(”nm) = (lnm )}
(cyclic nature) (4.14)

For N = 3 we have

fgl,s = fgl,z

Var((fgn,m (Zg))) - [fél,z " fﬁm}(l”’m)
¢ 5l [(tnm) = (tnm)]

= 2f2 (ln,m)

21,2

2
s + s Lan) G

11



These three cases correspond to the special cases in [7], in which the eigenmode propagation is not perturbed by
wire interchanges. For N =2, 3 we have merely a sign change some number of times on the voltages and currents in

each of the differential eigenmodes.

\ reference

conductor (shield)

Fig. 4.1 MTL with Cpy Symmetry: Example for N = 6.

12



5. Low-Frequency Form of the Product Integral

With M uniform sections of our MTL we can write our product integral in the form

(@ Car-2029),., ) = ﬁ;y((f“gn,mc'))u,vjdzr

20

M e—y[( an’m (zg))uyvjAZ

L

(successive terms to left in dot-product sense) (5.1)

—_—

As = M~ 20
M

Since the propagation supermatrix is uniform in each section of length Az we can evaluate each section analytically

as an exponential matrix. This gives the product of M matrix terms (successive multiplications on the left).

The product in (5.1) can then be approximated from Appendix F as

M
((Un,m (ZM,ZOQS))u,V) - {((%m )uv) - 7AZ((an,m (2 ))uvj . O([}/Az]2 )}
. (5.2)
i ((lnm ) V) - yAZi[(an,m (Z/))u VJ + O([M}/Az]z)
r=1

There are O(M 2 ) quadratic terms. Thus we have for random permutations

((Un,m (ZMszo;S))u’V)
(), =7l - Zo]iﬁ[(@n,m ), |+ of[rtew =01F) 63

Now we have (from (3.10)) for random permutations

13



(0nm) an((fgn,m (¢ )))
@8((87,, 1)) (O]

avg[(an’m (z ))WJ -

f 211 (diagonal elements)
avg ((f zy )) = .
o ( ) Nl 1 Z / 2lm (off-diagonal elements)
m=2
gf;, (diagonal elements)
avg ((gfn m (Z[ ))) = 1 |
7 N-1 Z gfi,, (off-diagonal clements)
m=2

Using the exact results in Appendix F we can also use

| Il
(@}
e I
@
=
1
—_—
—_ :'_‘
B s
~ ~—
(e}
=
=
1
— <
&
—
N
S ~
5 _ |
=
B I/
< —_—
N—
e
| S
— 3
Y —_
o N
= ~—
N <
—~ <
< "
— 2
= =
< —_
== F
—
o
5 ~
= | |
—_
B
~
| |

which can be used for Monte-Carlo calculations. Expanding for small M Az =y [z M= ZO] we have

(GBI
R () ) ¥((rn e+ ol
b 8 {n o, J-et - oo

which will find later use.

14
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(5.5)

(5.6)



6. Low-Frequency Form of Voltage, Current, and Input Impedance

From Appendix E we have the result that the differential modes, and hence differential currents and

voltages, have average value zero. So we write

1
~ (i - 1
(Vn(dlf)(z,s)) = (Vn (Z’s)) - V((zag) :
1
- 1 N -
T = e =T
n=
1
~(di - 1
(I,(ldlf)(z,s)) = (In (z,s)) - I((Z‘;‘%) .
1
N
fave) _ 1 5y _ 10
I(Z‘;é)’ = an:“lln (z,5) = NI(ZC’S)
17((;)?) = common-mode voltage (average)
IN((ZC)S) = common-mode current (or total current) (6.1)
7 (©)
N((ZT’)S) = 79 = common-mode impedance (independent of z and s)
1
(2,5)

The common mode is unaffected by the wire interchanges and propagates deterministically along the transmission

line. From Appendix C we have from (C.18)
2© = zr{M (6.2)

Setting up our gedanken experiment, let us set

(~n (ZK’S)) = (ch’m(zl)) y (in (Zévs)) = Z(fgn,m (Zli)) y (in (Zéas)) (6.3)

For the common mode we have

15



(Vn(c)(z,s)) _p|!

1

19 (z,5)| :
= Z(an,m (ZE)) ° % (6.4)

1

N
z1© (z,s)% Z fgn,m (Zg) (independent of n)
m=1

= Z ;1) (2,5)

We can see that the row (and column) sum (we have frequently encountered) is slosely related to the common-mode

geometric factor f, g(N) .

As we have seen (in [7]), there are no common-mode reflections on wire interchange. Hence, with no

reflections back to the source we have
) -7 f(N ) (6.5)

independent of frequency.

Now look at the differential-signal propagation. Note that, with the common mode not generating any
differential modes on wire interchange, the reciprocity theorem assures us that the differential signals do not couple
to the common mode. At any z we can expand the differential voltages and currents in terms of only the eigenmodes

for f = 1,2,...,N—1 (Appendix E). Each of these modes have zero average. For all z we can then say

N .

3740 (2,5) = 0

n=l1

N p (6.6)
I (z) =

n=l

|
S

There can be various reflections and transmission losses at each z,, but the zero averages still hold.

Now let us write (using Appendix F)

16



RN [(V%""f’ ) J _ {(@“’"” ) J

2[5 (=) | | 2(H (20.9))
(et o
= \U JZIM ©)
nm (20:2035)) Z(f,(,dif)(zfss)) (6.7)
- Ly Fn,m(z ) Az
((Un,m (Z(),ZM;S))uV) = H e (( 4 )uVj
’ =M
1
H K(ln’m) )cosh(yAz) + ((Fn’m (zf))uvjsinh(mz)}
(=M
noting the sign reversal on Az in going from larger to smaller z,. Now constrain
(vt 9) = (Ze, ) = (Ta o) = 2( iy (2ar) < (T (e ) (63)
to properly terminate the transmission line.
Writing out (6.7) gives
(Un m (20.201 S))ll (17,1 (z s)) + ((jn,m (Zo,ZM;S))L Z(f’(ldif) (ZM’S))
= (7D (z0.))
~ - . (i (6.9)
(Un,m (zO,zM;s))L1 . (Vn (zf,s)) + ( n,m (Z(),ZM;S))ZJ . Z(Ir(z if) (ZM’S))
- z(i,gd"ﬂ(zo,s))
Enforcing (6.8) gives
|:(0an (Zo,ZM;S))l’l-F(U

o (z0:23055)) 5 * (2, (ZM))} (7D (z0105)) = (P (20.5)) o
(Onm Gouzvris))y, + (O z0-20059)),, (2, (n0)) | (75 (g o)) = 2160 (z0.)) |

Eliminating (V,gdif) (zpr.5)) gives

17



[(Un,m (202 ;s))l’1 + (Unm (z0.2p ;S))l,z . (gfn,m (zp ))Tl . (I?n(dif) (O,S))

. (6.11)

~ ~ ~(di
= |:<Un’m (ZO,ZM;S))2 1 + (Un’m (ZO,ZM;S))2 ) . (gfn’m (ZM )):| . (gfn’m ) . (ch,m ) . (I}g lf) (O,S))
The input impedance is then found from

(V(dlf) 0,5) ) (Z(dlf) (0 s)) (f(dif)( ))
(Unm 20-ZM > S Up m(ZO IM> S)) (gf (ZM ))}'(fgmm (ZM ))

Unm 2052M > S) (fgnm M ) (Unm 20-ZM>S )2 2:|_1.(fgn’m)'(zcn’m) (6.12)

)-|
(@
{ +L tanh ;/Az] (gf ] (fgnym (zM))

-1
{<lnm)+[€1i[/l(gf (z ))tanh()/Az)} (fgn’m(ZM))] .(gfn,m)-(ch,m)
Now set

(fgn, (z ))E(fg m) (gfn’m(ZM))E(gfn,m) (6.13)

This basically assures that wire n at the source connects to wire n at the load. Expanding for small y{z;; —zg]

gives

M

(290 (s)) - [(1n,m)+y[zM ﬂo]{%Z(fgn’m (= ))}-(gfn’m)w(M[sz)}

(=1

-1
'(fg,,,m)'[(ln,m)JrV[ZM —zo]lﬁg(gfn’m (zy))} .(fgn,m ) + O(M[;/AZP)}

=1
(0 * (Zer)
M

= |:(ln,m)+ e _ZO]EEI(&W (20 ))}(gf,,,m ) + O(M[7AZ]2)]

M

e B 00 ) ol

=1
(50 * (Zer)

18



= [(1,,,” )+7lzm - ZO]H% % (fgn,m (20 ))}(gfn,m )

l=1

Y (6.14)
_ (fgn,m ) . El(gf"’m (zf)) H + O(}/[ZM _ZO]Z)] . (ch’m )
Here we see that at low frequencies, as we would expect,
(Zr(alj:n) (s)) = (ch’m )[1+ O(}/[ZM —zo])] (6.15)
Since the cable is electrically short.
We can also look at the signal transfer to the load ( ch’m ). From (6.10)
{coshM (7Az)(1nm) + yAz{gllA[/I(fgn Lz ))] . (gfn,m )} . (Vrgdif) (zpr ,s)j = (17,1 (O,S))
(7 (as) = (75 5) ) (74 05)
( pleif )(s)j (6.16)
-1
= l:COShM (}/AZ)< n,m ) + 7AZ[ ll[ (fgn’m (20 ))] y (gfn,m )]
(=M
= (o) =7[2u0 —zo]{ﬁg (fe0m (zz))]-(gf,,,m) +0(#zm -z

Now from (3.10) for random permutations with the choice of (6.14) we have, noting the zero average

values of the differential signals

avg((ﬂd?f )(ZM,S))] _ avg((ﬂ(d"f )(zo,s)j] - (0,)
{0

= (Lo )+ 7[2m ZO]{fng (1”’")

19



1 N

51| 2 o ()~ () 57,0

+0([r [z -]
avg ((Z(dlf) (S)D = {(1’“”) = 7lzm _ZO][fgl,l (1n,m)

(6.17)
1

P (R RC) | REr

N

Al )[g " (ln,m)+ﬁ{m§2 Zhim }[(un,m)—(ln,m )]]
+ O{}/[ZM —zo]]] . (Zc,,,m )

For the variances we appeal to Appendices B and G. Since T’ (@) starts with identity, we find from (G.5)
that

o{0m)
- O([k[zM —zoﬂzj (6.18)

. N
Jk = j—
\'%

<
I

Similarly we find for the input impedance

(6.19)

So while the averages are first order in frequency, the variances are second order. To calculate these to second order

the matrices in (6.14) and (6.17) need to be expanded through second order.

7. Concluding Remarks

So now we have a beginning on the theory of random-lay cables. While it strictly applies to random wire
interchanges in a circulant system, one may expect that some features of this will lead toward properties of more

general situations.

20



Appendix A. Properties of ((F,,,(2))y.v)

From Section 2 we have a 2N x 2N supermatrix

(Onm) (S ()]
(fgn,m (Z))_l (On,m)

(f )< o) o]

n.m 0forn+m

So this supermatrix is a square root of the superidentity. From this we also find

With zeros on the diagonal we have
tr((Fn,m (Z))uv) =0 = sum of 2N eigenvalues

For the determinant (A.2) gives

det? ((an (Z))u,vj =1

We also have [9] with square (4, ,,) and (D, ;)

21

(A.1)

(A2)

(A3)

(A4)

(A.5)

(A.6)



(since the zero matrix commutes with all matrices of same size). Applied to (£}, ,,(2)),,y) We have

det2 ((an (Z))u,vj det(_(fgn’m (Z)) . (fgn,m (Z))_1]

det(—(lnym)) = (-)N (A7)
{ 1 for N even

—1 for N odd
resolving the ambiguity in (A.4).

Since the eigenvalues of the superidentity are all 1 (2N of them), the eigenvalues of ((F}, ,(2)),y) are all

+1. In order that the trace be zero, then we have

(B @),y ) © ((50), ), = 2 ((30),), s
/Iﬂ = +1 (Nare+1andN are -1)

This is also consistent with (A.7), with the determinant as the product of the eigenvalues.

Appendix B. Permutation matrices

Consider N X N permutation matrices (£, ,,) of the form

00
0:
10 eeneenen 0
(Pn,m) =10 B.1)
10
010 e 0
10

where each row has exactly one element 1 with N-1 elements 0, and similarly for columns. Applying this to our
N-conductor transmission line, this corresponds to moving a wire at some position m to position n corresponding to

the non zero elements of (7, ,,). Note that

22



so that the inverse is not singular.

Since (for general N X N matrices and (7, ,,) in particular)

det((Pn’m)T ] = det((Bym))

then we have from (3.2)

det((Pn’m )) = +1

with both values appearing, depending on the particulars of the row/column reordering.

In the combination

(Fun )+ (@) (Bum)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

the diagonal elements are reordered as diagonal element. The off-diagonal elements are reordered as off-diagonal

elements. This property allows us to state

() @uan) (B | = (20
0 () (Gu) ()| = c((01)

There is a list of the properties of such matrices in [2], such as

23
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o) (Qun) ) | () (Qun) ()
() (@) (B |- () (R ()| @

= (P )+ (@nin)* (B )+ (Pacn)

There are stochastic properties, assuming that all permutations are equally likely, including

avg ((Pn’m )) = expected value of (Pn’m)

- o)

Upm =1 forall n,m

avg ((Pn,m )+ (G )+ (B )T j

% Z On.n (diagonal elements)
n
. 5 2 Oy.m (off-diagonal elements)
N _N n,m
nm
T
Var((Pn,m )+ () * (B ) (B.9)
1 1 2
ﬁ{z Qr%,m } - {W > Onn } (diagonal elements)
n n
= 2
1 1 .
) Z OnmOnm' |~ — Z On.m (off-diagonal elements)
N= =N | nmm' N° =N um
n+m

Note that variance is also defined as

var((Rym)) - avg[[(zen,m)_avg(zen,m)ﬂ (8.10)

The form that these take allows one to write
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‘Wg(( ) Qnm * Pn,m

)
{ZQW nm {

[CE(]

var(( m)*(Onm)* Pn)m)T) (B.1)
2
LZ,:,, On m} - |:%§Qn,m:| (ln,m)

2
+ 1 [ z Qn,an,m'] - [ﬁn’% Qn,m] [(”n,m)_(ln,m )}

2
N*-N n.m,m'

Appendix C. Geometric-Factor Matrix For N Equal Currents (Common Mode)

As in Fig. 4.1, let us consider N wires of radius rp at a common distance of ‘¥ from the center of the

surrounding circular cylindrical conductor (of radius ¥y ). The wire centers are placed on angloes

¢, = ngy , n=1...,Norn=0,...,N-1

27 (C.1
=5
noting that wire number zero and N correspond to the same wire.
From [1] we consider the conformal transformation defined by
{=x+jy= pelt (complex coordinate)
w(¢) = u(¢) + jv($) (complex potential)
, 1/N
c = [e‘NW(‘?) +1}
(C2)

This w'(¢) corresponds to N wires in free space. To include the effect of the conducting boundary of radius W

we find a potential due to image wires (of opposite charge) at a common radius
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wi = 20 (€3)

;=2 (C4)

and find another potential as

1 w2 I
W(¢) = an {‘P_l()?] -1 (C.5)

Adding these two potentials gives

w(¢)

I
=
o
+
g:
o

¢ N
S
1, L’J (C.6)

2rg < 2\2\] , 70 <<i (C.7)
Similarly we need

ro <¥o — ¥; (distance to the outer conductor) (C.8)

Consider the complex potential on

; = ‘P1€j¢ 5

¢ =¥ (C.9)
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This gives

1[N
#é) = ﬁ”[WJ
N [Ny e /NP 4
I N e |
= an(l) Narg[e—jN¢_1
= u(‘l’lem) +jV(‘P1€j¢)
u(‘Plej¢) =0

|

(C.10)

So the circle of radius W is an electric equipotential. The magnetic potential v({) on this circle phase wraps as

one passes around on the circle.

Now with the outer conductor at zero potential we find the electric potential on a wire as (looking at the

wire centered on ¢ =0)

g":‘l—’1:+r0ej¢',0£¢'£27r

4 .1 N
1+ it
¥

Il
—_
+
=
|\
S

®
E
<
+

i

27

(C.11)



N
Fo i r r
14208 | il = N22 40| N2 2 (C.12)
kS| kS| kS|

Note that this is asymptotic in small Nrg /¥, which requires the wire radius to be very small compared to the

spacing.

Similarly we have

vo Pl o .
n {—0 l+—e /¢ -1
k3| 1
(C.13)
r 2
by r
— || 0] S|+ o| N2
L1 k3|

for constant W /¥ , again asymptotic for small Nry/¥y.

Then from (C.9) the electric potential on the wire is approximately (for thin wires compared to spacing)
2N
1 Y b
u = —{In|— | + (n| | —= -1 C.14
({) N [Nr j {‘P } ( )

Since the electric potential on the outer circle of radius () is zero we have

2N
PRSI 7 . T N 1 B (C.15)
N NI"O \Pl

The change in the magnetic potential around a wire is given by

N . g
v - _L( 0 em} _ 1y
N N (C.16)

2z

AV(I) = N
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There are N such wire currents giving

AV(N) = NDV(I) =2r (C.17)

The geometric factor for such N currents (total) is then

2N
(V) _ A1 ¥, wo [
fg) = () = 5eN @{NFOJ + In L} } 1 (C.18)

As a special case of one wire we have

2
M- 1, % Fo| _
fg o fn[roJ + In {‘1”1} 1

Nro
= Jg for 5=—0 (C.19)

I

_ '
= fgn,n

Note that 7 must be small compared to both ¥ and ¥ — ‘¥, and hence small compared to ¥ . For a circular

cylinder of radius ¥ centered on the origin we have

() _ 1, Yo
feo = 2”&1(\{11} (C.20)

which is a well-known result.
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Appendix D. Off-Diagonal Terms of ( fgn m )

Recall that the potential function for a single wire at ¢ =0 or N is (from (C.6))

K
w(¢) = —in| 3
Nl o
i
o
1 ¥
u(é’) = —Nén - V2 (D.1)
o _
g
i
¢, = Yie N | n=1..,N-1
This gives
27zn
e N -1
u({ ) = —Lfn
TNy P
¥
{ 2{1—(:05(2]7\[]”)}
ln (D.2)
N 4 2
¥ +1-2 Fo co (27[”]
Y Y N
= Auy,
From (C.17) we have the Av going around a single wire as
2
Av(l) = — D3
(1) =2 (D3)

so we have
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ng,m‘mio ~ av()
4 2
{‘Po} H_z[%} cos(zfrmj
- L LA # N (D.4)
A { (ZHmH '
2| 1—cos
N
= fgm,O

Noting the bicyclic form of this matrix we have

En,m nem fgm,n nem
4 2
v v 2r|ln—m
0 +1-2] =01 cos g (D.5)
1 \Pl \Pl N :
= —1/n

4 27r[n—m]

2({1-cos| ———=

N

Besides being bicirculant, ( fgn ” ) has some additional properties.

N
sre = Z ( fgn m ) = single row sum (independent of )

m=1

N
=sce = Z (fgn’m ) = single column sum (independent of ) (D.6)

n=l1
Interchanging rows and columns by a permutation matrix gives

N

sre = ) (Pn’m)'(fgn,m)'(Pn,m )T

m=1

N . (D.7)
= see = E(Pn,m ) : (fgn,m ) * (Pn,m)

merely interchanging the order of the terms of the row and column sums. Similarly we have

N
sre? = > f 2 (independent of 1)
P En,m
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2 N 2
=sce” =) f (independent of 1) (D.8)

-1 n,m

with the same permutation property as in (D.7).

Taking the inverse,

(gf”,m ) - (fgn,m )_1 (D.9)

this is also a bicirculant matrix, and the properties above apply to it as well.

Appendix E. Eigenmodes of Bicirculant Matrices

The bicirculant character of the geometric-factor matrix imparts much symmetry to this matrix. Its general

properties are discussed in [3 (Appendices A and B). In particular the eigenmodes take the form

cos (@J
N

() = {%}“2 27r['N—1]ﬂ
e

(E.1)

1,2,...,%—1 for N even

ﬂ =
1,2,...,E for N odd
2
sin(%j
N
( ) ~ |:£j|1/2
e TN | [27[[N—1]ﬂj
sin| ———
N
1
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+1
_ -1
(W”)N - N2 : for N even (E.1)
2 -1
+1
1

_1211
12 . | (common mode)

(Wn)o = (Wn)]v =N :
1

These have most of the eigenvalues A4 applying to two modes, and we can have
Ag = AN-p for B =12,...N (E.2)

Note that (w;,), is the common mode. In this normalization the common-mode current is

N
I = Iy = I, Y NV2w, (E.3)

n=l1
This is treated separately in the analysis.
The differential modes correspond to
p=1.,N-1 (E.4)

Since the modes are biorthonormal we have

3 _|lforg=p'
(=0l =10 = (L ey ®)

Selecting 4’ as N (the common mode) gives

N
(wn)g + (o) = N2 2 g = N2 14y
n=1

0 for f#N

(E.6)
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and hence

N
an;ﬁco for f=N (E.7)

n=l1
Thus all the differential modes have average value zero. Removing (subtracting) the common mode then leaves the
sum of the remaining currents equal to zero since they are expanded in terms of N — 1 eigenmodes, all of which have

average value zero.

The eigenvalues of bicirculant matrices are calculable from

g = (wn)ﬂ-(wn)ﬂ for f=1,...,N

N (E.8)
(fgnm) = Z ﬂ'ﬂ(wn)ﬂ(wn)ﬂ
p=1
The inverse matrix is given by
—1 N 1
(hm) = (o) = X 25" (5) )
p-=1
/1&1 = eigenvalues for f=1....,N (E.9)
We can also note that for a bicirculant matrix, such as (X, ,,), we have
N
(Xn,m) =2 /Iﬂ(wn )/} (wn )ﬁ
f=1
* N
(Xam) = 2 2p0wn) 5 (wa) 5 (E.10)
p=1
(wy) B = real vector
So we have
(Xn,m) y (Xn,m) = (Xn,m) ° (Xn,m) (commute)
(E.11)

N
> /Iﬂxiz (wy ),B (W )ﬂ = real matrix
B
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Appendix F. Terms in the Product Integral

From (5.1) we have an individual term in the product integral

e—}’((‘”gn,m(zf))u,vJAz _ ((lnm )uv) + i — )P ((F gnm (70 ))u,V]

1
p=17"

Note that

2 ) (On,m) (fgn,m (Zﬂ)) 2 [(1”’”) (OHM)J
(( gn,m(zf))mvj B (fgn,m(zf))_ (on,m) ) ,

for all z,, and likewise for any even p. Next we have
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Appendix G. Stochastic Properties of Complex Matrices
G.1. General

Consider a complex matrix of the form

(anm) = (Bm) + i(€nm)

(bn’m ) , (cn’m) =real N X N matrices

As before (Appendix B) the average is a linear operation

avg ((an ) . (an,m ) ¢ (Pn,m )Tj

o S (RS

So we have

avg[( Bun)*(ban )+ (Bo )" )+ javg((Pn’m)-(cn’m).(

which is complex valued. Stated another (shorter) way we have

k n

e (o), )- Hzam}(lmw i

NZ_N

2 nm [(”nm )_ (ln,m )}

(G.1)

(G.2)

(G.3)

(G.4)

For the variance we need some measure of the deviation of (ay, ,,,) —avg(ay, ;) which we would like to be

real valued (like a 2-norm). For a complex vector (x,,) one definition is [10]

var((x, )) = avg([(xn )- avg((xn ))J . [(xn )—avg(x, )TJ

This gives a real-valued variance.

(G.5)



We need to extend the variance to complex-valued matrices. For this purpose we note that for our NMTL
problem we have a random matrix which operates on (multiplies) a vector of sources which we can consider as a

fixed (not random) complex valued vector (y,,) (N components). So let

()i = (anm), *(7a) (G.6)

represent the signals propagating down the transmission line. Our random variables enter through (ay, ,,); , which

represents the kth choice of our transmission matrix.

The average value of (x,,); is simply

(o)) = [ e(onm), |00 @

k k

This is consistent with (G.2, (G.3), except to note that this works for complex-valued matrices as well. Note further

that

azg((an,m )k) - a\/;g((an,m )Z ) (G.8)

i.e., it is symmetric. With
(an,m )k = (bn,m )k + j(cn,m )k (G.9)

then we have

e (anm),) - [avg(bn,m )k} . j{avg(cn,m)k} .10

k k

both parts being symmetric.

The variance is more problematical. Using the definition in (G.4) we have the usual form for vectors [10]
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var((x,), ) = avg({(xn)k—avg((xn)k')}* {(xn)k—avg((xn)k,)ﬂ (G.11)

k k k

Substituting from (G.6) we have

(G.12)

I
e
3

+
.
—_
F"q

3
S~—"

So one choice of variance for an N X N matrix is just (D, ;). Note that if (y,)«(Dy ) (¥ )* is used (equally

valid) then (D, ,, )* appears instead.

Breaking (ay, ,,)) into real and imaginary parts we have
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] o |
) [@n,m h-slln)| U >k‘“vg(<b"°m)k')}

] )
|

+ {(Cn,m)k‘”g((‘“nm)k/) {(Cn,m)k_“]fg((c”m)k')} (G.13)

K

. j{(b,,,m ), ~ve((Buon), )T {(m ), ~ve((cnm), )}

T

=/ {(c”m )i T (<C” m)k')T ) {(b”’m )i TR (<b”’m )k)}

- (E"am)k + (Fn,m)k

G.2 Bicirculant matrices

Noting that the averages are symmetric and the matrices are bicirculant we have

(Enm), = [(b"am )i —ave ((b" ’")k')T " (C’”” )i —ave ((C’”” Je )T

k!

= (Buan), * (Bum), + [avg((bn’m ) k’):z —[avg((bn’m )kﬂ + (Buan ), = (b )+ {azg((bn’m )k)} (G.14)
#(enm )+ (enm )y + {‘Wﬁg ((c"’” e )_2 _[avg ((C’”” e ﬂ “(enm)y ~(enm), * {avg ((cnm )k)}

k

where the (b, ,); are assumed bicirculant (hence symmetric). Noting the property of the average in (G.4) we have

(umly | () )

(G.15)

1 1
= |:N§bn,m;k:| ° bn,m;k + N2 N n’zni bn,m;k [|:zbn,m;k :l(”n,m) - (bn,m )k]

m
n+m

where for this result we have used the property of bicirculant matrices that all row and column sums are the same.

Then the last term in (G.15) is just the transpose and
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k!

kv

(bum), {avg((bn,m)k,)}{avg(@n,m)k,)}.(bn,m )

Similarly we have

N2

1
Z bn,m;k
_Nn,m

n+m

=2 %%bn,m;k}(bn,m )k

[_ {an,m;k

Joum) -t

(G.16)

(G.17)

So the bicirculant property significantly simplifies the result. So (G.15) is reduced to three symmetric matrices for

(by,m)y and three symmetric matrices for (¢, )i , exactly as in (G.18) with b replaced by c.

Next consider
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(Fam), = Bb”’m )i~ or ((b””” )k)} ’ {(C"’m )i~ or ((C””" )k)}
-l ~cnn ) ) - )y {0, )

- (b"»m )k '(C’lym )k _(cn,m )k '(b”»m )k

(o sl enm )] e ), |
- {“;;g(bn,m H (enm)y {a,j,g(cn,m)kr] * (bam )y
+ {“,j,g(@nam)k')} ' {a,j,g((%m )k')} - {a,j,g((%m)k')} : [a,j,g(@n,m )kr)}

(G.18)

Noting the average in (G.4) the last terms give

o e ot o]

k' k
=0
(G.20)

(enm) {“,j;%’((cffm)kr)} - {a,j,g@nam)kl (aan)

=0

This leaves

Fom), = bn,m ‘\am), — \Snm), * bn,m
(= Ol o), — o) ) -

= [(bnm )k , (cn,m )k] (commutator)

which is zero if the two matrices commute.
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Note now that circulant matrices have the same eigenvectors (but generally different eigenvalues); the

commutator is then zero (they commute) giving

(Fom), = (Onm) (G.22)

5

Therefore,

o), ()l )| 623

= (En,m)k =real matrix

From (G.15) then we need to compute the variances of (b, ;) and (¢, ,) separately and add. This allows the

alternate formulae in (B.11) to be used in each case (more compact).

As special cases we can have

(bn,m) = (1n,m)
(cnm) = *[zar =20)(Xnm) ~ (real) (G.24)

y = jk(from s=jo)

Then we have

avg[[(cn,m)_avg(cn,m)fj
Var(<cn’m )) (G.25)

[k[zM - Zo]:|2 var((Xn,m ))

o)

The reader can note that these formulae reduce to those in [2] for real (ay, ;) -
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