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Abstract

We study fundamental issues in electromagnetic scattering the-
ory, with an emphasis on pole behaviors of a lossless sphere arising
from the singularity expansion method (SEM). We use Mie Theory to
solve the electromagnetic scattering problems for spheres with lossless
boundary conditions and an incident plane wave. We show that for
certain lossless impedance boundary conditions there exist second or-
der poles. Our general procedure to directly construct lossless sheet
impedance boundary conditions which will produce high order poles
is discussed as well as the difficulties to which it leads. Foster’s The-
orem is imposed on the impedance condition for the electromagnetic
scattering to ensure that a lossless scattering problem is obtained.
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1 Introduction

The singularity expansion method (SEM) [1] was introduced in 1971 as a
way to represent the solution of electromagnetic interaction or scattering
problems in terms of the singularities in the complex-frequency (s of two-
sided-Laplace-transform) plane. Particularly for the pole terms associated
with a scatterer (natural frequencies), their factored form separates the de-
pendencies on various parameters of the incident field, observer location,
and scatterer characteristics, with an equally simple form in both frequency
(poles) and time (damped sinusoids) domains.

Although in practice, we only encounter the first order scattering poles,
an interesting question concerning the SEM concerns the existence of higher
order scattering poles. Carl Baum showed that 2nd order poles can be con-
structed for a transmission line problem [4]. Since the transmission line
problem is finitely dimensioned, we can actually use the scattering matrix to
find the poles (i.e. the eigenvalues). However, in general the problem is in-
finitely dimensioned. Thus, we consider a classical model problem, scattering
from a sphere with an incident plane wave. We compute the exact solution
using Mie Theory. In [1], Carl Baum showed that for a perfectly conductor
sphere, there only exist first order poles. Sancer also proved some similar
results for a general shape perfectly conductor scatterer in [5]. Those works
give a closer simulation of the electromagnetic-scattering case and contribute
to the discussion concerning 3-dimensional electromagnetic scattering from
lossless, as well as perfectly conducting targets.

In [3] we show that for the acoustic scattering problem high order poles
can be constructed for certain impedance boundary conditions, while for
hard and soft spheres there only exist first order scattering poles. The gen-
eral procedure to construct arbitrary order poles is also discussed. In this
paper, we show that the electromagnetic scattering from a surface impedance
loading sphere can be reduced to the acoustic scattering case (scalar wave
equation). Thus, all the results from the acoustics scattering in [3] will follow.
We also show that there exist 2nd order poles for electromagnetic scattering
from a sheet impedance loading sphere. Foster’s Theorem is imposed on the
sheet impedance condition to ensure the scatterer is lossless. The notes we
mentioned above are available at [7].



2 Scattering from a lossless electromagnetic
sphere

2.1 Introduction

We are considering the problem of a plane wave incident on a sphere (with
perfectly conducting surface and lossless sheet impedance loading respec-
tively) as illustrated in Figure 1. An E wave has been chosen as an incident
electromagnetic plane wave propagating in 1, direction. The scattered so-
lution as well as the surface current density can be written explicitly using
vector spherical harmonics. In the case 1, a perfectly conducting surface,
we will briefly summarize the work done by Carl Baum, which shows that
there exist only first order scattering poles. In the case 2, a lossless sur-
face impedance loading sphere, we can derive the same results as those in
the acoustic scattering. In the case 3, a lossless sheet impedance loading
sphere, there exist 2nd order scattering poles for some mathematically cho-
sen boundary conditions. Foster’s Theorem is enforced on the impedance
function Zs(s) to guarantee it is a realizable physical boundary condition.

2.2 Formulation of the electromagnetic scattering prob-
lem

Define a set of orthogonal (right-handed) unit vectors by

I, = sin(6)cos(¢r)1, + sin(@;) sin(¢1)1, + cos(6))1,
I, = —cos(f))cos(¢)1, — cos(fy)sin(¢y)T, + sin(6;)1.
Iy = sin(¢)1, — cos(é1)1,

As shown in Figure 2, 1; is the direction of propagation and I, and 15 are mu-
tually orthogonal unit vectors, each orthogonal to 1; to indicate the polariza-
tion of the electromagnetic fields in the incident plane wave. For convenience
1, is chosen in a plane parallel to 1; and the z axis (E or TM polarization if
the electric field is parallel to Ig) while 15 is parallel to the z, y plane (H or
TE polarization if the electric field is parallel to Tg) In free space, electro-
magnetic plane waves have both electric and magnetic fields orthogonal to
Tl. Thus only TQ and Tg are concerned. This removes the L functions (details



Figure 1: Spherical coordinate system with EM incident wave
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Figure 2: Spherical coordinate system with polarization




are shown later) in the expansion (plane waves have zero-divergence fields).
We can use the relations between Cartesian and spherical coordinates

x = rsin(f)cos(¢)
= rsin(f)sin(¢)

z = rcos(f)

= sin(f) cos(¢) 1, + cos(8) cos(¢) 1y — sin(p)1,
sin(0) sin(¢)1, 4 cos(f) sin(¢) Ty + cos(d) 1,
= cos(0)1, —sin(H)1y

—_
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I

to express the incident-wave unit vectors in terms of (61, ¢1) and (0, ¢) as
I, = [cos(6)cos(8) + sin(6y) sin(f) cos(¢ — ¢1)]1,

+ [~ cos(6;)sin(9) + sin(fl) cos(6) cos(¢ — ¢1)]T9
+ [—sin(6y)sin(¢ — ¢1)]1,

I, = [sin(6y)cos(h) — cos(r)sin(f) cos(¢p — ¢1)]Er
[sin(6y) sin(#) + cos(0;) cos(f) cos(p — ¢1)]1g

+ [cos(61)sin(¢ — ¢1)]1y

Iy = —sin(d)sin(¢ — 1)1,
cos(f) cos(¢ — ¢1)1y
— cos(¢ — o)1,

Having the direction of incidence and two polarizations expressed in spher-
ical coordinates we can go on to express the response to some delta plane
wave functions. For an incident delta function plane wave we need spherical
harmonics and vector wave function in which to express the expansion in
spherical coordinates. In spherical coordinates we have the common differ-



ential operators as
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Spherical Harmonics

The scalar spherical harmonics can be written as

Vasl0,6) = P ot | ) )

where P\™(z) is the Legendre function defined as

Pr(x) = (~1)"(1— 222 L P (2), Pu(e) = PO(x) =

dx™

Vector spherical harmonics are defined as follows

mp(0,0) = Yomp(0,9)1,
(9; Qb) = stn,m,p(07 ¢) =1, x Rn,m,p
(9, ¢) = vs X Pn,m,p(ea ¢) = _17“ X Qn,m,p

They also are mutually orthogonal in an integral sense on the unit sphere.
The spherical scalar wave functions are defined as

=0 () = () PI™ (6, ¢)
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where f,sl)(w’) = i,(y7) , £ (yr) = k,(yr) are modified Bessel functions.
They satisfy the Wronskian relation

Wi (A), Min(A)} = X (N [Men (V)] — [N (V)] M (V) = —1

v = [sp(o + s€)]'/? with u, o, € are permeability, conductivity, permittivity,
respectively. s is the variable of the two-sided Laplace transformation. Co-
efficients times the scalar wave function Eg,)m,p(yf) when summed over all
possible indices, satisfy the scalar wave equation. For each function we can
write in operator form as

[vZ - ’72]57(1[,)711,])(77:}) =0

From the solution of the scalar wave equation one constructs as usual the
solutions of the vector wave equation of three kinds.

7 — l —\
L) = 1VE0ma(07)
9 — —r l
M0, 07 =V X [Eima(77)]
% or(l
(07 = AV X M (47)

Note that all three kinds of vector wave functions satisfy the vector wave
equation in Laplacian form which we can summarize as

> (1
o] B
T e
Nn,m,p
We can also write a curl curl wave equation for only the second and third
kinds of vector wave functions as

M
[V X V+’)/2]{ N(i) P } =0

n7m7p

The three kinds of vector wave functions have some interrelations as

- — — T l
Mnl,)m,p<fyr) - -Ir X Lgl,)m,l’(fyf‘)
9 — (; l —\
MY, () = =1V x N, (y7)
; ~r(l —
N () = 1V x M, (77
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It is also useful to write them as

L)y = QD)) (0, ) + 1 (4r)) O p (0, 8) /7
M, ,(07) = [fY (W’)]ﬁfn,m,p(e, 9)
N, () = {n(n + DI (7)) Prm (0, 8) + Dy £ ()] Qi (6, 0)} /7

Plane wave in spherical coordinates

As shown in Figure 1, the delta function plane waves (transformed) can be
written as

1;6_711 : Z Z Z nm,pMT(zlmp ’7’/’) + b;lamp 7(117)71 P(’yf‘)]

n=1 m=0 p=e,o0

1 6—711T = ZZ Z n,m,p 'r(zlr)np ’Y’F‘) nmpN'r(lep<7F)]

n=1 m=0 p=e,o

where
! —[9_ \ntl 201 (nem)l PY(eos(0y) | — sin(mer)
(ln,m,p — [2 10,m]( 1) n(n+1) (n+m)!m sin(61) { COS(m(Z)l)
! —[9 _ vn 2041 (nem)! dPS™ (cos(8y) | cos(me)
brmp = 2= Loml(=1)" 5551 G dfy { sin(me; )
Note that we have
1 o A1 - T
_VX[126'71] — 136’71
~
1 =L RS
SV X [I3e7 ™7 = e h

which is associated with the curl relations between the M,(ll)mp and z\Af,(ll)mp
functions. Furthermore any divergenceless electric field expansion (E) can
be converted to a magnetic field expansion (ﬁ ) by dividing by the wave
impedance Z of the medium and changing Méinp to —Ngﬂp and Nngﬂp to
Méznp To go from Hto E multiply by Z and change M7(L %,p to N,(llmp and

[ l
N to =M.



Solution of the scattered field

Define our incident plane wave as an E wave (TM wave)

Eine(7, 8) = Eglye 117

Eln(Fv S) = Eyo Z Z Z [afri,m pM’r(zlr)n p( ) b;; mer(ngn p(’yf‘)]

7, ZZ > W, MY, (V) — L N ()]

nlm 0 p=e,o

The solution of the scattered fields for r > a can be written as

EOZ Z Z fr:,mp 7(127)np ’77“) b;;/mp \ (’yf)]

n=1 m=0 p=e,o0
© n

= E
Hsc<r,s>=7§ZZ > by ME, (v — al N, ()]

2.3 Perfectly conducting sphere

Carl Baum showed in [1] that there only exist simple poles for a perfectly
conductor sphere. Here we will just briefly repeat the same argument in our
context. Constrain the tangential electric field to be zero on r = a, we have

I, x [Emc(ﬁ s) + ESC(F, s)] = 0. Then we get
1 T “r(2 T
1 X [ nmer(L,r)n,p(’ya]-’f) + a;;,mpMT(L,r)n,p(’Yal"‘)] -

Lox B, NY (yal,)+b" N@ (yal,)] =

n m p n7m7p n m p n7m7p

Sl Ol

This give equations for the coefficients as

a/// —_ Zn(’ya’) a/
n,m,p kn (’ya) n,m,p
wo o __ ba(al
n,m,p



To see that the poles must be simple poles we just need to show that all the
zeros of k,(s) and sk,(s) are simple zeros. Since k,(s) is a spherical Bessel
function we have

d? d
2 I— — —_— 2 p—
s 3 kn(s) + QSdSkn(s) [s°+n(n+1)]k,(s) =0

Suppose the zero is higher than first order, say a 2nd order zero at s, # 0.
Since both k,(s) and k/,(s) have to be zero at s,, so does k/!(s). Thus, the
zero must be at least a third order zero. Repeat the same process, we will
eventually have all the derivatives at s, to be zero, thus the function must
be identically zero. So there exist only simple poles for a,,, . The argument
for b, is similar as [sk,(s)] satisfies the Riccati-Bessel equation

n7m7p
52 d?

m@[sﬁg)(s)] —sfP(s)=0

For more details of the perfectly conducting sphere including surface current
and charge densities please see [1].

2.4 Surface-impedance-loaded sphere

Assume we choose the following surface impedance boundary

- - - PN 0 :l:Zs(s)JrQ/a
Eiw = Z (S) s Z (S) - j:Zs(s)—i-Q/a OS

S

where Em = fr X E, fs = TT X Ijlt(m, Zs(s) is the scalar impedance function,
a is the radius of the sphere, the + sign is determined by the choice of
the coordinate system. Use the standard spherical coordinate system as
illustrated in the Figure 1, the above surface impedance boundary condition
is equilvalent to

- Zs(s)+2/a -~
By 2y
- Zss +2/a ~
E¢_+%He) (1)

V- E =0 can be expressed in the spherical coordinate system as

0 2\ = 1 0 - . 1 0E,
(E+E>ET__asin0%(Eesme)_asin6’3_¢ )
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Consider the I, component of the the equation sE=V xH , which is

- I OH,
SET = asind (—9(H¢ Sln@) — a—¢> (3)
Apply the boundary condition (1) to (2)(3), we derive
9 - -
9E =2
87“ T 5(3) r

Thus E, satisfy the exact impedance condition as appears in acoustic scat-
tering problem in [3]

_ Ou
- On
Since E, also satisfy scalar wave equation, the component E, shares all the
results we derived in [3]. Therefore, we are able to construct arbitrary order
of scattering poles for the surface impedance loaded sphere.

n-Vu = a(s)u

2.5 Sheet-impedance-loaded sphere
2.5.1 Lossless sheet impedance

Spherical coordinates (r,0,¢) as in Figure 1 are one of the few coordinate
systems in which solutions of Maxwell’s equations are separable. In partic-
ular let us assume a sheet impedance Z,(s) (a scalar) which is located on a
spherical surface given by r = a and which is independent of 8, ¢. This sheet
impedance relates tangential electric field and surface current density as in
2], we have

T, E(a,0,6,5) = Z,(s)J,(6, 6, )
— > - —

1,= 1 —1,1, = transverse dyad
<~

1 =identity dyad

~ stands for the two-sided Laplace transform. The surface current density
is in turn related to the magnetic field via

T, x [H(a+,0,6,5) — H(a—,0,6,5)] = J.(0,,s)

The sheet impedance function Z,(s) also has to satisfy Foster’s Theorem to
guarantee lossless boundary conditions.

12



Foster Theorem

In [6], a positive real function F(s) is an analytic function of the complex
variable s = ¢ + jw, which has the following properties:

1.F(s) is regular for ¢ > 0

2.F (o) is real

3.0 > 0 implies Re[F(s)] >0

A reactance function is a positive real function that maps the imaginary
axis into the imaginary axis.

Theorem: A real rational function of s is a reactance function if and only
if all of its poles and zeros are simple, lie on the jw-axis, and alternate with
each other. In other words

s(s? +wi)(s® +wi) - (5" + W)
(s2+wd)(s?2+w3) - (s2+wl)
is a reactance function with positive residues, where k = 2n — 2 or 2n,
K>0,0<w <w < -+ <Wopo1 < Wy, < 00
Theorem: A rational function of s is a reactance function if and only if
it is the driving-point impedance or admittance of a lossless network.

U(s) = K

2.5.2 Solving the scattering problem

Matching the boundary condition on r» = a, with the sheet impedance and
continuity of the tangential electric field gives

U - [Emelat, 0,6, 5) + Bulat,0,6,5)] = Ty - Em(a—, 0,6, 5)
= 2,(5)J.(6..5) ~ N
— 7,(5) X [Hinela+,0,6,5) + Hyola+,0, 6, 5) — Hin(a—, 6,6, 5)]

Plugging in the expansion we derive a system of equations involving a”

// /// /11 /!
s mp> Grmps O Solve for ay . and by, we get

n,m,p’

a/

a' _ P
M1+ S (va)?in(Ya)ka(va)
1 _ %,m,p
n,m,p 1

~ b (el hak,(a)]
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Now the surface current density is

1 — =

js<97¢75> =z (S) 1t : E(a’aea ¢7 S)
- ii S i (30) B (8,0) + o, 220N G 6.0)
Zs(s) i o= o mTP g P

2.5.3 Existence of 2nd order poles

The coefficients we care about concerning the existence of a second-order pole

— in(ya) — Dbain(a)] g 'S o '
are 1 = 25y and ¢y = 7.y bnmp- Let’s give a simple example

showing that a second-order pole does exist for coefficient c¢,. For simplicity,
let’s assume ya = s. Consider the sheet impedance function

. (3¢2+e+1)s
Zs(s) = 1 -
S4 4+ 56 + 1

Clearly Z,(s) satisfies Foster’s Theorem with K > 0 and wy, > 0. The
expansions of i,(s) and k,(s) are

e = (n+ 1279577
Enle) =5 ;( J! (Jrz—j)!
in(s) = (1" ha5) — ha(5)]

For n = 0, the denominator of ¢, is
De(s) = (4e?*+4) s>+ (4e’ +8e+4)s+1+2e >+ 2e+e >

It is easy to see that De(—1) =0 and £ De(s)|

sion around —%

De(s) = ((16e+4+4¢€?) (s+%)2+(—%66— 262) (s+ %)3+O ((s+%)4>)

Thus we derive a second order pole at s = —

=1 0 or in Taylor expan-
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In general, we want to construct a sheet impedance function Zs(s) =

(Sfifw) such that ¢y have a second order pole in the left half plane of s mean

while K > 0 and w > 0. The denominator of ¢, has the following form

De(s) = Ks+ (—SQin (s) — sgd%in (s) —win(s) —w s%z’n (s)) e

+ (—53in (s) — 540%2'“ (5) — swi, (s) — s*w %zn (5)) d%k" (s)

We want to solve De(s) = 0 and £ De(s) = 0 for K, w in terms of s. The
solution s, must satisfy s, < 0, K(s,) > 0 and w(s,) > 0. For n = 0, that
is to solve

2Ks+s?e 2+ +we? +w=0
2K +2se7 2% —25% 25 4+25—2we 25 =0

The solutions are

s(e™®"+2e725+1)
2se 25 e 2541
s (—e 7?5+ 25725 — 1)
256725 4725 + 1

K =-—

w=—

From Figures 3,4, approximately when s is chosen from —0.64 to 0, both K
and w will be positive. Pushing the poles to even a higher order is not done
here. In order to construct a higher order pole (including the 2nd order case),
a transcendental equation has to be solved analytically which in general is
not possible. This is different from the perfectly conductor sphere case, where
only a system of linear equations need to be solved.

Remarks

Due to the symmetry of the expansions of the scattered solutions, there exist
2nd order poles for both E modes and H modes. The above procedure only
works for coefficient co with n = 0. For n > 0, We find no region in the
left half plane of s where all of our assumptions can be satisfied. A rigorous
proof has not been accomplished. We have tested with many different n, K
and w. K and w will have either different signs or both will be negative.
It doesn’t work for the coefficient ¢; either. We have also tried to include
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Figure 3: The plot of the function K in the expansion of Z,(s) when n=0

20

Figure 4: The plot of the function w in the expansion of Z,(s) when n=0

(0]
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more terms (introduce more freedom) in the Z,(s) expansion according to
Foster’s Theorem (i.e. more w;) with larger n. However, it is not helpful for
this case, which is different from the surface-impedance-loaded sphere case
(acoustic scattering case). Figures 5, 6 show some results of different cases
with different n, K and w;. There are no regions where both K and w are
positive simultaneously. It is likely that for lossless sheet-impedance-loaded
boundary condition, most scattering poles are first order.

3 Conclusions

We show that for the electromagnetic scattering problems for spheres with
lossless sheet-impedance-loaded boundary conditions, 2nd order scattering
poles can be constructed. For the surface-impedance-loaded sphere, arbitrary
order of scattering poles can be derived with less restriction than the sheet
impedance loading sphere case. There only exist first order poles for the
perfectly conductoring sphere.

4 Acknowledgments

The author would like to thank Dr. A. Nachman, with the Air Force Office
of Scientific Research (AFOSR), for sponsoring this research.

17



Figure 5: The plots of the function K in the expansion of Z,(s) with different
n for ¢; and ¢y
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Figure 6: The plots of the function w in the expansion of Z,(s) with different
n for ¢; and ¢y
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