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1. Introduction 
 
 A recent paper [5] addresses some of the properties of the supermatrizant and its blocks, based on 

reciprocity, energy and norms, for nonuniform multiconductor transmission lines (NMTLs).  Associated with such 

NMTLs are also scattering matrices.  Such is the subject of the present paper. 

 

 As indicated in Fig. 1.1, we have a section of NMTL of length l .  At z = 0 this connects to a uniform MTL 

with characteristic impedance matrix ( )(1)
,.n mZ  of size N x N and assumed lossless and symmetric (reciprocity).  

Similarly at z = l  another uniform MTL with characteristic impedance matrix ( )(2)
,.n mZ  of size N x N is also 

connected. 
 

 As discussed in [1] one can define waves by combining voltage and current variables.  For the left MTL we 

have 

 

 ( ) ( ) ( ) ( )(1) (1) (1) (1)
,V ( , ) V ( , ) ( , )n n n m nz s z s Z I z s

±
= ±% % %�  

 ~ =  two-sided Laplace transform over time t 

 s jω= Ω+ ≡  Laplace-transform variable or complex frequency 

 ( )(1)V (0, )n s
+

≡%  wave incident on NMTL from left (1.1) 

 ( )(1)V (0, )n s
−

≡%  wave leaving from NMTL to left 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1.1  Section of NMTL Connected to Two Lossless MTLs. 
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Similarly, we have for the right MTL 

 

 ( ) ( ) ( ) ( )(2) (2) (2) (1)
,V ( , ) V ( , ) ( , )n n n m nz s z s Z I z s

±
= ±% % %�  

 ( )(2)V ( , )n s
+

≡% l  wave leaving from NMTL to right (1.2) 

 ( )(2)V ( , )n s
−

≡% l  wave incident on NMTL from right 

 

 The NMTL can then be described by a scattering matrix with 

 

 
( )
( )

( )( )
( )
( )

(1) (1)

, ,(2) (2)

V (0, ) V (0, )

V ( , ) V ( , )

n n
n m

n n

s s
S s

s sν ν
− +

′

+ −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞=⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

% %

% �
% %l l

 (1.3) 

 

relating incoming incident) waves to outgoing waves. 

 

 For later use we have 

 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1/ 2 1/ 2 1(1) (1) (1) (1)
, , , ,

1/ 2 1/ 2 1(2) (2) (2) (2)
, , , ,

n m n m n m n m

n m n m n m n m

Z Z Y y

Z Z Y y

− −

− −

= = =

= = =

 (1.4) 

 

This allows us to define a renormalized form of the waves [6] as 

 

 

( )
( )

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

1 1 1
2 2 2

,

1 1 1 1
2 2 2 2
, ,

v , V ,

V , ,

n n m n

n m n n m n

z s y z s

y z s z I z s

± ±

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟≡⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= ±⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

%% �

% %� �

 (1.5) 

 

Corresponding to this we have a renormalized scattering matrix as 
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( )( )
( )( )

( )( )
( )( )
( )( )

( )( ) ( ) ( )
( ) ( )

( )( ) ( ) ( )
( ) ( )

(1) (1)
( )
,(2) (2),

(1) (1)
, , , ,( )

, ,(2) (2), ,
, , , ,

v 0, v 0,

v , v ,

0 0

0 0

n n
R

n m
n n

n m n m n m n mR
n m n m

n m n m n m n m

s s
S s

s s

z y
S s S s

z y

ν ν

ν ν ν ν

− +
′

+ −

′ ′

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞

=⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎝ ⎠⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞⎛ ⎞

= ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

% %
% �

% %l l

% %� �

 (1.6) 

 

See also [2] for some properties of these scattering matrices. 

 

 For the NMTL we have the combined telegrapher equations 

 

 

( )( )
( ) ( )

( ) ( )( ) ( )
( ) ( )( ) ( )

( )( )
( ) ( )

,

, , ,

,, , ,

V ,

( , )

V ,0 ,

( , ), 0

n

n m n

nn m n m n m

n m nn m n m n m

z sd
dz Z I z s

z sZ z s Y

Z I z sZ Y z s

⎛ ⎞
⎜ ⎟ =⎜ ⎟⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞′ = ⎜ ⎟⎜ ⎟− ⎜ ⎟⎜ ⎟′ ⎜ ⎟⎝ ⎠ ⎝ ⎠

%

%�

%%

�
%% ��

 

 
( )( )

( ) ( )
( )

( )
,

V ,

( , )

s
n

s
n m n

z s

Z I z s

′

′

⎛ ⎞
⎜ ⎟

+ ⎜ ⎟
⎜ ⎟
⎝ ⎠

%

%�
 (1.7) 

( ) ( ) ( ) 1
, , ,

T
n m n m n mZ Z Y

−
= = ≡ normalizing constant impedance matrix (chosen at our convenience)  

 

For present purposes we set the distributed sources to zero.  The associated matrizant differential equation is 

 

 

( )( ) ( )( ) ( )( )

( )( ) ( ) ( )( ) ( )
( ) ( )( ) ( )

( )( ) ( )

, 0 , , 0,, ,

, , ,
, ,

, , ,

, 0 0 , ,,

, ; , , ;

0 ,
,

, 0

, ; 1   (boundary  condition)

n m n m n m

n m n m n m
n m

n m n m n m

n m n m

d G z z s z s G z z s
dz

Z z s Y
z s

Z Y z s

G z z s

ν νν ν ν ν

ν ν

ν νν ν

′′ ′

′

′′

⎛ ⎞ ⎛ ⎞⎛ ⎞= Γ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

⎛ ⎞′
⎛ ⎞ ⎜ ⎟Γ = −⎜ ⎟ ⎜ ⎟⎝ ⎠ ′⎝ ⎠
⎛ ⎞ ⎛ ⎞= ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠

% %% �

% �
%

%�

%

 (1.8) 

 

The solution is the product integral 
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( )( )

( )( )

( )( ) ( )( )

, ,

0

, 0 ,

, , 0, ,

, ;

, 0 , det , ; 1

n m
z z s dz

n m
z

n m n m

G z z s e

tr z s G z z s

ν ν
ν ν

ν ν ν ν

′
⎛ ⎞′ ′Γ⎜ ⎟
⎝ ⎠

′

′ ′

⎛ ⎞ =⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞Γ = =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

∏
%

%

%%

 (1.9) 

 

We will take 0z  as 0 and l , the ends of the NMTL, for our present purposes. 
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2. Scattering Matrices 

 

 Consider an M-port network (lumped and/or distributed elements).  Let it be characterized by an M x M 

impedance matrix 

 

 ( ) ( ) ( ) 1(M) (M) (M)
, , ,( ) ( ) ( )

T
n m n m n mZ s Z s Y s

−
= =% % %  (2.1) 

 

This is driven by an external set of sources which we can think of as incident from an M-conductor (plus reference) 

uniform MTL of characteristic impedance 

 

 ( ) ( ) ( ) 1(ext) (ext) (ext)
, , , ( )

T
n m n m n mZ Z Y s

−
= =  (2.2) 

 

Which we take as real and frequency-independent.  The port voltages and currents are related as 

 

 ( )( ) ( ) ( )(M)
,V ( ) ( )n n m ns Z s I s= =% % %  (2.3) 

with ( )( )nI s%  taken as positive into the network.  In turn wave variables are defined [1] as 

 

 ( )( ) ( )( ) ( ) ( )(ext)
,V V ( ) ( )n n n m ns s Z s I s

±
= ±% % % %�  

 + ⇒ incident wave (2.4) 

 − ⇒ reflected (scattered) wave 

 

 A scattering matrix can now be defined via 

 

 ( )( ) ( ) ( ) ( )( )M
,_n n m nV s S s V s⎛ ⎞= ⎜ ⎟

⎝ ⎠
%% %�  (2.5) 

 

This scattering matrix can take several forms [1].  For convenience define 

 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
1M M M(ext)

, , , ,n m n m n m n mz s Z s Y y s
−⎛ ⎞ ⎛ ⎞ ⎛ ⎞≡ =⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
% %% �  (2.6) 

 

Giving various equivalent forms as 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1M M M
, , , , ,

1M M
, , , ,

1M M
, , , ,

M
, , ,

1 1

1 1

1 1

1 1

n m n m n m n m n m

n m n m n m n m

n m n m n m n m

n m n m n m

S s z s z s

z s z s

y s y s

y s

−

−

−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞= − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

% % %�

% %�

% %�

% �
( ) ( )

1M
,n my s

−⎡ ⎤⎛ ⎞
⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
%

 (2.7) 

 

Note that all the matrices in (2.7) have the same eigenvectors and commute. 

 

 From [5] for a lossless network we have 

 

 ( )( ) ( )( ), ,        (odd  in  )n m n mZ s Z s s− = −% %  (2.8) 

 

In (2.7) this gives 

 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )

11M M M
, , , , ,

M
,

M M
, , ,

1 1

1

n m n m n m n m n m

n m

n m n m n m

S s z s z s

S s

S s S s

−− ⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = − − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎛ ⎞= ⎜ ⎟
⎝ ⎠
⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

% �

%

% %�

 (2.9) 

 

This is suggestive of unitary with s jω= , but not quite because ( ) ( )M
,n mS s⎛ ⎞

⎜ ⎟
⎝ ⎠
%  is not symmetric, in general. 

 

 Now consider the power delivered into the M-port.  The real power can be expressed in a general form as 

 

 ( ) ( )( ) ( )( ) ( )( ) ( )( )1
2 n n n nP s V s I s V s I s⎡ ⎤= − + − −⎣ ⎦

% % % % %� �  (2.10) 

 

Which for s jω=  must have 

 

 ( ) 0P jω ≥%  (2.11) 

 

As a function of s (2.8) gives the analytic continuation into the s plane.  We also note that 
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 ( ) ( )P s P s− =% %  =  even function of s (2.12) 

 

 This can be cast in terms of the scattering matrix via 

 

 

( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )
( )( ) ( )( ) ( ) ( )( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )

( )( ) ( ) ( )( ) ( ) ( )( ) ( )( )

(ext)
,

(ext)
,

(ext) (ext)
, ,

(ext) (ext)
, , , ,

8 _ _

_ _

4 _ _

n n n m n n

n n n m n n

n n m n n n m n

T
n n m n m n m n m n

P s V s V s Y V s V s

V s V s Y V s V s

P s V s Y V s V s Y V s

V s Y S s Y S s V s

+ +

+ +

+ +

+ +

⎡ ⎤ ⎡ ⎤= + − − −⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤= − + − − −⎣ ⎦ ⎣ ⎦

= − − −

⎡ ⎤= − − −⎢ ⎥⎣ ⎦

% % % % %� �

% % % %� �

% % % % %� � � �

% %% %� � � �

 (2.13) 

 

This requires that we have the Hermitian matrix 

 

 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( )

( ) ( ) ( ) ( ) ( ) ( )

(ext) (ext)
, , , , ,

†
,

(ext) (ext)
, , , ,

TM M
n m n m n m n m n m

n m
TM M

n m n m n m n m

H j Y S j Y S j

H j

Y S j Y S j

ω ω ω

ω

ω ω

⎛ ⎞ ⎛ ⎞≡ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

⎛ ⎞ ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

% %% � �

%

% %� �

 (2.14) 

 

Which is also termed self adjoint. 

 

 For a lossless network we have 

 

 ( )( ) ( ), ,0n m n mH jω =%  (2.15) 

 

And by analytic continuation 

 

 ( )( ) ( ), ,0n m n mH s =%  (2.16) 

 

Throughout the complex s plane.  For such a lossless network we can rearrange (2.12) as 

 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )ext M ext M
, , , , ,1

T
n m n m n m n m n mZ S s Y S s⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
% %� � �  (2.17) 

 

If we choose 
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 ( )ext
,n mZ⎛ ⎞

⎜ ⎟
⎝ ⎠

 = constant times ( ),1n m  (2.18) 

 

then 

 

 ( )( ),n mS jω  = unitary matrix  (2.19) 

 

It is this last form that is often used in circuit theory [8]. 

 

 More generally, let us try 

 

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

M M(ext) (ext)
, , , ,

1/ 2 1(ext) (ext) (ext)
, , ,

n m n m n m n m

n m n m n m

S s y S s z

z Z y

′

−

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≡ ≡

%� �

 (2.20) 

 

Which in (2.14), gives 

 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

M M M M
, , , , ,

M
,

1

unitary  matrix

T T
n m n m n m n m n m

n m

S s S s S s S s

S jω

′ ′ ′

′

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ =⎜ ⎟
⎝ ⎠

% % % %� �

%

 (2.21) 

 

This is a more general result than (2.18), (2.19), allowing various choices for ( )(ext)
,n mZ . 

 

 Revisiting (2.5) we now have 

 

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

M ext M ext
, , , ,

M(ext) (ext)
, , ,_

n m n m n m n m

n m n n m n m n

S s z S s y

y V s S s y V s

′

′
+

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞⎡ ⎤ ⎡ ⎤= ⎜ ⎟⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎝ ⎠

% %� �

%% %� � �

 (2.22) 

 

Where the bracketed terms are the renormalized combined-voltage waves.  This has the same form as (1.5) and 

following, allowing us to identify ( ) ( )M
,n mS s
′⎛ ⎞

⎜ ⎟
⎝ ⎠
%  with ( ) ( )R

,n mS s⎛ ⎞
⎜ ⎟
⎝ ⎠
%  in Section 1. 

 

 Going back to (2.7) we have (with some manipulation) 
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( )

M ext M ext
, , , ,

1(ext) (M) (ext)
, , , ,

(ext) (M) (ext)
, , , ,

(ext) (M) (ext)
, , ,

(ext) (M)
, , ,

1

1

1

n m n m n m n m

n m n m n m n m

n m n m n m n m

n m n m n m

n m n m n

S s y S s z

y Z y

y Z y

y Z s y

y Z s y

′

−

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎡ ⎤= +⎢ ⎥⎣ ⎦
⎡ ⎤−⎢ ⎥⎣ ⎦

⎡ ⎤= −⎢ ⎥⎣ ⎦

% %� �

%� �

%� � �

%� �

%� � � ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

1(ext)
,

1ext(ext) (M)
, , , ,

ext(ext) (M)
, , , ,

ext(ext) (M)
, , , ,

ext(ext) (M)
, , , ,

1

1

1

1

1

m n m

n m n m n m n m

n m n m n m n m

n m n m n m n m

n m n m n m n m

z Y s z

z Y s z

z Y s z

z Y s z

−

−

⎡ ⎤+⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞− ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞= − ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞+ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

%� �

%� �

%� �

%� � �
1−

 (2.23) 

 

Noting the commuting of the matrix combinations we also have 

 

 ( ) ( ) ( ) ( )M M
, ,

T
n m n mS s S s

′ ′⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
% %  (symmetric) (2.24) 

 

As discussed in Appendix A, a lossless unitary symmetric matrix also has a complete set of M real eigenvectors with 

eigenvalues all of magnitude one. 

 

 The passive nature of the scattering Babanian matrix also gives [8] 

 

 ( ) ( ) ( ) ( ) ( )
†M M

, , ,1n m n m n mS j S jω ω
′ ′⎛ ⎞ ⎛ ⎞′− =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
% %�  = positive semidefinite 

 ( ) ( )
2M

,1 0n m
n

S jω
′

− ≥∑ %                 for each m (2.25) 

 ( ) ( )M
, 1n mS jω
′

≤%  

 

 For a lossless network we also have 
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 ( ) ( ) ( ) ( )M M
, ,, 1n m n nn m

n

S j S jω ω
′ ′

′′− =∑ % %  (2.26) 

 

Which extends into the complex plane as 

 

 ( ) ( ) ( )M
, ,, 1n m n nn m

m

S s S s
′

′′− =∑ % %  (2.27) 

 

As discussed in Appendix A, a lossless unitary symmetric matrix also has a complete set of M real eigenvectors with 

eigenvalues all of magnitude one. 
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3. Scattering Supermatrix for Section of NMTL 

 

 As discussed in Section 2 we need the scattering supermatirx in the form 

 

 

( )( ) ( ) ( )( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )

(ext) (ext)
, , , ,, ,, ,

(1) 1/ 2, ,(ext) (ext) (ext)
, , ,(2), , ,

, ,

(1)
, ,(ext)

,
,

0

0

0

n m n m n m n m

n m n m
n m n m n m

n m n m

n m n
n m

S s y S s z

y
y Y z

y

z
z

ν ν ν νν ν ν ν

ν ν ν ν ν ν

ν ν

′ ′′ ′

′ ′ ′

′

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′=⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= = =⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟

⎝ ⎠

⎛ ⎞
=⎜ ⎟

⎝ ⎠

% %� �

( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1/ 2
(ext)
,(2) ,

, ,

1/ 2 1
, , ,

1/ 2( ) ( )
, ,

0

m
n m

n m n m

n m n m n m

n m n m

Z
z

Z Z y

y Y

ν ν

ν ν ν

ν ν

′

−

⎛ ⎞
⎜ ⎟ ⎛ ⎞

=⎜ ⎟ ⎜ ⎟
⎝ ⎠⎜ ⎟

⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

=

 (3.1) 

 

Since 

 

 ( )( ) ( )( ), ,, ,

T
n m n mS s S s

ν ν ν ν′ ′
⎛ ⎞ ⎛ ⎞′ ′=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
% %  (3.2) 

 

we have for the submatrices (each N x N) 

 

 

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

, ,1,1 1,1

, ,2,2 2,2

, ,2,1 1,2

T
n m n m

T
n m n m

T
n m n m

S s S s

S s S s

S s S s

′ ′=

′ ′=

′ ′=

% %

% %

% %

 (3.3) 

 

These are related to the other form of the scattering matrix as 

 

 ( )( )
( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( )( ) ( ) ( ) ( )( ) ( )

(1) (1) (1) (2)
, , , , , ,1,1 1,2

, , (2) (1) (2) (2)
, , , , , ,2,1 1,1

n m n m n m n m n m n m
n m

n m n m n m n m n m n m

y S s z y S s z
S s

y S s z y S s zν ν ′

⎛ ⎞
⎜ ⎟⎛ ⎞′ = ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎜ ⎟
⎝ ⎠

% %� � � �
%

% %� � � �
 (3.4) 
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So the blocks are still relatively simple in form and have the symmetries given in (3.3).  This relates renormalized 

wave variables as 

 

 

( )( )
( )( )

( )( )
( )( )
( )( )

( )( )
( )( )

( ) ( ) ( )

( ) ( ) ( )

( )( )
( )( )

(1) (1)

, ,(2) (2)

1(1)(1) ,

(2) 2(2)
,

(1)

(2)

v 0, v 0,

v , v ,

0,v 0,

v , ,

v 0,

v ,

n n
n m

n n

n m nn

n n m n

n

n

s s
S s

s s

y V ss

s y V s

s

s

ν ν
− +

′

+ −

− −

+ +

+

−

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞′=⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞⎛ ⎞⎛ ⎞ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎜ ⎟=⎜ ⎟ ⎜ ⎟⎛ ⎞⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜⎜
⎝ ⎠

%
% �

% %l l

%�

%% l � l

%

% l

( ) ( ) ( )

( ) ( ) ( )

1(1)
,

2(2)
,

0,

,

n m n

n m n

y V s

y V s

+

−

⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟=

⎜ ⎟⎛ ⎞⎟⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

%�

%� l

 (3.5) 

 

 The impedance supermatrix for the NMTL takes the form 

 

 
( )( )
( )( )

( ) ( )
( )( )
( )( ),

,

0, 0,

, ,

n nN
n m

n n

V s I s
Z s

V s I sν ν ′

⎛ ⎞ ⎛ ⎞
⎛ ⎞⎜ ⎟ ⎜ ⎟⎛ ⎞= =⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ −⎝ ⎠⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

% %
%

% %l l
 

 ( ) ( ) ( ) ( ) ( ) ( )
1

, , ,
, , ,

T
N N N

n m n m n mZ s Z s Y s
ν ν ν ν ν ν

−

′ ′ ′

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠
% % %  (3.6) 

 =  impedance supermatrix for the NMTL section 

 

Note the use of –( ( , )nI s% l ) since we need currents into the section for impedance purposes. 

 

 There are various ways to calculate the , ,( ( ))n mS s ν ν ′%  submatrices.  For present illustration let us calculate 

the impedance or admittance supermatrix for (1.9), which gives 
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( )( )
( ) ( )( )

( )( )
( )( )

( ) ( )( )
( )( )

( ) ( )( )
( )( )

( )( )
( ) ( )( )

( )( ) ( )( )

, ,
, ,

, ,
, ,

1
, ,, ,

, 0,
,0;

, 0,

0, ,
0, ;

0, ,

0, ; ,0

n n
n m

n m n n m n

n n
n m

n m n n m n

n m n m

V s V s
G s

Z I s Z I s

V s V s
G s

Z I s Z I s

G s G

ν ν

ν ν

ν ν ν ν

′

′

−

′ ′

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞= ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞= ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

% %l
% l �

% %� l �

% % l
% l �

% %� � l

% %l l

 (3.7) 

 

Writing out the blocks we have 

 

 

( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( )( ) ( )( )

, , ,1,1 1,2

, , , ,2,1 2,2

, , ,1,1 1,2

, , 2,1

, ,0; 0, ,0; 0,

, ,0; 0, ,0; 0,

0, 0, ; , 0, ; ,

0, 0, ; ,

n n m n n m n m n

n m n n m n n m n m n

n n m n n m n m n

n m n n m n

V s G s V s G s Z I s

Z I s G s V s G s Z I s

V s G s V s G s Z I s

Z I s G s V s G

= +

= +

= +

= +

% %% % %l l � l � �

% %% % % %� l l � l � �

% %% % %l � l l � � l

% %% %� l � l ( )( ) ( ) ( )( ), ,2,2
0, ; ,n m n m ns Z I s%l � � l

 (3.8) 

 

From the first and third of these we have 

 

 

( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( ) ( )( )

( )( )

, ,1,1 1,1

, , ,1,1 1,2

, ,1,2

, ,1,1 1,1

, ,1,2

, ,1,1

0, 0, ; ,0; 0,

0, ; ,0; 0,

0, ; ,

, ,0; 0, ; ,

,0; 0,

,0; 0,

n n m n m n

n m n m n m n

n m n m n

n n m n m n

n m n m n

n m n m

V s G s G s V s

G s G s Z I s

G s Z I s

V s G s G s V s

G s Z I s

G s G

=

+

+

=

+

+

% %% %l � l �

% % % %l � l � �

% % %l � � l

% %% %l l � l � l

% % %l � �

% %l � l( )( ) ( ) ( )( ),1,2
; ,n m ns Z I s% %� � l

 (3.9) 

 

Defining 

 

 

( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( ) ( )( ) ( )( )

0
, , , ,1,1 1,1

, , , ,1,1 1,1

, 1 0, ; ,0;

, 1 ,0; 0, ;

n m n m n m n m

n m n m n m n m

D s G s G s

D s G s G s

⎛ ⎞ ≡ −⎜ ⎟
⎝ ⎠
⎛ ⎞ ≡ −⎜ ⎟
⎝ ⎠

l

% %% l l � l

% %% l l � l

 (3.10) 

 

we have the blocks of the impedance matrix as 

 



15 

 

( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( )

1N 0
, , , , ,1,1 1,21,1

1N 0
, , , ,1,21,2

1N
, , , ,1,22,1

N
, ,

2,2

, 0, ; ,0;

, 0, ;

, ,0;

,

n m n m n m n m n m

n m n m n m n m

n m n m n m n m

n m n m

Z s D s G s G s Z

Z s D s G s Z

Z s D s G s Z

Z s D

−

−

−

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ = −⎜ ⎟
⎝ ⎠

l

l

% %% % l � l � l �

%% % l � l �

%% % l � l �

% % l( ) ( )( ) ( )( ) ( )
1

, , ,1,1 1,2
,0; 0, ;n m n m n ms G s G s Z

−⎛ ⎞
⎜ ⎟
⎝ ⎠

% %� l � l �

 (3.11) 

 

Note that the submatrices with arguments (0, )l  can be found in terms of those with arguments ( ,0)l  (and 

conversely) from the formulae in Appendix B. 

 

 From the formulae in (2.7) this is converted to , ,(( ( )) )n mS s ν ν ′% . From (3.4) this is converted to , ,(( ( )) )n mS s ν ν ′′% . 

It is this last form which is unitary for s jω=  in the case of a lossless NMTL. 
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4. Junction of Two MTLs 

 

 If the length of the NMTL shrinks to zero, the formulae in (3.11) are not well behaved.  For convenience, 

first let the NMTL be a uniform MTL so that 

 

 ( )( )
( )( ), ,
0,

, ,
,0;

n m s z
n mG z s e ν ν

ν ν
′

⎛ ⎞Γ⎜ ⎟
⎝ ⎠

′
⎛ ⎞ =⎜ ⎟
⎝ ⎠

%
%  (4.1) 

 

And all derivatives of , ,(( ( , )) )n m z s ν ν ′Γ%  are zero.  The matrizant differential equation is 

 

 ( )( ) ( )( ) ( )( ), , ,,, ,
,0; 0, ,0;n m n m n m

d G z s s G z s
dz ν νν ν ν ν′′ ′

⎛ ⎞ ⎛ ⎞⎛ ⎞= Γ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠

% %% �  (4.2) 

 

From which we can evaluate derivatives recursively as 

 

 ( )( ) ( )( ) ( )( )
1

, , ,1,, ,
,0; 0, ,0;

p p
n m n m n mp p

d dG z s s G z s
dz dzν νν ν ν ν

−

′′ ′−
⎛ ⎞ ⎛ ⎞⎛ ⎞= Γ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
% %% �  (4.3) 

 

Expanding the exponential matrix we have 

 

 ( )( ) ( ) ( )( ), , ,, ,,
1

1,0; 1 0,
!

p p
n m n m n m

p

G z s s z
pν ν ν νν ν

∞

′ ′′
=

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = Γ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ∑% %  (4.4) 

 

Noting that , ,(( (0, )) )n m s ν ν ′Γ%  has zero blocks on the diagonal, then this property holds for all odd p.  Hence we can 

write 

 

 ( )( ) ( ) ( )( ) ( )2 2 4
, , ,1,1

1,0; 1 O
2n m n m n mG z s s z zγ⎛ ⎞ = + =⎜ ⎟

⎝ ⎠
% %  

 ( )( ) ( )( ) ( )( ) ( )( ) ( )( )2 2
, , , , ,0, 0, 0 0n m n m n m n m n ms Z s Y s s L Yγ ′ ′ ′ ′= =% % % %% � �  for usual lossless NMTL (4.5) 

 

We also have for the off-diagonal block 

 

 ( )( ) ( )( ) ( ) ( )3
, , ,1,2

,0; 0, On m n m n mG z s Z s Y z z′= − +% % �  (4.6) 
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 Substituting, we find from (3.10) and (3.11) 

 

 

( ) ( ) ( ) ( )( ) ( )( )

( )( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )( ) ( )
( )( ) ( )

0
, , , ,1,1 1,1

2 2 4
, ,

12 2 4 3
, , ,

,

11
,

, 1 0, ; ,0;

O ,

1 1
O 0, O

1 1

1 1
0, O

1 1

n m n m n m n m

n m n m

N
n m n m n m

n m

D s G s G s

s D s

Z s s Z s

Y s

ν ν

γ

γ
−

′

−−

⎛ ⎞ = −⎜ ⎟
⎝ ⎠

= − + =

⎛ ⎞ −⎛ ⎞⎡ ⎤⎛ ⎞ ⎡ ⎤′= − + + ⊗⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎣ ⎦ −⎝ ⎠ ⎣ ⎦ ⎝ ⎠⎝ ⎠
−⎛ ⎞′= ⊗ +⎜ ⎟−⎝ ⎠

l

% %% l l � l

%% l l l

%% l l � l l

%l l

 (4.7) 

 

As we can see, the leading term is a singular supermatrix [4 (Appendix A)], introducing some difficulties in taking 

the limit as 0→l . 

 

 Fortunately, we can directly solve for the scattering matrix for a zero-length section by imposing continuity 

of voltage and current through this junction, as  

 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 20, 0, , 0, 0,n n n nV s V s I s I s⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
% % % %  (4.8) 

 

 The scattering matrix is defined by 

 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1 1 1 1 1
, ,

, ,2 2 2 2 2 2
, ,

0, 0, 0, 0,

0, 0, 0, 0,

n n m n n n m n
n m

n n m n n n m n

V s Z I s V s Z I s
S

V s Z I s V s Z I s
ν ν ′

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎛ ⎞⎜ ⎟ ⎜ ⎟= ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎝ ⎠⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

% % % %� �

�
% % % % % %� �

 (4.9) 

 
where it is now frequency independent.  By setting the wave incident from the right to zero we find 
 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

12 1 2 1
, , , , ,1,1

12 2 1
, , , ,2,1

2

n m n m n m n m n m

n m n m n m n m

S Z Z Z Z

S Z Z Z

−

−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

�

�

 (4.10) 

 
Similarly, by setting the wave incident from the left to zero we find 
 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

11 2 1
, , , ,1,2

11 2 2 1
, , , , ,2,2

2n m n m n m n m

n m n m n m n m n m

S Z Z Z

S Z Z Z Z

−

−

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

�

�

 (4.11) 
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 From (3.4) we have 

 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

11 2 1 1 2 1
, , , , , , , , ,1,1

11 2 2 1 2 1
, , , , , , , ,

1 1

1 1

n m n m n m n m n m n m n m n m n m

n m n m n m n m n m n m n m n m

S y Z y y Z y

y Z y y Z y

−

−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ = − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

� � � � �

� � � � �

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

12 1 2 1
, , , , ,1,2

11 2 1 2
, , , , ,2,1

2 1 2 2
, , , , , ,2,2

2

2

1

n m n m n m n m n m

n m n m n m n m n m

n m n m n m n m n m n m n

S z y y z

S y z z y

S y Z y y Z

−

−

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

� �

� �

� � � �
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

11 2
, , ,

12 1 2 2 1 2
, , , , , , , ,

1

1 1

m n m n m

n m n m n m n m n m n m n m n m

y

y Z y y Z y

−

−

⎡ ⎤⎛ ⎞ ⎛ ⎞ +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

�

� � � � �

 (4.12) 

 
Evidently , ,(( ) )n mS ν ν ′′  is symmetric and real.  From previous discussion it is also unitary. 
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5. Concluding Remarks 

 

 Scattering matrices can be formed in various ways, depending on the definitions of the incoming and 

outgoing waves.  The traditional way involving volts ± current is not convenient when dealing with a length of 

NMTL.  In this case it is convenient to normalize the current by an appropriate characteristic impedance matrix.  

However, the resulting scattering matrix for a lossless section of NMTL is not unitary. 

 

 By a renormalization procedure involving the square root of characteristic admittance and impedance 

matrices the resulting scattering matrix , ,(( ( )) )n mS s ν ν ′′%  a lossless NMTL section is again unitary.  As a special case 

we find that an NMTL of zero length has a real, symmetric, unitary form. 

 

 So now we have some general results for lossless NMTLs which are independent of the variation of 

,( ( ))n mL z′  and ,( ( ))n mC z′  in the section of interest. 
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Appendix A.  Unitary Matrices 

 

 A.1. General Case 

 

 Summarizing from [9], unitary N x N matrices have the equivalent statements: 

 

(a) ,( )n mU  is unitary 

(b) ,( )n mU  is nonsingular and † 1
, ,( ) ( )n m n mU U −=  

(c) ( )† †
, , , , ,( ) ( ) 1 ( ) ( )n m n m n m n m n mU U U U= =� �  

(d) †
,( )n mU  is unitary (adjoint † T= ∗ ) 

(e) columns of ,( )n mU  are biorthonormal 

(f) rows of ,( )n mU  are biorthonormal (A.1) 

(g) ( ) ( ) ( ) ( ),( )n n m n n ny U x y x= ⇒ =�  (length preserving) 

 

Stated in another way we have 

 

 ( )m
nr

⎛ ⎞ ≡⎜ ⎟
⎝ ⎠

 mth row as a vector 

 ( ) ( )1 2
1 2,1m m

n n m mr r
∗⎛ ⎞ ⎛ ⎞ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
�  (biorthonormal) 

 ( )n
mc⎛ ⎞ ≡⎜ ⎟

⎝ ⎠
 nth column as a vector (A.2) 

 ( ) ( )1 2
1 2,1n n

m m n nc c
∗⎛ ⎞ ⎛ ⎞ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
�  (biorthonormal) 

 

 Write an eigenvector equation as 

 

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 22

,

, ,

†
,

,

1       (biorthonormal)

n n m n

T
n n n m n m n

n n

n n m n

n m n n

u x U x

u y y U U y

x y

u y U y

u U y y

β β β

β β β β

β ββ β

β β β

β β β

∗ ∗∗

∗ ∗∗

=

= =

=

=

=

�

� �

�

�

�

 (A.3) 
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From this we identify 

 

 

( ) ( )
1 , 1

1

n ny x

u u u u

u

β β

β β ββ

β

∗

∗ − ∗

=

= =

=

 (A.4) 

 

So that all eigenvalues have unit magnitude (a not-usually-stated property). 

 

 We can now write a dyadic expansion as 

 

 ( ) ( ) ( ),
1

N
n m n nU u x yβ β β

β=
= ∑  (A.5) 

 

Noting that a unitary matrix is a special case of a normal matrix (one which commutes with its adjoint) then it also 

has a complex set of N independent eigenvectors [7], making (A.5) always possible. 

 

 A.2. Symmetric Unitary Matrices 

 

 Now let 

 

 
( ) ( )
( ) ( )

, ,
†

, ,

T
n m n m

n m n m

U U

U U
∗

=

=
 (A.6) 

 

From the eigenvector equation (A.3) we have 

 

 

( ) ( ) ( ) ( ) ( )
( ) ( )
( ) ( ) 1 21 2

, ,

,1       (orthonormal)

n n m n n n m

n n

n n

u x U x x U

x y

x y

β β β β

β β

β ββ β

= =

=

=

� �

�

 (A.7) 

 

the left and right eigenvectors being the same (with scaling constant taken as unity). 

 

 Now from (A.4) we have 
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 ( ) ( ) ( )n n ny x xβ β β
∗= =  (A.8) 

 

We have that 

 

 ( )nx β  = real vector (A.9) 

 

Consistent with our choice of scaling constant (the orthonormal requirement). 

 

 The dyadic expansion now takes the form 

 

 ( ) ( ) ( ),
1

N
n m n nU u x xβ β β

β=
= ∑  (A.10) 

 

Note that the uβ  are still, in general, complex. 
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Appendix B.  Supermatrix Inverse 

 

 The inverse of a supermatrix is given in terms of its submatrices (blocks).  This can be found in various 

places [3, 7, 9].  We have 

 

 ( ) ( )
1

, ,, ,
, , 1,2n m n mB A

ν ν ν ν
ν ν

−

′ ′
⎛ ⎞ ⎛ ⎞ ′= =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (B.1) 

 

where these matrices are in symmetric compatable order (same division of both rows and columns).  The diagonal 

blocks (1,1 and 2,2) are square.  The submatrices of the inverse supermatrix are given by 

 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

11
, , , , ,1,1 1,1 1,2 2,2 2,1

11
, , , , ,2,2 2,2 2,1 1,1 1,2

11 1
, , , , , , ,1,2 1,1 1,2 2,2 2,1 1,2 2,2

1
, , , ,1,1 1,2 2,2 2,1

n m n m n m n m n m

n m n m n m n m n m

n m n m n m n m n m n m n m

n m n m n m n m

B A A A A

B A A A A

B A A A A A A

A A A A

−−

−−

−− −

−

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤= −⎢ ⎥⎣ ⎦

= −

� �

� �

� � � �

� � � ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

11
, ,1,1 1,2

11 1
, , , , , , ,2,1 2,2 2,1 1,1 1,2 2,1 1,1

11 1
, , , , , ,2,2 2,1 1,1 1,2 2,2 2,1

n m n m

n m n m n m n m n m n m n m

n m n m n m n m n m n m

A A

B A A A A A A

A A A A A A

−−

−− −

−− −

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤= − −⎢ ⎥⎣ ⎦

⎡ ⎤= − ⎢ ⎥⎣ ⎦

� �

� � � �

� � � � �

 (B.2) 

 

 If, in addition, the supermatrix is symmetric we have 
 

 
( ) ( )

( ) ( )

, ,, ,

, ,, ,

T
n m n m

T
n m n m

A A

B B

ν ν ν ν

ν ν ν ν

′ ′

′ ′

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (B.3) 

 

Which in terms of the submatrices gives 
 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

, , , , , ,1,1 1,1 2,2 2,2 2,2 1,2

, , , , , ,1,1 1,1 2,2 2,2 2,1 1,2

, ,

, ,

T T T
n m n m n m n m n m n m

T T T
n m n m n m n m n m n m

A A A A A A

B B B B B B

= = =

= = =
 (B.4) 

 
The reader can take the transposes in (B.1) to verify these relations. 



24 

References 

1. C. E. Baum, T. K. Liu, and F. M. Tesche, “On The Analysis of General Multiconductor Transmission-Line 
Networks”; also in C. E. Baum, “Electromagnetic Topology for the Analysis and Design of Complex 
Electromagnetic Systems”, pp. 467-547, in J. E. Thompson and L. H. Luessen (eds.), Fast Electrical and 
Optical Measurements, Martinus Nijhoff, Dordrecht, 1986. 

2. C. E. Baum, “Bounds on Norms of Scattering Matrices’, Interaction Note 432, June 1983. 

3. C. E. Baum, “On The Use of Electromagnetic Topology for the Decomposition of Scattering Matrices for 
Complex Physical Structures’, Interaction Note 454, July 1985. 

4. C. E. Baum, “Symmetric Renormalization of the Nonuniform-Multiconductor-Transmission-Line Equations 
with a Single Modal Speed for Analytically Solvable Sections”, Interaction Note 537, January 1998. 

5. C. E. Baum, “Reciprocity, Energy, and Norms for Propagation on Nonuniform Multiconductor Transmission 
Lines”, Interaction Note 583, April 2003. 

6. C. E. Baum, “High-Frequency Propagation on Nonuniform Multiconductor Transmission Lines”, Interaction 
Note 589, October 2003. 

7. F. R. Gantmacher, The Theory of Matrices, Chelsea Publishing Co., New York, 1960. 

8. N. Balabanian, T. A. Bickart, and S. Seshu, Electrical Network Theory, Wiley, 1969. 

9. R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge U. Press, 1985. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


