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Abstract

The time-domain current induced in infinitely long, highly conducting,
parallel wires above a finitely conducting plane earth in the presence of a
plane electromagnetic wave is investigated. The plane wave is assumed to
have its magnetic field perpendicular to the axis of the wires, and takes the
time-domain form of a double-exponential pulse. Results indicate that the
currents are generally smaller than that induced in an isolated conductor
because of the coupling between wires and the ground reflection.
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[. INTRODUCTION

When infinitely-long, parallel, highly-conducting wires over a flat earth
are exposed to plane-wave excitation, many scattered or reflected waves
contribute to the currents induced in the wires. When the "boundary-value
problem” approach is taken, it is extremely difficult to obtain useful results
unless the less significant waves are ignored. After demonstrating that these
waves can, in fact. be ignored for present purposes, the time-domain current
induced in the wires can be obtained from the usual phasor forms by
numerical inversion of the Fourier transform. In general, the parameters afe
wire radii. angle of arrival of the plane wave, height of the wires. spacing
between wires, ground conductivity, and ground permittivity. The plane

wave takes the usual form of a double-exponential pulse.



I1. PERFECTLY CONDUCTING WIRE OVER A
PERFECTLY CONDUCTING FLAT EARTH

Consider first the case of a single perfectly conducting wire of radius a
meters whose axis is h| meters above the perfectly conducting ground plane as
shown in Figure 1. This boundary value problem has been solved!, and its

solution is expedited by Graf’s addition theorem? for Bessel functions and the

Wronskian for Bessel functions. The need for the Wronskian arises in almost
all boundary value problems with cylindrical surfaces, while the addition
theorem is needed here to express cylindrical wave functions centered on one
axis in terms of cylindrical wave functions arising from another axis. There
are three waves that are incident on the cylinder: (1) the given incident plane
wave, (2) the plane wave reflected from the ground plane. and (3) the
cylindrical wave scattered from the cylinder, reflected from the ground plane,
and incident again on the cylinder (that requires Grafs addition theorem). In
the interest of brevity only the principal results will be presented.

The axial current induced in the cylinder is given exactly by
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K =wVpe cosO
7 00

J (x) = Bessel function, first kind, order zero
(R

When boundary conditions on tangential K are satisfied at the wire and the

ground plane, a, is found from
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where

H:f’{x) = Hankel funct ion, second kind, order n, oroutward eylindrical wave function.
Equation (2) has the matrix form

O -c+a—=hba ' (3)

whose formal solution is

(4)

a=hb-n'e
On the other hand, the third term in (2) is due to the field that is scattered
from the cylinder, reflected from the ground, and incident again on the
cylinder. It will normally be small. For k,a << 1the leading term in the
series is dominant, and if all higher order terms are ignored, then it is easy to
solve for a,in (2):
2k h
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This is the Flammer-Singhaus! result, Since it has already been assumed

thatk,a << 1, then Jokya) = 1and (6) further simplifies to
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For an isolated perfect conductor (1) still applies. but
L, o (7)
° H'Z(k a)
) 0

so, the (exaet) current is

B iwr 1
[ (W) = —— T : (8)
z {owsink H "k w)
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A comparison of (6) and (8) { less the phase factor in (6)] is shown in Figure (2)
where the effect of the second term in the denominator of (6) can be seen. The
magnitude plots are in decibels. where dB = 20 logypil,(wil, ignoring the term
L-expt-j2k,hy1in (6),

Equation (8) can be written
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In the same way, if H(w) = J, ik Wi, 272k 1), (6) can be written
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Equations (9) and (10) have the block diagram representations shown in
Figures 3. Itisinteresting to observe that the effects of the three "incident
waves” mentioned in the first paragraph can be identified as signals

appearing at the summation pointin Figure 3(bi from:
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Eo (W) ——

G, (w)

Eo (W)——> G, (w)

(a)

Figure 3. Block diagram representation
(a) Without the ground plane.

(b)

G (w)  |—— |, (w)

LT a

of the one-conductor system.
(b) With the grourid plane.



(1) thedirect plane wave,

(2) the plane wave reflected from the ground plane, and

(3) the cylindrical wave scattered from the cylinder and reflected from
the ground plane back (feedback) to the cylinder.,

For 2k,hy < 1andk,a < 1 (that s, for low and intermediate frequencies)

J ik a)=1
) 2
HYk al=1 i =¢ni k a7
) Y i1 ¢
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t

= 1731
With these approximations (6) becomes (z = 0):
5 ¢ 10° E ten i
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It is often assumed that the plane wave from an electromagnetic pulse has the

form

—ult —u,r,
EO(t) = En(e —e  Tault)

Therefore

il
E(=E| - ~ -
" Tjw+a, Ju+a,

and then i,(t) is particularly easy to find by inversion. Using typical values:

a=000715m

h =10m



E =52500v/m
a =4x10%!

a, =478 x 109!

478 o0 4 B b
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where t, = 2hsino/c. Results are shown in Figure 4 along with those for the

same conductor with no ground plane from Barnes3. Notice the reduction in

peak current.

Since it has already been assumed that kohy << 1,

Si2K
I —¢ ! ol

= j:!kl)hI
Using this approximation in (11) gives
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but since the characteristic impedance of a single wire over a perfect ground

(TEM mode) is given approximately (h; > > a) by

nn
7 = — ¢n(2h /a)
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The time-domain result (z=0)1s
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and is shown in Figure 4 for comparison with (12). Results indicate that (11)
[leading to (12)] gives good results for early time, whereas (13) [leading to
(14)] does not. The reason for this is obvious. The approximation above (13)
not only eliminated the time delay for the ground reflected wave in (11), but in
so doing it canceled the jo in the denominatorin (11). This enhances the high-
frequency or early-time response, as Figure 4 shows.

The differential equations describing a single wire over ground subject to

emp can be written so as to incorporate the emp in terms of induced voltages

and currents per unit length4: .
dv
— +72 =V (15)
dZ z r4
dI
— +YV = l‘ (16)
z 4

zZ

When the proper forms for V'zand I'; are used, and (15) and (16) are
uncoupled, the result for I, is the same as (11). Thus it can be concluded that
for low and intermediate frequency the exact result given by (1) reduces to the

transmission line result given by (11).



[l. MULTIPLE PERFECTLY CONDUCTING WIRES OVER A
PERFECTLY CONDUCTING FLAT EARTH

Having seen the approximation that was necessary ( and valid) to avoid
an infinite series in the expression for the induced current in the single wire
(above ground) case, the same approximations can be made in order to obtain
the current for the case of multiple parallel wires above ground. Consider, as
an example, four wires. The geometry is shown in Figure 5. Keeping only the
leading terms in the series expressions for the scattered fields (that is, the
Hankel functions), and satisfying boundary conditions at the four conductor
surfaces and the ground plane, leads to four equations in four unknowns:

~jk h

J
D) P OTH , ) P 1
—lesm(l\phl)c ~¢10h“ +h0hl)+c h +d0h14

- ik h

ST ,
-z‘lmn(l\phl)(, «a()hl)+ h()hzz+° h +d0hz4 (17)

—-jk h

(5 N : N P 1 ) o
-—Z'].sm(kphl)( =agh o+ boh,, + ¢, hy + d,h,,

- jk h
o L
—Z_]Sln(kphl)(,‘ e =ayh, +bh, + c()hJ4+d h,,

where
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hy, =1, (kpy) =1 ko,
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— 2y (2) '
hl4 - Hf) (kppl4) - “() (kpp 14j

2y,
- i, (l«,l))

t

(2)
h,, = Ty - ek by
0 p

ot (2 !
hy = Hy (k poy) — H) (k pyy)
etc.

The axial current in the cylinders has the same form as that for a single

wire (1):

41 (w) ~ik 2 a ‘
I ()~ = ——— ¢ ¢ ' (18)
it M, sint) J“(k')a)

for the cylinder p = a. For the cylinder p = b:

414 () —ik = b
Il (W)= — —*(—_—c ‘ ( (19)
zh b0 sinQ) J”(k')h)

etc. Thus, the set (17) must be solved in order to find the current,
If the wire spacing is very large such that Kpp'mn >> 1, then hyy, ~ 0,m
# n, and (18) becomes identical to (6) as it should. Also, if there is no ground

plane, then (17) becomes
—l=ash +b, hy, + Cohy+ dyhy,

-1k th, -h) \

. po 1 2 . .

¢ T aghy, bbb, e hyy +dy h,, (20)
-1k ih -h )

L LI .

¢ yhyy Fhyh,, +e hoy tdyhy,
—,|k)fhl—h )

L . .

—¢ ‘lt)hl4+h()h‘34+£nh:}4+d0 h44

where
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h12 = H() (kppm), h13 = H.) fkypul, ete.

and [, is still given by (1).

For two conductors and a ground plane it is not difficult to solve for a, by,

La,and Ip. The resulting (coupled) block diagram is shown in Figure 6. In this

diagram

G =

i

G, =

G‘ll = J-)(kpu)H:)-V{k,,(pl‘_’) Ghl = ‘Jo(k,;-h}H“-- (kppl‘l)

("‘11 = J‘)ikp ;l)I{“' 'k!’pm) Gbl = 'Ju'ku b)HU' ékpp 1

1

(2,
HO (kpa)

1

2 )
H0 (kp a)

H

4

H

o]

J tk aH P2k b)) (21)
P R Y 1
Itk biH 9k b o (22)
0P o o1
(23)

(24)

‘The various contributions to each current can be identified in the f'lgvure‘. The

signals appearing at the upper summation point are from:

(1) thedirect plane wave.

(2) the plane wave reflected from the ground,

(3) the cylindrical wave scattered from cylinder a and reflected from the

ground back (feedback) to cylinder a,

(4) the cylindrical wave scattered from cylinder b and directly incident

on (coupled to) cylinder a. and

(5) thecylindrical wave scattered from cylinder b, reflected from the

ground, and incident on {coupled to) cylinder a.

16
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It is helpful to observe the geometry of Figure 5 (conductors a and b only)in
conjunction with Figure 6. The currents are obtained from (18 and (19) using
(17) (appropriately reduced for the case of two conductors). The currents can

also be obtained from the block diagram of Figure 6.
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IV. THE EFFECT OF A FINITELY CONDUCTING GROUND

It has been established by several investigators (including the authors of
this report-in two separate reports®®) that the finite conductivity of the wires
has negligible effect on the early-time behavior of the currentinduced in an
isolated wire for the types of electromagnetic pulses expected [see below (11)].
On the other hand, the effect of a finitely conducting ground (o < w, ¢ > £0) 1S
much more pronounced, and must be considered. This means that the
preceding results are only valid for low and (or) intermediate frequencies,
whereas early-time behavior is governed by high frequency behavior. Thus,
those results are of limited usefulness for preseﬁt purposes.

It is relatively easy to show, and intuitively obvious, that for high
frequencies, two of the waves incident on cylinder a in Figure 5 are small and
can be neglected. These are the wave scattered from cylinder a and reflected
from the ground back to cylinder a (3), and the cylindrical wave scattered from
cylinder b, reflected from the ground, and incident on cylindera (5). Itis
expected that these terms are even smaller, and can be neglected when the
ground is finitely conducting. It will be demonstrated that this is the case.

Olsen and Chang” have derived a formula for the electric field parallel to
and resulting from the current of a Hertzian dipole that is parallel to and
located h| meters above a finitely conducting earth. Thus, this electric fileld is

‘the "impulse response”, and the electric field, E,, can be found for any z-

directed axial filamentary current by convolution:

~ —_— '30 ® r ’ ’
l‘,l = —_]“k— B [(2YK(z~2')dz

19



l‘)l = —IT f Hz—2"YK(z)dz' (25)

For present purposes I3, is to be calculated at the wire (essentially filamentary

for k, a << 1) surface. In this case (see Figure 1) Olsen and Chang give

. ad
Ki2) = k%G, — G, +2kQ) + — (G, =G, +2kQ) (26)

7z,
where

) /2 2
—kVz +qa
(&
27+ a

G =

\/‘_Z_-_T
—-1kVz H‘_’I)])

(3
G = — (h, >>q)

12 Vz‘“)+(2hl);

2
» 1 —kVa -1(2h )
P = 1

e ¢ J (kza)a da
0 \/a“)—n‘ +n” \/a‘)——l !

9
[" 1 -k\/u‘_uzhl»
e J (kza)a da
0 Valo1 + V22 0

(0, £ s med constant)

Because of the nature of the piane wave source, I(z) must be of the form

-1k 2
I(z) = l”c g (l\j/ =Kk eos0)

SO

30 —jkz [° ik 2z
”7 = -l —I\_ [“O l ] Kiye © do (27)

The integral in (27) is recognized as the Fourier transform of K(z) evaluated at

20



-k, where k, is the transform variable. Thatis

30 —ik 7
L= -l e " Ki-k) (28)

where the bar indicates the transformed quantity. The normalized field is
K

zZ
wm 30 —lk 2
= l“c '

k
Transforming (26) with the aid of a table of pairs gives

(29)

= Ki=k )
VA

B, = —insin®0 12k )+ jusin®0 1122k b )
Zn 0 P 0 pl

I
-k u“—ltiihlb
j ¢ a d
+ 4 . a
2 2 9 9 >
cos O \/rl"—n“ + \/a“—l \/a“—cos‘()

/2
—kVa"~112h
Y 1

. ¢
+ 4 cos“)() J ; a4 da (30)

cos () V(l;—n; + \/(12—1 A \/;lz—c()srzd

or

B, =B 4B, B+ 1 (31)

The first term in (30 or (31) is recognized as the normalized field due to
the current with no ground present. Then the last three terms in (30) must be
the field scattered from the finitely conducting ground (0,¢ = ¢ge,). The ratio
IE2+ 13+ B4)//11] is the ratio of the magnitude of the field at the wire that is
scattered from the ground to the magnitude of the field at the wire produced
directly by the current. This ratio in dB* is shown in Figures 7 through 10
plotted against frequency for w =10to 10? for various ground constants and
values of 0. Notice that, as e.xpected, this ratio is quite small for high

frequencies, incicating that for early-time behavior (only) cylindrical waves

arising from the wires and scattered from the ground can be safely neglected.

, E2~|TE3+‘E4 l

= The curves for 6 = 54°, 36°, 18° and 6° are
‘1

*
20 log10

referenced to the curve for § = 90° at w = 10.

\
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Thus a reasonable model for a single wire and a finitely conducting
ground becomes that shown in Figure 11. It should be compared to Figure

3(b). The current is given by

-2k h

4E (@) _jp, L+ (we e
0 I, t

[ (w) = - e - (32)
z posin® i [(‘)3‘( kn“ )
where the coefficent of reflection is given by
1 / ale \/ cos”0 ale
- , - — Vi- (1— —)
K (w) Ve sinl) ole + jw I ole + jo -
. ¢ R R
l“((o) = - = - = (33)
I«‘i((u) 1 1 ole \A cos™0 (1 ole )
+ —_ — —
\/a:R sin ) o/t + jw N ol/e + jw

Using the same approximations once more, the block diagram for two
conductors and a finitely conducting ground becomes that shown in Figure 12.
See Figure 6 for comparison. When k,aand kb are small, G,| = G,9 ~

H(‘)Q’(k‘,plz) from (23). In this case the currents are given by

~i2k h " ik (h —h) ik th +h,)
P+lge "1 GG e 0 Fre vt G4
I =EGG -
2i o1y p
2 ) L I — G G Gz
a b al
—ik th —}19) —jk th +l19) —i2k h
le P P e 0t -GG 1+ e P
l/,h = l‘ln("lGh | GG 02 (35)
Yy

where Gy, G, and Gy, are given by (9), (21), and (22), respectively.

Ifthe case hy = hy,a = b = 0.00715 m, p,=9m,and0 =n2is
considered, then the ratio of the current given by (34) to that given by (32) is
1/(1+G,G,1), which is less than unity for frequencies up tow =~ 108. This

shows that the coupling reduces the induced phasor current.
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Having seen the approximations that are made in order to simplify the
two-conductor case, it is a relatively simple matter to extend these to the three
or four-conductor case.

The assumption of a thin wire (kpa < < 1) permits the calculation of the
current induced in the wire when over a fi initely conducting ground and
subject to plane wave excitation. The Olsen and Chang results, however
require infinite integrations (30) for each frequency. Time-domain results, in
turn, require another infinite integration (inverse Fourier transform). Thisis
quite a formidable task, and one is willing to use the approximations (above)
in order to obtain useful results.

The Brewster angle for Figure 1 is the angle (§ = 0B ) for which there is

no reflection when o = 0. It s given by

-1/_R (36)
egt 1
The hlgh -frequency behavior of y(w) isof primary concern here. At high

v GBzcos

frequencies®, » > 10 o/e,and 8 > g, the magnitude of ['yisconstant (< 1), while
the phase angle of Iy is 180°. For v > 100/e, and @ = g, the magnitude of Ty
decreases with « (20 dB/decade), but its Phase angle is exactly 90°. Forw > 10
‘o/e,and 6 < 6y, the magnitude of Iy Is again constant (< 1), but its phase angle
is 0°. Thus, a complete phase reversal occurs between the case g > 0g,and 0 <
0g, and it is to be expected that for angles 6 < O, the reflected wave will
enhance, rather than reduce, the early-time current induced in wires above
ground by the direct wave. Furthermore, the effect will be more pronounced
for smaller ground conductivities, or larger dielectric constants, because the
phenomena mentioned above occur at lower frequencies (and extended over a

wider band of frequencies). In other werds, the relaxation time, e/0, is larger.
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V. TIME-DOMAIN RESULTS

| When secondary scattering is ignored, equation (32) and Figure 11 apply
to the case of a single wire over a finitely conducting ground. Time-domain
results have been obtained for the double exponential plane wave (described
earlier) by numerical inversion of the Fourier transform (32). A wire radius of
a = 0.00715 m and height h; = 9 m were used throughout, and the parameter
is the angle 6 (Figure 1). Four cases (ground conductivity, o = 10-2and 10-3 ;
relative ground permittivity, c g = 10 and 15) were considered. The results
appear in Figure 13 through 186.

The Brewster angle is 0y = 17.55° for €r = 10, 6 = 14.48° for ¢ = 15. When
8 > 0, the ground reflected field reduces the induced current rather quickly,
and limits the peak current to approximately 60% of what it would otherwise
be at 100 ns. On the other hand, for o < 0g the reduction is not as great (at
100ns), and, as predicted in Section IV, the ground reflected field may
temporarily increase the induced current (8 = 10°); noticeably so for lower
ground conductivity.! |
Equations (34) and (35) give the induced currents for two wires above

ground when secondary scattering is ignored. Figure 12 applies to this case.
The same parameters and variables that were mentioned in the first
Paragraph of this section were used to examine the time-domain behavior of
the induced current, I;l addition, the wires are identical, and hi =hs =9 m,
sothatl,, = I,, = I,. Results are shown in Figure 17 through 28. The

current i,(t) is the time-domain current induced in either wire. These currents
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are similar to those when only one wire is present, except that the overall

currents are smaller here since the wire-to-wire coupling reduces the overall

current as stated earlier.
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VI. CONCLUDING REMARKS

Numerical time-domain results have been obtained for the current
induced by an emp in one and two wires over both a perfectly conducting and
finitely conducting plane earth for several cases of angle, conductivity, and
permittivity. These results were obtained by taking the "boundary value
problem” approach, and then making suitable and realistic approximations as
the need arose. Results can easily be extended to the case of several parallel
wires.,

It has been found that for angles (8) greater than the Brewster angle (6g)
the currents reach peak values of about 2 kA in less than 100 ns for typical
cases. For angles less than the Brewster angle the currents may reach peak
values that are as large as 10 kA at timesg greater than 100 ns. This occurs
because the current induced directly by the plane wave (emp) is large in itself,
and, in addition, the ground reflected field adds to it (6 < pg).

The results presented in this work agree well with those of Lee® that
were obtained using linear time-domain scattering theory in a somewhat
simpler approach. ' The approximations that were made are essentially the

same in both cases.
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