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FIELDS IN A RECTANGULAR CAVITY
EXCITED BY A PLANE WAVE ON AN
ELLIPTICAL APERTURE

ABSTRACT

Explicit expressions are developed for the fields in a rectan-
gular cavity produced by a plane wave incident on an arbitrarily
oriented and positioned elliptical aperture of the cavity. Only low
frequency waves are considered so that a quasi-static approach can be
used. Cavity excitation at frequencies near resonance is examined.
Fourier techniques are used to generalize these results to electro-
magnetic pulse input.
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1.0 INTRODUCTION

The problem of electromagnetic penetration of cavities has
been discussed by many authors. L-W. Chen(l) has discussed
the penetration of a rectangular cavity through a small ellip-
tical aperture using a quasi-static approach. D.K. Cheng and
C.A, Chen(ll) have treated this problem for the case of an
electromagnetic pulse incident on an aperture of arbitrary size
and shape, but explicit expressions for the fields were not
obtained. Other investigators have examined various kinds of
nonrectangular or general cavities, for which the reader is

referred to the bibliography of C.M. Butler et al.(lz)

This paper includes an extension of L-W. Chen's work to give
explicit expressions for the fields in a rectangular cavity as
infinite series of the natural modes. The elliptical aperture
is taken to be small so that the gquasi-static approach may

be used, but a dipole approximation is not used at the aper-
ture. The position and orientation of the aperture are arbi-
trary. These results are extended to cavities with non-

perfectly-conducting walls.
Fourier transform techniques are used to f£ind explicitly the

response of a perfectly conducting cavity to a plane EMP. The

position and orientation of the aperture are again arbitrary.
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2.0 ASSUMPTIONS

The fields in free space satisfy the relations

> 3H
VXE = ~Uo -é—E-
-5
VxH = €4 %%
VeE = 0
-
V*H =0

where E is the electric field and % is the magnetic field and

€g and uy, are constants.

By taking the curl of these equations, one obtains

Vz_é:L_a__z_—E:
c2 atZ
and
vef o L 3%H
c? st?

If one assumes that B = Eo(x,y,z)ert

w
k = z If the frequency is low, then the k2§ term can be neglec-

, then V?E = -k2E where

ted and E satisfies the Laplace Equation. This is eguivalent
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S0

. to saying VxE = 0 or E = -V$ and similarly B = -V$* where

V2 = V2% = 0,

Consider a plane wave incident on an aperture of a cavity as

in Figure 2.1.

Cavity
Z

1.

Aperture
k

U ——

FIGURE 2.1 Incident Wave

' Let the incident wave have the orientation with respect to

the x,y, and z axes given by Euler angles(s)

ﬁi\ CYCH-COSHSY  CYSH+CECHSY swse\ 2
gY 1= | -suce-cosecy -suSe+CaCHCy Cyse g
k- S6SU -S6CY co / z

~

Where z 1s the unit vector perpendicular to a planar aperture of
zero thickness. Let x and y be perpendicular to z and in the
plane of the aperture. ¢ represents a rotation of the x,y,z axes

about the z axis to form x', y', z axis. 0 represents a subse-

quent rotation about the x' axis to form x', y", 2' axes. Then,
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Y represents a rotation about z' to obtain X", y", z' axes which

are in the direction of ﬁl, ﬁl, k as in Figure 2.2,

kK is a unit vector in the direction of the Poynting vector and
must not be confused with z. E- is the incident electric

s
vector and H' is the incident magnetic vector.

-
L

FIGURE 2.2 Euler Angles

From these definitions it is apparent that & is the angle between
the Poynting vector and the z axis. ¢ is the angle between the
intersection of the wave plane with the xy plane and E. o is
the angle between the x axis and the intersection of the xy plane
with the wave plane. Thus, 8 and ¢ give the direction of the
wave and ¥ is the polarization angle. The incident fields can
be expressed as

=i i

E™ = Ey7 [x(CyYCB~CBS¢SY) + ; (CYSo+COCOHSY) + ; Syse]

f(t- )
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gt o= Hoi [X (-SYCo-C8S6CY) + v (-SySe+COCHCY) + z CySs]

N
£ (£-E2E)
Co

Where S, C stand for sine and cosine and ¢ is the velocity of

light (cq = __l___). A pulse (EMP) would be a épecial case of
€oHo
the time factor £(t).

If we first solve the problem with £(t) = ejwt, we can f£ind the

general result of EMP by taking the Fourier Transform.

If k, the unit vector in the direction of the incident wave, is
equal to k;x + k,y + ki3z, then the unit vector in the direction

~

of the reflected wave must be k;x + k,y - kj3z.

In order that the total wave have the proper boundary conditions
at a conducting surface, the reflecting electric field must

be of Ehe form

~

joud I _K(CyCE-CBSoSY) -y (CYSE+CBCHSY) + z SySe]

¢ f(t—klx - k2y -+ k32)

where k; = 3563¢, ko, = -5S8Cy, and k3 = C¢6
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- -> -
E° = gt + EF
- >3 ->
HO = Hl + r

-> " ~ T A A i
3xE° = 0, %E 2-8° = 0, 2°B° = 0, 2°8° = 23+E* at z=0
where
ﬁl = %— kiﬁl and &Y = 1 erEr
o Zg
i HMLlo»d ~r
§l= -2, k xﬁl and E = =Z,4k xﬁr

where Z, =//%i is the free wave impedance. Thus, the fields
0

in the absence of an aperture are

E® = 280
B° = xu % + yu °
X Y
E°; H_°, and H ° are tants gi
e He oo y constants given by
o _ i
E,” = 2E_~ Syse
o i
H,2 = 2H (-SYCod-CBSPCY)
o}
o i
HY = 2Hé (—=SYySd+COCHCY)
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In these and all subsequent equations up to and including Section
10.0, the time dependence ejmt is implicitly understood. Let
us seek a solution for a sinusoidal input which has a wavelength

which is large compared to the diameter of the aperture. This

can be approximated by letting £(t) = 1. In other words, the

incident wave would produce a constant field across the aperture.
We neglect also the departure from a plane wave due to the front
face 0f the cavity being non-infinite. We also have assumed
that the outside surface of the cavity is a perfect conductor.
We cannot assume the inside is a perfect conductor or there
would be infinite'resonances when the incoming wave had a fre-

guency equal to one of the natural freguencies of the cavity.

Let us assume the aperture thickness is infinitesimally small
and that the field at the aperture is the same as that produced
in an infinite sheet with the same shape aperture. The presence
of a large cavity is assumed not to affect the field very much

at the aperture.
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3.0 THE ELECTRIC FIELD DUE TO AN ELLIPTIC APERTURE

To find the fields in the aperture we find the fields in a
similar shape aperture in an infinite conducting screen and
assume that this is a good approximation. We can thus find

the electric potential which satisfies

Vi = 0
>
E = -V¢
= = i > .
E = Eq = 2E;” Sy S6 Zz at large distances from the aperture
on the incident side
E =0 at large distances from the aperture on the shadow side

nxE = 0 on the inside and outside of the screen
> 3B '
E and 57 are continuous everywhere particularly at the aperture

Ellipsoidal coordinates are the natural coordinates for this

problem (see appendix).

The potential if no aperture were present would be

9o =-B% = -280&  go sign z

ab z

166




EMP 3-38 342-11

Assume the general potential to be

-
I

€

(=3

F(g)

Substituting this into Laplace Equation one gets that F(f) must

satisfy
d?Fr , 4dF _
dgz + EE 1n (ERg) 0
or
E(E) = A f dg + B
© e grar) gty /2
Therefore
$,(2<0) = ¢, [A S + B]
2
+ @<
¢, (z2>0)y = ¢, [C J + D]
g

with the boundary conditions

$y (E=2) = ¢,
@2(€=w) = 0

lim ¢; = lim ¢,
£+O g+0
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3, LY:P

lim —3—2—— = 1im -a-z—-

£>0 £>0

The condition that tangential E is zero on the screen is

automatically satisfied.

The other boundary conditions are satisfied if D=0, B=l

A= -C = 1 ‘
2 1im [2z2 (g+a®) /2 (z4p2) /2 2(g4p%) /2
870 (g-n) (g-g) £372 £t/ 2p2 (£4a2) /2
+ 23(@,3)]»
ab?
1/2 —_—
_ -1 £ _
@ = cot T S ¢ = V1 - p¥a®

E is the elliptic integral of the first kind. (See appendix
for integrals.} Care must be taken since this is an indeterminate

form. After taking the limit, we obtain

2
a =20
4E(, e)
250 ©
5, = ab EE Z ; ac i
iedie £ &)Y ey
168
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2
ab E;__z [- E(Cf.,@) + (€+b2)l/2

28 (L, &) ab? b2t/ 2 (z+a?)
2

775!

The electric fields on the shadow side can be found from
-
E=—V¢2

If rectangular coordinates are used for the V operator,
then £ can be thought of as an implicit function of x,y.
and z. gx = 5o Ey = 5y EZ = 5% can be found in the appendix.

These are obtained by implicit differentiation of the expressions

x =x(&,n,2), v =v(&m,z), and z = z2(&,n,z). These give for E

2Ez°sz(g+b2)l/2

B =

g2 ga) Y2 (5og) (g-m)
2EZ°Ayz(£+a2)l/2

E ES

Y g2 ey 2 5y (2-m)

2E_°A

E, = zzz [aE(q o) - 51/2(£+b2)1/2(a2€-i2n-a2c—n:)1
2%b (£-n) (E=) (£+a?) /2
where
S 1/2
A = égi—_—— , e = /{ - éi ; o= Cot—l EE——
4E(%,e> a

Special values of these fields are given in Section 3.0.
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The fields on the incident side of the screen are given by

symmetry conditions of Bethe:(lo)

Ex(x,y,z) = E, {(x,v,2)
Ey(x,y,—z) = Ey(x,y,z)
Ez(x,y,-z) = Ezo-Ez(x,y,z)
Hx(x,y,—z) = on—Hx(x,y,z)
Hy(x,y,-z) = Hyo—Hy(x,y,z}
Hz(x,y,—z) = HZ(X,YIZ)
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4.0 THE MAGNETIC FIELD DUE TO AN ELLIPTIC APERTURE

In a similar fashion, the magnetic field is given by B = -V¢*
where V24¢* = 0.As z + -, ¢* + -H;k - Héy.where as before,
o _ i, _ - :
HX = ZHO (-SYCo-COS¢CY)
o i
Hy = 2HO {(-SYSH+COCHCY)

Let us treat each component independently.

* o, _ _r(§+az)(ﬂ+a2)@'+a2)]l/2 4 © Signx
° X " a?(a%-p?) X

* *
Let ¢ = ¢o F (&)

After substituting this in Laplace Equation ({(see appendix) and

solving for F(£), we obtain

dg
3/2 (£4p?)

+ B
£ gt/ %(z+a?) t/2

a 5 +B) s,
3

*

@ *
(C J + D) ¢
£ 0

*
¢, (220
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The boundary conditions are

* *

6, (E==) = ¢,

30, 39"

3z z+0+ 9z

lim_ at £=0

z-+Q

These equations determine the constants

1

ag
2)3/2

B=1l, D=0, =-A=+C =

=<}

2 s
g/

o]

1/2

2 ( +a (£+b2)

These integrals are given in the appendix. A similar procedure

is used to determine the components of H due to HYO. If we add

the fields to on and Hyo, we get the total magnetic field as
0
Hx il T -1
B =5 FGle) - BEz,e]] " [Flase) - Ease)
2 2
o 8% 2 (nra?) @ra)y

a(g-z) (£-n) (g+a’) 1’2

HYO ab2(a2—b2) xygl

/2

il
2(50) (5-n) (E+a2) 2 (@409 12 @PE(5,e) -b7F (5,00]
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_on a3eZiyel/?

YT 2 (Gmo) FGre) - B(L,e)] (e+ad) Y2 (£4p2) 12

Hzo ab?(a®-b?) vt

2(50) (g-n) (£+0°) 7 *[2%8 Ge) - b°F (o))

1/2 2)1/2

(E+a

azl/2 (%1%
2)1/2

fae @ ,e) - b°F(a,e)

]
H . (E+a 2)1/2

(E+b

e G.e) - vrGeel]

0 _3_2

-H a~e” xz (€+b2)l/2

H = —3 ;
2 2et 2 (gon) (-0 (E+a2) 2R (Bre) - EGe]]

H 0 abz(az-bz) Yz (€+a2)

Y
2612 (£-m) (£-2) (£+b%) 12

1/2

{gZE(%,e) - sz(%,eﬂ

_ 1/2 A
where o = cot L é—g— r € = Y1 - bz/a2 and F and E are elliptical

integrals of the first and second kind.
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5.0 TABLE OF FIELDS FOR SPECIAL CASES

All expressions in this table are for the shadow (z>0) side of

the screen. Definitions are:

a = cot

e = ‘/l- bz/az

|
[
ol

F(¢,k) and E(¢,k) are elliptic integrals of the first and
second kind, respectively

lim £ = £ b and lim n = n b’ where the subscripts refer to

bra e b+a © the oblate spheroidal coordinates
used with a circular aperture.
Thus, we may consider these two
oblate spheroidal coordinates as
special cases of the corresponding
ellipsoidal coordinates when b=a.
For this reason, no distinction
is made hetween £ and f,p, n and
Nop in the table.

In the circular aperture case, it has sometimes been useful to

express formulas in terms of

~ ~ T

-
P = XX + Yy
2 2
0 = §2+y2 =//{g+a )én+a )
a
and
~ D
p = E
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See appendix for values of £, n and 7 on the aperture, screen

‘ and axis and at large distances.

=t
~1
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CIRCLE

5.1 ELECTRIC AND MAGNETIC POTENTIALS

'

2 2 ' . ’
- /QE+a ) (n+a”) a/gz)(Hg cos o + Hg sin ¢) : -
E+a

M Ta (@ -

5.2 ELECTRIC AND MAGNETIC FIELDS

N Egaz/q B E‘O a‘/g
" = 5 + T (o - -(-S-:—)
T (E-n) (E+a”) n
or
¢ 2
e = Eza -n X

X n(g-n) (E+a?)

Egaz/:ﬁ v

4 ﬁ(a-n)(6+a2)
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ELLIPSE
5.1 ELECTRIC AND MAGNETIC BOTENTIALS
0

E”z / 2
@E = —E—F__ [-E(a,e) + i_éig__]

2E (-z—,e) /g (£+a2

0 0.32
b = XAy Fla,e) - E(a,e) Hia ¢ ¥
"2 rdie) - 2die) 21’ de) - bR e
. [azE(a,e) - bZF(ca,e) 4 g ]
32 2 2
a“e (Z+a”™) (E+b7)

5.2 ELECTRIC AND MAGNETIC FIELDS

£)abxz/E+b?
B =
X .

2 (5=n) (5-2) /& (E+a2) E Tre)

Egabzyzvg+a
B =
Y

2(§-n)(S-C)/€(£+b2)3(%,e)

177
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or

e

{o -

EMP 3-38

cos ¢ + Hg sin ¢)

_ Za/—(n+a } sin ¢ (H cos ¢ + HO

v sin ¢)

- Eﬁg)
g£=n
a’k,y 22’55 (a/E 3 + (5+a?)/n 2]
g+a’ 7 (E+a) 2 (g-n)
afé)_z (n+a )VE cos ¢ (H
2
gE+a (£+a ) (§=n}
av/t )
g+a’ 7 (E+a’) (E-n)
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0 N
Ba (a®g-a’n-a®r-nc/z (£+62)

2B (z.e) a(£-n) (5-z) /e+a?

0
- 2, . 2 e
H, = =% [Ff,e) - BE,e) 17 [Fla,e) - E(a,e)- H) (Era)/E(EDT),

2
a(g-n) (€-t)ve+a

L

H§a3b2e2xy/§

2(g=n) (5-2)/(g+a%) (g+p°) [a’E Qo) - bPF L0

Hga3e2xy/§

2(g-n) (6-0)/(g+a) (g0 P Gre) - EG,e)]

H§a3b2e2y2/€(5+az)

2(2-n) (g-0)/(g+p%) 21’2 e) - 7P (G0 ]

0
H -
%[aZE(%,e) - sz(-Tzl,e)] l{azE(oz,e) - b2F(oz,e)

+

a3e2/€
Jig+a?) (£+b?)

]
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2 — 0 0
2a /—n(xHx + yHy)

m(E+a?) (g-n)

5.3 FIELDS ON APERTURE

=0 E p
> E ZP
E = -2-—— P ———
T /a2_p2
Qr
ng
E =

0
E_ = e
y
- /az_xz_yz
E,
B, =3
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H3a3e2xz¢£+b2

2(g-n) (5-0) /e (g+a”) (F (F,e) - E(Ze)]

§§§3b2e2yz¢g+a2

2(g=n) (£-2)/2 (E+b%) (a’B (G e) - bPF(F,e)]

5.3 FIELDS ON APERTURE

E%bx
E, = 2
2a2E(127-,e)£— xz/a2 - yz/}::2
0
E y
B, = 2
2bE(%,e)/€ - xz/a2 - y2/b2
£,
E, =3
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cor
H)
Hy = 35
5
Hy=2
0 0
2(xH + vH
g oo - (xH_ + YE )

2 /2 2 2
Tva -x"-y

5.4 FIELDS ON SCREEN

By
1i
= ‘tzﬂ

0 =0
-1/2,.2 1l E
(cot o /a -] }=- ;,—Z—T— = F— (Ci - )
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fy
H, =35
%
HY = 3
Hoezx
H = - X

2b(rGre) - B e)1/1 - x%/a? - y¥/p?

H3e2ya2

261228, e) - b2F (L, e/ - x%/a? - yP/p°

5.4 FIELDS ON SCREEN

EO _ a/£+b2

E=2 0 [E(a,e)

]
1)
2B(z:2) /e (g+a?)
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H = E? (cot—lv/p?'/a2 -1 - p2éa22_l) - 2(87:0) o
T
pr/a W(oz/az)sz/a2 -1
B Lk, 2233 o
T g+a?’  w(e+a®)/E
or
Hg , a/E ) 2a3x(ng + yH;g)
H = = o —_— -
X ki3 £+a2 1T(§+a2)2\/<_£'
0] 3 0 0
H 2ay (xH + yH))
H = ,‘n_—z (Ct - a/gz) = >2< 2 I
Y E+a _ T(E+a®) /g
184
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A
i

- 2, [ 3
H, = 5X[F(G,e) - B(J,e)] L[F(a,e) - E(a,e) - 2EF2)/ED
(e-2)VE (£+a°)
_ H3a3b2e2xy
4(5-2)/8 (g+a”) (+0?) [2?E o) - bPF (L e)]
0.3 2
H a“e Xy
H = - X
y

2<a—c>/€(s+a2><a+b2)tF<§,e> - 5Ge)]

HSa3b2e2y2 fval

2 (£-7) a<s+b2>3ta2E<§,e> - p?r Z,e)]

0
H -
fz[azE(-Tzl,e) - b2F(-721,e)] l[azE(oz,e) - sz(a,e)

+

a3e2/§ J

/(c+a?) (£+b2)
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5.5 FIELDS ON AXIS

>0 >0
E=l (cot™Z- 22 ) -2 (@- -2
a + z E+a
+>0 >0
H = %~ (cot Lz, —7255) = %— {a = _azz)
a +z E+a
186
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5.5 FIELDS ON AXIS

0
E = -j—-—-— [E{a,e) - 2z
28(%,e) /(z%+22) (z2+p2)
u
H = __E'F(are) - E(Cl,e)
X 2

F(3,e) = E(5,e)

0
H
H = 55 [azE(%,e) - bZF(%,e)]-l[azE(a,e) - b%F(a,e)

_ a3e?z 1

J(22+a2) (22+b2)
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DIPOLE EQUIVALENTS AT LARGE DISTANCES

881

5.6 DIPOLE EQUIVALENTS AT LARGE DISTANCES

oy
|

For either aperture the far fields are given by:

~ A

jeal

{l

> -
5 3r(r-PE) PE
E =
4me r3
0
S >
N 3r(r-PM) PM
H = —
4rr
5.7 FAR PFIELDS 5.7 FAR FIELDS
2a3E2 cos 0 aszg cos 6
E =
31Tr3 r 3r3E(%,e)
a3E® sin 6 ab2E? sin o
Z _ z
3 By = =33
3nr 6r E(i,e)

(%)
N
2me abz_ﬁO &
_ 0 et
3E (5, e)
2ﬂH2a3e2 ~ 2an?3b2e2 ~
2 2
3[F (5,e) -~ Elg,e)] 3[a“E(5,e) - BF(5,e)]

8- dH
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E, =0
¢
4a3 sin 6 0 0
H =~ ——=3— (H_cos ¢ + H_ sin ¢)
3nx 4
2a3 cos © 0 0
He = 3 (Hx cos 0 + H_ sin ¢)
3mr ¥
2a3 0 0
H, = (-H_ sin ¢ + H_ cos ¢)
¢ 31rr3 x Y

]

[

8E-¢ dWd

0
H2a3e2 sin 6 cos ¢ H(Z)a3b2e2 sin 6 sin ¢
il rle) - ed,e) 3r’(a’Ed,e) - bP(Z,e)]
2 2 2 2
Hga3e2 cos 8 cos ¢ H0a3b2e2 cos € sin ¢

+

sr’irG,e) - EG,e)] 6r ta’Ed,e) - br(},e)]

0.3 2

H sin
X2 e ¢

+

H3a3b2e2 cos ¢

6r>(F (3, e)

~ E(z/e)]

6r3[a2E(%,e) - sz(%,e)]

£e-Tv¢e
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6.0 GENERAL SHAPE CAVITY

(6)

Jones gives the field in a cavity produced by an aperture
field as

> >

E =21 AM EM

H + Fuenl UxE

H = V¢ jmoeo . ) x M

M
where
- 2 2, -1 s >
Ay = (kg =ky ) é(ﬁxEL(VxEM) as

and EM are the natural modes of the cavity normalized such

that
2
S1E % dt = 1
v M

V is the volume of the cavity. S is the surface of the cavity.

18]

2 2 2 2 _w
ky =Wy /g s kg =

Q
(=)

Wy = 2nfM, we= 27E,
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H
]

M a natural fregquency, fo= frequency of the impressed

aperture field

corresponding to the field E

M
Sy = the speed of light
¢ =/ A-H Gg(r,r') ds
s

a

(not the same ¢ as in previous sections)

where V2G = -6(;-;')

3G _

Tnls = 0

G = Green's function
Sa = aperture

For a perfectly conducting cavity ﬁx§=0 so that

- 2_, 2,-1 B e Tor
Ay = [ko ky ] é fixE VxEM das
a

fi is the unit normal outward from the cavity.

If we used Stokes' differentiation, we could obtain

i by " = -Vx§/jwu0. The introduction of ¢ circumvents the

need to differentiate an infinite series. It can be seen from
these equations that after the natural modes and the Green's
function have been determined, the field in the cavity is deter-

mined by the normal ﬁ and the tangential E at the aperture.
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7.0 THE ELECTRIC FIELD OF A RECTANGULAR CAVITY

The electric field is given in Section 6.0 where i = -2. The

normal modes EM of a rectangular cavity are found by solving

the wave equation in rectangular coordinates subject to the

constraints that 3En/8n and tangential E are both zero on

the boundary of the shorted cavity. They are given by Chen (1)

and Waldron (8) as:

1/2

k,N R
. o (L. 22 ; : '
TE modes: EM = —_E:—_— cos klx' sin kzy' sin k32
k,N/29
I sin klx' cos k2y' sin k3z'
c
2 2
m‘=071121--'; n=0,lf2,...; p=l,2,3,...; m +n # 0
M Modes: B (%)= e % k.x' sin k,y' sin k,z'
oaes: M = —WR—C—_— COs 1 sin 2y sin 3
k2k3Nl/29

+ 1 (2 3 t
ﬁwkc sin klx cos kzy sin k3z
x N/
c

3 T 3 1 T
+ -——E;—_ sin klx sin k2y cos k32

m=l,2,...; n=1,2,...; p=0,1,2,...
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TE Modes: H = = sin k.x' cos k,y' cos k.z!
M JuyH gk g 1 2 3
Kk N/ %9
- ————— co0s k.x' sin k,y' cos k.,z'
: 1 2 3
jwMuokc )
k_NT/25
! 1 3 1
Tagi g cos klx cos k2y sin k32

m=0,1,2,...5 n=0,1,2,...; p=1,2,...; m°+n% # 0

kN 2%
TM Modes: & (2)_ . sin k. x' cos k,y' cos k,z'
M 1 2 3
Z k
o' ¢
jkiN1/29
-~ ] 4 H ]
cos klx sin k2y cos k3z

Z k
o'¢c

0w=1,2,...; n=1,2,...; p=0,1,2,...

where the index M corresponds to the triplet {m,n,p), and

- mm _ nmw _ Pm _ 2 2,1/2 _ 2 2,1/2
F1 T 5, R2 T B K3 T g ke = (kTR r dy= (kg kg

ayr bO’ and ho are the dimensions of the cavity, and x', y' and

z' are measured from the walls of the cavity.
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342-38
where
62 = 1 if 8 # Q
e, = 1/2 if 2 =0

For an elliptical aperture in the z'=0 face of the cavity, let

the center of the ellipse be at X5:Y, from the corner of the box.

/

Yy

N

St D I O B
. — -

) FIGURE 7.1 Elliptical Aperture
Z(

Since the values of x and vy used in the expressions for the

aperture fields are measured from the center of the aperture,

we have:
x' = X4 + X
| B,
Y—YO+Y
z!' =2z =0 .
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The expression for AM becomes

(i) _ -1 Z . vxE (1) as
. a

) -1 (1) _ " (l)) d4s - i=1,2
= —JQ)MUORM é (EYHMX EX My '
a
where
2 2
RM = ko --kM
and now
2 , ,
F= 1§ & A&l) Eél)
i=1 M -

and L2 and E_ are the fields for an aperture of an infinite

conducting screen.

For a general aperture and general fields at the aperture,

the electric field in a rectangular cavity is given by:

- 1 3 1 2 1
k3N cos klx sin k2y sin k3z

E =2 /E_ cos k.x' sin k.y' dS
Xy w2 2 N X 1 1
M
-k.N sin k.x' cos k.y' sin k. z'
Ey =z 3 1 5 S 2 3 JE_ sin klx' cos k,y' ds
M ko-ky, aAY
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. ' . 1 ¥
s - N sin klx sin kzy cos k3z
z

I S (k.E_ cos k,x' sin k.y'
" kz_kMz Holx S9% R 1

4 T ]
+ kZEy sin klx cos kly } 4as

For an elliptical aperture, the aperture electric field

(assuming no reflections from the cavity) is given by:

O

E_bx

E = Z

X 2a%E(,e)/1-x°/a% -y /b
(o]
By

E — Z

Y 2bE(%,e)/1-x2/a2-y‘/b‘

H (1 - :Eéféﬁiii sin k,x' cos k.v'
Mx jwMuokc 1 2

) 1/2
g (2 _ JuyE ol sin k.x' cos k,y'
MX L 1 2
) 1/2
HM (1) _ ,;ZE§§_~— cos klx' sin kzy'
Y JWyHo"c
. 1/2
g (3 o Bl cos k,x' sin k,y°
My kMkc . 2
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k. N/ 20
(L) _ 3 z 2 X cos k.x'! sin k.,y'! ds
At = T [kpp” S 1 2
2chMa bE(E,e) 24 (1—x2/a2—y2/b2)l/2
- x.a2 ; Y sin k,x' cos k,y'dS
1 ]
Sa (l—:’<2/a2-'1/2/b2)l/7
1/2 .
. (2) %MN / EZ o b2 ; X Ccos klx' sin k2y'dS
M - 2 T 1 2,2 2,2, 1/2
2k Rya®b E(5/,2) s, (1-x /a”=y"/b") /
5 Yy sin klx‘ cos k2y'dS
T kyat g 37 7 2 1/7
Sa (1-x"/a"~y"/b%)

These integrals can be integrated in terms of elementary
functions
X cos k.x' sin kzy' ds

I, =/ zl e
s, /1-x°/a*-y“/b

a

AT . nw

a b/i-x2/al X cos[Z— (x0+xﬂ,51n[56 (yo+yﬂ dy dx
- ! £b/{—xz/ 2 CREPR
- 2 A-x /a"-y"/b

nTy _._ WTX
mmwx nwry a ba/l-xz/a2 X cos g Sin 3 dy dx
- -4 sj 0 . 0 0 0
= -4 gin sin — e r———
0 0 0 /-x%/a%-y° /b
a
= -2 sin k.x,. sin k,v. f x sin onx g (919 /l-xz/az) dx
170 2% 0 0 a0 0 bO
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mb.a
{(See appendix.} Let v = nwb /l—xz/azi o = Eﬁé; and B = Y

-Zazbo2 sin leO sin k2y0 o
I, = S vI.(v) sin Bfa"=-v" dv
1 nzﬁb 0 0

- 3 . . 3/2
Il TYaT a bkl sin klxo sin k2y0 J3/2(s)/s
where s = [(kla)2 + (kzb)zll/2 (see appendix)

Similarly:

y sin klx' cos k,y! ds
= [
2 Sa pqixz/az—yz/bz

=TV 2T ab3k /2

-
]

. . 3
5 sin klxo sin kzyo J3/2(s)/s

After substituting these expressions, one obtains:

A (1)

M =0
mTX nny ,
-ﬂabzkckMEzsin ~ 0 sin 5 0 Nl’z(sin S-S cos 8)
A (2) _ 0 0
" B(Z,e) s'r,
mTx nry
. 0 . 0]

8wab2Eg - - - sp sin o sin bo
B = T E- E E 2 2 3

aObOhOE(f’e) m=i n=1 p=0 Iko —kM ] s
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mrx’ .onny' . prz'
[klk3 cos —gg— sin bO sin ho R

| 1
+ k.k, sin BTE_ cog BTY gin prz’ ¢
273 ag bO hO

? ' ' s
- k 2 sin BIX_ gip BOY cos BTZ_ 21 (sin s-s cos s)
c a0 bO h0

- Por a circular aperture s = kg and the factor in front of the

summation sign becomes 16 a3EZ/a0boh0 where a is the radius of the

aperture.
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8.0 THE MAGNETIC FIELD OF A RECTANGULAR CAVITY

>
If we could find E as a power series in ko (i.e., wo/co) as

E = E<O) + koﬁ(l) + kg E(z) + ...; then ﬁ ¢could be calculated
from
- ->(]_) :
i= IXE = YXE 4ok =89 4o atB L
—Jw M, -3z, o o
50 _ . vxg')
= ==
o

In deriving the aperture fiéld, we assumed a léw frequency

incoming wave so that V?¢=0 and first order terms in ko were
neglected. This was equivalent to finding E<o) and not E(l).
Hence, ﬁ(o) cannot be calculated from the E that was given in

the previous chapter by using

> _ VXE
-jwug
Instead, let us use the method of Jones (6). He gives
- . )
; ey 3o R
H=9o + ky I -g—u.=7¢ R R e
M M i=1 M M
where
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where I is the variable of integration, measured from the

corner of the cavity; and G, the Green's function, is a

solution of the boundary value problem

VG = -8 (Z-F')
3G _
Tmlg =0

Using finite transforms it can be shown that

GE,TY) =T -N-2 cos kix' cos k,y' cos kqz' cos kl-:k cos kz'i/ cos k3"z
mnp ky

where§=xo+x,§=yo+y,§=z

= 0 on the aperture. m2+n2+p2;£0 and

A-H = -H, at z=0 and all sums go from 0 to = and N = 8 Emenep/gohobo

On an elliptical aperture, we have found that to the zero order

HyOe2y a2

2vla’(Z,e) - b?F (T, 0)1/A %2 /atay 2 /b7
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The integrals can be determined from the table in the appendix.

3 ) + «
The expression for H is

= 8wa3e2 - - z €
H@Ex',y',2') = FON-I N z X z €nfn —%—3 (sin s-s cos s)
07070 m=0 n=0 p=0 kMs
o . 1 [] H ~ t . §
(klx sin klx cos k2y cos k3z + k2y cos klx sin k2y cos k3z'
] 1 3 T '
+ k3z cos klx cos kzy sin k3z )
H 0 k, sin k.,x, cos k,¥y sz 0 k, cos k.x, sin k.¥y
X i 170 20 + v 2 170 2= 0,
2 2 4
F(%,e) - E(%,e) a E(%,e) -b F(%,e)
. 2 . .
8 yrab ko%} ; ; ; e, sin k1%, sin kyy,
- T . - - - 3
aObOhOZOE(ﬁ"e) m=1 n=1 p=0 S By

(sin s-s cos s) (kzﬁ sh1klx'cos kzy'cos k3z'- kl? cos klx'

: ]
sin kzy'cos k3z )

where m~ + n2 # 0 in the first triple summation and, as before,
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= i =l 4 3
ep 1 if p # 0 and ap 5 if p 0

= 2, 2,,.2, 2,1/2 _ mrm _ nm _ pT _ 2 2,1/2
s (a%k, “+b7k,") ,kl—a—-,kz—b,k3—h,kc—(kl+k2)
0 0 0
_ 2., 2,1/2 _ Y _ B 2, 2.1/2
/2 w/2 _
F(%,e) = f (l—e2 sin2<i>)l/2 dé, E(%,e) = [ (l-ezsin2¢) 172 do
0 0
L 2., 2
Ry = kg ky
o _ i o, . 0 i, . \
Ez = 2EO sin ¢ sin 8, 3x = —ZHB(Sln Y cos & + cos € sin ¢ cos V)
. U . i
0
HyO = -Zag(sin ¢ sin § - cos B cos ¢ cos Y), Z0 = -E, &; = %3

The input variables are 8,¢,¢,§;,fo,a,b,xo,yo,ao,bo,horxﬁ:Y':Z"

Note that the ko terms were not included in the aperture fields

since kja << 1 but are included in the cavity fields - e

since ko is of the same order as kM.
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9.0 GENERAL QORIENTATION OF AN ELLIPTIC APERTURE

Let us generalize the case of an elliptical aperture in a rectan-

gular cavity, by rotating the axes of the ellipse an angle 60.

Ko

Figure 1
GENERAL'ORIENTATION OF ELLIPTICAL APERTURE
From the geometry it follows that
/

Vo= - —_—e s .
X Xtp cos(6+eo) xo+p(coss cos eo sin6 sin eo)

= X +xX cos & _ - sin 6
o) o ¥ o

7\

t — . _ « .
y' = ygte sin (e+eo) yo+p(51n9 cos eo+31n 6, cos 8)

= + + x sin 8 -
Yy ty cos SO sin 6
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The expansion coefficients are given by

1/2_0,_ 2 2
A(l) ) k3N Ez( kzb Il+kla IZ)
M 2 i
2kCRMa bE(z,e)
1l/2_0o 2 2
A(2) ) kN Ez(klb Il+k2a 12)
M 2 L]
where
X cos k,x' sin k.y' ds
1, =/ 1 2
Sa /l--xz/az-yz/b2
y sin k.x' cos k,y'! ds
12 - 1 2

Sa /l—xz/az—yz/b2
The trigonometric factors are

- .
cos klx cos klxo[cos(klx cos eo) cos (kly sin eo]

+ 51n(klx cos 60)51n(kly sin eo)}
- sin klxoisin(klx cos eo)cos(kly sin eo)

- SLn(kly sin eo)cos(klx cos eo)]
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sin k,x' = sin k xo[cos(k

1 1 X cos Go)ccs(kly sin eo)

1
+ sin (klx cos eo)s1n(kly sin eo)]

+ cos leO[Sln(le cos eo)cos(kly sin 80)

sin (kly sin eo)cos(klx cos eo)]

t : ) -
cos kzy cos kzyo[cos(kzx sin Go)coa(kzy cos 60)

SLn(kzx sin eO)SLn(ka cos eo)}

- sin k2y0{51n(k2x sin so)cos(kzy cos eo)

-

cos(kzx sin 60)51n(k2y cos 60)}

It

. . . . ,
sin k,y sin kzyo[cos(kzx sin eo)cos(kzy cos eo)

sin(kzx sin 60)51n(k2y cos eo)]

+ cos kzyo[SLn(kzx sin eO)cos(kzy cos eo)
+ cos(kzx sin eo)SLn(kzy cos 60)}

Each of the above integrals involves 16 terms. However, because
of symmetry, all but four are zero. With the use of trigonometric

identifies, these can be evaluated.
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(1) ﬂk3k Nl/2 ab sin 6 3
AM = p— [cos(klxo+k2yo)(sl cos fl-sin Sl)/sl
RyE (/e)
- - e 3
+ cos (klxO kzyo)(s2 cos s,~sin sz)/szl
(2) wkMk Nl/2 Oab cos eo 3
Ay = [cos(klxo-kzyo)(si cos s, - sin sz)/s2
ZRM‘E(‘Z'le)
- Ccos (klxo+k2yo)(sl cos sl)/si]
where
_ .2 . 2,.2 . - 2,1/2
=N [a (kl cos eo+k2 sin eo) +b (kl sin eo k2 cos eo) ]
- a2, . 2,.2 . 2.1/2
S, [a™( kl cos 90+k2 sin eo) +b (kl sin 60+k2 cos eo) ]

(1)

(2)
As eo+o, AM

goes to zero and AM goes to the value previously

calculated. As 80+%, Aéz) goes to zero and
(1) ﬂkBkCNl/ZEZ ab2
' | I ]
AM - (s' cos s'-sin s')cos klyo cos kzyo

3 T
s RyE(5re)

where s' = (a2k§+b kz)l/2

In any case, the electric field is
E = Z(A(l) +Aé2)E(2>)
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In order to find ﬁ, V¢ can be determined from the same relations

used previously.

3.2 ® ® E_€_€ a
Vo = éE%—E— z z b —EL%—E (k1x sin k;x' cos k,y' cos kzz'

0 o o m=0 n=0 p=0 kM

+ k cos kix' sin kpy' cos kzz' + k3z cos k;x' cos k,y' sin kaz').
2Y 1 2Y 3 3 1 2 3

{sl-J(sin s1=sy cos sj)sin(kixg + koy )

@] s O, 2 R -
Hx(kl cos 68 _ + kysin eo) Hyb (k; sin 80 ko, cos GO)

F(E’e) - E(%'e) azE(g- e) - b2F (%'e)

+ s, (sin s, - s, cos sp)sin(kyx_ - kay ) -

o} . o .
8 - 2
H (kicos kp sin 8 ) H b<(k; sin 8, * k2 cos 6_)

i - I 20T - h2p (T
F(z'e) E(z,e) a E(Z'e) b F(z’e)

When BO=O this reduces to the result derived earlier, which is

the first half of the expression on page (8-3). When 80=%
!

3.2 % ® ® g _€_¢€ -
Vo = gﬂg—%— I z r S2P (k;x sin kix' cos kyy' cos kzz' +
2

o 0o c m=0 n=0 p=0 kM

Koy cos k;x' sin kyy' cos k3z' + kiz cos ki1x' cos k,y' sin ksz')

(sin s' - s' cos s')/s!'8

o] . G, 2 .
kaz cos klxo sin kzyo Hyb k; sin klxo cos kzyo

T(E @) - B(X @) azz(-;‘- e) - sz(% e)
r I 4

§
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where

s!' = /k12a2 + k22b2
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10.0 CAVITY EXCITATION NEAR RESONANCE

The boundary condition for a metal which ig not perfectly con-

ducting is derived in the appendix as
A > -
nxkE = Vmuo720(l+3)H

(see also Reference 9). If the resonance is to be damped, we

must use the above formula in evaluating the coefficients AM'

-~ - A o =
V¢ is unchanged because n+H « n+.nxE = 0 on the metal.

(3)

Following the method of Chen, we obtain

(1)2 1)
By By

-
E=1z
M,i

(see appendix). Where

(i) _ 1 ~ oD oen (1)
AM = —s—x é nxkE VxEM ds

>

= ——21—-—2— (r AxB.vxd 1) as 4 JEnTTZo(1+3) s Bevsxd
M [e}
k "=k S sl

At this point, we should note that the series for E is not

. . A > (1) .
uniformly convergent since anM is zero on the boundary

210
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Hence, we will use the expression for

-
whereas AxE is not.

.
H which has a uniformly convergent series

(17 (1)

e

M

Substituting this in the above surface integral, we obtain

2 2yp B _ g ﬁxE'VxEM(i) ds + Yuu/20 (1+3)

(ko -kM )AM <
a
(L)
- Ve VXEM(l) ds + k_ I Aﬁ_ ! ﬁﬁ(£)°VxE (1) asi
S ° M, H s
. 1
O ARt PETR T COp R
= I, + Ver/20 (1+43) [Jy 7 =3k 2 ky o kg :

These integrals can be evaluated for particular apertures.

Let us consider a rotated elliptic aperture.

-—A‘ . bl 1 by b '_ A r 1
[ xkl sin klx cos kzy' cos k3z yk2 cos klx

IZI

_2
7

s b e v 5% v ' ot : i ' -
sin kzy' cos k,2z Zky cos k,x' cos k.y' sin k,z 1 Ph

V¢ =

e 1o
I3

where P, =/ a+8 cos kl§ cos k2§ ds
> > (i) s
ds ( jkMZO)

-)(2) > 3
S (1) 49
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g W) 2 gy vk, ) gs = ~3kz /W e D
M g M - jkM o ¢ M ds
T3 51
. NPy > (i) Fu ain T = .
= -;;kMzc> 1—,2 -}-{-:—— fs Hy o f —klx sin klﬁ‘ cos kzy' cos k3z'
MM 1
-Ezy cos Elx' sin Ezy' cos kyz
'-E32 cos Elx' cos Ezy' sin EBZ'} as
P = ~re’a’ { on [ sin (k.x_+k.yv_)C. (si 3
M sin (k% oy l(s:.n =S cos sl)/sl

2 F(gﬁﬂ-EQ%e)

~-3in (klxo-kzyo)cz(sin S,=S, COs sl)/sl3]

Hyb2 3
+ [sin(k.X ~k,¥ )c,{sin s,-s, cos s,)/s
sz(%,e)—azE(%,e) 170 "270" 73 2 72 2 2

. , - 3
51n(klxo+k2yo)c4(51n s; sl cos sl)/sl ]

where
Cl = kl cos 60 + k2 sin 60
C2 = —kl cos eO + k2 sin 80
C3 = kl sin GO + k2 cos eo
C4 = -ki sin 60 +‘k2 cos eo
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2 2.1/2
5, = (a Cl +b C )
o, 2.2,,2.,2,1/2
s, = (a C2 +b C3 )
1/2
- (e 8,) - =
k{2 2 L sl P -1™M
kM kﬁ Zo kckc o)
ez )% - = X
2, 2 2z 2 22 m P _qy0+n
(k, kg "tk Tk ) + _‘"E;_"'" S ép[l+( 1) 1
9 2., 2= 2. L1 R B..,_1\P*Piy 2y &
(ky “k4 +k kg ) + h 8, an[l+( 1) 1k, k3k3}
- /2, - - -
(12) _ 2k4 e R Ry R OB n+a
Ky = — " 8 SO+ (=1) 7]
k. k Z o P
M c Cc O
1/2=
+e k -
L1260 Pl (-1™™ 1)
(@]
= 1/2,
2k £ -
Ké%l) _3 5 (- 2 = l 2 2 69[1+( l)n+n}
k=k 7 e}
M'c cto
- 1/2
£ k.k -
sk 1240 6P [1+( 1™y
ao n
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= 0P - 2k k. 80P =
z(22) _ _ Mg_ (1+(=1)™F My _ _i_g_m_% [1+(-1)™™
MM T k
’ aokekZ o Pokcicto
- . 1/2.m.n
2{e,e,) §_8 DD
haLo
2 n+n
k [1+(~1) l+b =
i) = gk /T (-2 mnp
M 3 /— - 2
a L
o mnp
2 _ m+m _ 2 _ p+§ _
_ kl > [1+( 2) ]Pmnp + kc 5 [1+( l; ]Pmnp}
/b - /B P Kong
— n+n
L2 _ kyk k2 -1, [1+(-1) 1P 30
M Ke vb_ n 2=
o mnp
n+m
1 z [1+(-1) ]Pmng}
taTm K2
o mnp
(1) wk3chl/2E: ab2 sin © _ 3
IM = 7 [cos(klxo-l-kzyo)(sl cos Sl—Sln Sl)/Sl
. 3
+ cos(klxo—kzyo)(s2 cos 82 - sin S2)/S2 ]
(2) ﬁkMchl/zEg ab2 cos § 3
1,0 = . [cos(klxo—kzyo) (8, cos 8,-sin 82)/52
2%

. . 3
- cos(klxo+k2yo)(sl cos 8; - sin Sl)/S1 ]

214




EMP 3-38 342-59

To solve the doubly infinite set of eguations for AM’ separate

out the diagonal terms.

2 . 2., — .
[x_%-k, +3kozoK1~(mlal) /725 (1+3)] Ab((ll)
+ 3k_ 7 /wu0/2c(1+j)xbfh,\142) Abff)
(1) (1) A Rl
=1\ L rT e ot - sk ko L MMM
M o gy S T

2 2. 22) e L . .

(x %-k,, +3konKD§M ) ou_775 (143) ] al?) + k2 Jeu 720 (149)

(1), (21) oag kg
- 1) T ey 1982 P K

Ay Ky = Iy Yeu /20145 1900 - JkRyE, E#M . kg ]

If ko is close to some kM’ say kN’ then the above eguations

are approximately

(D
A(l) - M Ms#N
M k 2-k. 2
o - M
(2) Iz\(12)
A [ & A — M#N
M > 2
x “-k
(e} M

where the terms involving 1/Y0 have been neglected. These

can be substituted into the resonant equation to obtain
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2 . 2 (11)
[ko kN ZokoKNN

Vau /25 (1-3) ] Aél) - kOZOKééz)Aéz)(l—j)

/au_/%5 = Iél) + VGT_725 (1+3) J§1)+ k2 Ky VOU_/26 (1-3)

(11) (1), ,(12) _(2)
. v Im T KR Im v
- . 2.3 =Fy
M#N kM(ko kM )

2 2 (22) e o (2) (21) (1)
[ko kN ZokoKNN /wuo/Zo(l 3 AN kozoKNN AN
Vor 726 (1-3) = 1.2 ¢ /ou 7o (1+5) 382 & x 2 k. Jau /35 (1-3)

o} N e} N ¢ o N o)

(21) _(1), ,(22) _(2)
T B S .
z 232 2
M#N kﬁ(ko —kﬁ )

This set of two egquations and two unknowns can be solved for

(1) (2)
AN and AN
(Ly _ 1 _
AN = A(FlD F2B)
(2) _ 1L -
AN = A(FzA FlC)

where 4 = AD-RBC
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- 2_, 2 _ (11) .
A ko kN ZokoKNN /BE;7§E(1—J)

- (12) .
B = -2 _k Koy /Zu_p;/—zc?;l-J)

¢ = -z k kZN /725 (1-3)

2 2 2) e
D = k 2~k - zokoK§N> /B 75 (1-3)

If ko is close to more than one kM, say ky kN ,...kN , then
1 2 e

we still have

N

(1) _ M
A = M#Nl,Nz,... e

M

and we can proceed as above to find ANl , Aél),...Aél) by
1 2 e
solving 2e equations in 2e unknowns.

If this approximation is not made, then the eguation for Aéi)
must be sclved by numerical techniques. If m,n,p < 10,
this leads to eight independent sets of equations with a
maximum of 250 equations in each set. There would be 1701
unknowns which would be a laborious calculation.

(i)

It is important to note that AN does not go to infinity

as LL)"*LL),W .
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11.0 PULSE INPUT

Let an incoming wave incident on the aperture be an electro-
magnetic pulse (EMP) instead of a sinusoidal wave. The Fourier
transform of Maxwell's Equations are of the same form as if we

had assumed a sinusoidal input. If the incoming field is of

> >,
the form EY = ET £(t) then the Fourier transform is
s -, [s]
=8l r(w).
©  =jut
Where F{w) = /f e f(t)dt

-

The inverse transform is
a Jut
O P{w)dw

-

£(£) = L
’ 27
To f£ind the response of a cavity to EMP we must multiply the
result of a sinusoidal input by F{w) and then take the
inverse transform of the result. As an example consider the
function illustrated in Figure 3.
-at =Bt

£(t) = (e -e yu({t) where O<a<B

and u({t) is the unit step function.

£(t)

max
Figure 3. EMP .
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The maximum occurs at t = 1 1n B/a

max B-a

The transform of f£{t) is

F(w) = 1 - 1
at+jw B+Jjuw

The transformed field in a perfectly conducting cavity of

arbitrary shape and arbitrary aperture is given by

¥ ) > ' B > (i)
E= c I Ey{i) s nxE . YxE u s
M,i s
a
2 o 2
w wM
A
> > -,
Let E on the aperture be F{w)G(r). It follows that
> - > . > > -
= G . B
E(r,t) ; EM fsa n x G(r) ‘VX EM ds M(t)
k2
M
where BM(t) = inverse Fourier transform of wMZF(m)
Luz—w z
M

= 1 fwﬁ e ( 1 - 1) dw

2T e a+jw B+Jw

w2ey 2

BM(t) gives the time dependence of each mode.

This integral has a singularity but the principal value exists.
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It can be verified by direct integration that

E ace 2
F Tl-wsine te ult)f= - w
- T M M M (Y>0)

) 2 2
{yrjo) “tuy

2
As y-o+ this is M

3] -(JJMZ

Using the convolution theorem, the inverse Fourier Transform of

the product Fl(w)Fz(w) is given by

i 2
s fl(t—r)fz(r)dt. Let Fl(w) = = M
o sy 2 2
{(T+3w) +wM
and F () = 1 = 1 . It follows that
2 at+jw B+juw
-Yt
fl(t) = -wM51n the u(t)
-at =8t
fz(t) = (e -e yu(t)
_ . ~-y({t-1)
B (t) = =lim 5% mM'sin,wm(t—r)e
M ¥rop~® T :
-0T =BT
x ul{t-1) (e -a yau(t)dr
£ -yt+yr—0T =-YE+YT-BT
= -lim u(tlw_ S sin w (t-1) (e -e Ydr
Y+o+ M o M
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‘ ( -at =¥t
~lim wy, u(t) M€ -e [(y~a)sin wyt + v,, COS w.,t]
=  po+ ) - e i
5 - -+ 2
(y=a) i
-8t -xt __ :
- uye -e [y B)sinuwy,t . wy cos Wyt
(v=8)2 + wy,?
B (t) = =-u(t)w (“n®  Fesin uybt _ uy cos oyt
M M .
a2+mM2
.
-8t .
- ey® 4 Bsin uyt _ &y cos uyt
2 4 2
CF “M

This is made up of a distorted EMP

2 —qat 2 -t
- u(t) [ 9M® - Yme ]
2 2
Oyp+© 824wy,

plus the undamped natural modes. The distortion goes to

Zero as wy + = . The maximum value of the distorted wave as
well as the undamped wave both have an upper bound of one. The
‘maximum of B (t) has an upper bound of two. This can be

M
obtained for intermediate w, i.e., when a<<wM<<8 so that

B (t) * =y (t) (1~ cos wMt)
M

t =

m
max w

M
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-at =8t
For large o, (a<<B<<u,) BM(t) = -u(t) (¢ =-e ) (EMP shape)
and for small w (wM<<a<<B)
B (t) = =~-u(t) “M sin w t (no EMP shape)
M - M
For the case of very large wM,
- > -at -8t - . - -
E(r,t) = -uft) (e -e ) T By n x G(r)- vxE, ds
M — s M
2 S
kM a
-~
= - £(t) & EM . > - -
M J nx G(r)-VxEMds
kMQ Sa

where the input on the aperture is G(?)f(t).

We note that the plane-wave expressions

- > - Jaut
E(r,t) = £({t) i AMEM , E(t) = e
“ - ->
AM = fsa nx G(r)-VxEMds
2 . 2
k kM

o]

vield the same expression when mm>>mo .

The wave length of the natural modes of a rectangular cavity are

AM = 2 To satisfy the boundary
conditions only one of m,n,p
/ms . n? p* can be zero at one time.
TZ b zVvhR 2?2 '
o o )
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If ao<bo<hO then the largest wave length occurs when m=0,

n=1l, p=l. Hence
2
A< < 2b
M /1 1 0
boz Eoz

The largest wave length is less than twice the intermediate

dimension of the cavity.

If the rise time of EMP is 3.5 ns and the féll time is 275 ns,

then
@ = 1 = 3.6 MHz
fall time
g = 1 = 286 MHzZ
rise time

If a cavity has an intermediate length of 3 meters, its lowest
natural frequency is greater than 50 MHz. From the above
analysis we see that this lowest mode could have twice the
amplitude of the incoming EMP, and its peak would occur at

10 ns after the pulse hit the aperture.

223




10.

1L.

12.

342-68 EMP 3-38

12.0 REFERENCES

Leigh-Wei Chen, "On Cavity Excitation Through Small Apertures,"
IN 45, AFWL Interaction Notes.

1.8. Gradshteyn, Table of Integrals Series and Products,
Academic Press, 1965,

Handbook of Mathematical Punctions, E4. by M. AbramowitZ Dover,
1964. »

Standard Mathematical Tables, Ed. by S.M. Selby, The Chemical
Rubber Company, 1967.

H. Goldstein, Classical Mechanics, Addison-Wesley, 1950.

D.S. Jones, The Theory of Electromagnetism, Macmillan, 1964,
pages 222-223,

N.J. Rudie, Principles and Techniques of Radiation Hardening,
Volume 3.

R.A., Waldron, Theory of Guided Electromagnetic Waves, Van
Nostrand, 1968.

J.D. Jackson, Classical Electrodynamics, John Wiley & Sons,
New York, 1962.

H.A. Bethe, "Theory of Diffraction of Small Holes," The
Physical Review, Vol. 66, #7,8, page 163, October 1, 1.944.

D.K. Cheng, and C.A. Chen, "On Transient Electromagnetif
Excitation of a Rectangular Cavity Through an Aperture,
IN 237, AFWL Interaction Notes.

C.M. Butler, Y. Rahmat-Samii, and R. Mittra, "Electromagnetic
Penetration Through Apertures in Conducting Surfaces," IEEE
Transactions on Antennas and Propagation, Vol. AP-26, #1,
January, 1978, p. 82.

224




342-69 ' EMP 3-38

13.0 APPENDIX

13.1 ELLIPSOIDAL COORDINATES £.n.,%

2 _ (g+a?) (n+a?) @+a?) g2 = (&4b%) (eb?) @an?)

r
az(az-bz) -bz(az-bz)
g 22 = ENI
2, 2
= a’b
’ a>b, 0zgf<= b cnco, -a’cgg b
] Let ¢ be defined as £ = -a® + (a®<b?) cosZ¢
If £ - «, then E/r2-+l
2 2
If n - —bz, then the surface of constant n is y=0 amd-%%“i-gé'—
a-b b
If z » —b2, then the surface of constant g is y=0 and.ii__..éj.i
a2-b2 b2

If ¢z ~ -a2, then the surface of constant z is x=0

Ifn= -b2 and g = -az, the locus is the 2z axis

If b -+ a, then the coordinates E,H}C are related to the oblate
coordinates gob’ Nop? ¢ob as ¢ - ¢ob’ £ - Eob’ and n - Nob

If n - 0, then the surface of constant n is z=0, x2/a2+y2/b2

1v

If £ - 0, then the surface of constant £ is z=0,'x2/a2+y2/b2

tA

+ Y + T = 1 where y = &,n, or g

On the z-axis, n = -bz, T = —a2, and £ = 22'
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2 2 . 2 2 .2
On the aperture, £ = 0 and n,; = &"2 -az'—b' S -a2-b )2

2 2
+a%p? (-1 + X+ X112
2 2
a b
2 2.2 2 2 .2
On the screen, n = 0 and £, = E_:EEZE_ b [(9-—13—2-:-}2—)2
] 2 2
v a%p? (-1 o+ B+ X1/
2 2
a b
5 .
For the far field, then &/r >l and n,% -+ - —Lf [b2x2+a2y2+(a2+b2)22]
2r
+ 12 {[§X2+a2yz+(a2+b2)22]2 _ 4a2b222r2}1/2

2r

I£ & >> a2 and z=0, then £ =» p2, n=0 and ¢ - —a2+(a2—b2) cosz¢

where cos¢ = x/p

The inverse transformation involves the cubic equation

pi
w3402 12242 r 2] 4u = (a24b2) 224a%b2 (1-x2/a% -y /b%) 1 -a%b%2? = 0

The solutions give &,n,% in terxms of x,y,z as follows(4):

g = -g + m cos 8,

n = —g + m CoOs (el + %1)
{= -+ mecos (8, + 350
where
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6, = % cos™t 5%

m I 2v/-A/3

A =0 -p2/3

B = %—7— (293-99Q,+27R5

P = a2+b2-x2-y2-—z2

2,2 2

Q = a’b _a222_b222_a2y2_b2x

—a2p2,2

w
]

The following argument shows which solution of the cubic
corresponds to each of the coordinates &,n,Z. It is seen

from the cubic equation written in the form

2 . L 2%
2 2 =t
a +u b +yu

that the surfaces of constant u are

ellipsoids if 0 < u < 4o (u=g)
hyperboloids of one sheet if -b2 < <0 (p=n)

hyperboloids of two sheets if -a2 < u £ -b" {(u=g)

and that any point in space is on exactly one surface from
each of these three families. Thus, the eguation always has

three real solutions for u, one in each of the intervals just
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(4}

cited. If the three roots are distinct, then

L
+

¢1Ub
A
o

Therefore, A < 0 and m = 2/-A/3 in real and positive. Also,

N

Sk

1 is real.

&le

so that el = 1/3 cos

N b
A
Q
o]
n
@
|
A
(o

|
o -
A
Q
0
)]
-
[¢5]
’_J
-+
w
~——
A
N

Thus,
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2% 47
cos(el + 3 ) < cos(el + 3—) < cos.el
2 2m B 4n B
3 + m cos (el + 3 ) < 3 + m cos (61 + 3 ) £ -3 + mcos §,

Since these expressions are the solutions of the cubic
equation, it is now apparent which corresponds to each of the

ellipsoidal coordinates:

_ _P
E = 3 + cos el
P 41
n=-3 + Ccos (Gl + 3—)
. _ _P 27
; = -3 + cos (9l + 5—)

There are two curves on which not all the rocots are distinct:
The ellipse x2/a2 + yz/b2 = 1, z=0, where &=n=0; and the

hyperbola X2/az-b2 - Zz/b2 = 1, y=0, where n=c=—b2.

In both cases, it may be shown that A < 0 and A3/27 + B2/4 = 0,

whence m > 0, |3B/Am| = 1, and 6, is real. Then the proof

follows as before.
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13.2 OBLATE SPHEROIDAL COORDINATES &,n,¢
(a=Db)
X2 2 z2
+ X 5 + = = 1 where u = & or n
u+a u+a H

2 2
p2 = x +y2 = (£+a2) (n+a2)/a ' 22 = =gn/a
0 < & < o, -a2 < <0

2 2
£E,n = r-a + [(r -a )2+a222]l/2
2 2
¢ = tan ~ y/x A
z 2 =
[,\’ n.:_CL {'I:CDV!Stah
) i g =C0h%t &'V\.b
h:O £=0 . Y}‘L‘O
\ ‘E:OC vS O{'
e llipse an
h\(PeP beola
AN

FIGURE 10.1

Oblate Spheroidal Coordinates

On the z'axis, E = 22, n = -a2
2
On the aperture, § = 0 and n = —a2+p
On the screen, n = 0 and £ = -a2+p2
\ 2 —a222 2 2 .
For the far field, {/r"»1 and n = ——5—=-a  COs 8 whero 0 is tle
T ancr]le hetween the
z axk;amiz.
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13.3 INTEGRALS AND FORMULAE
¢ = cot l/z/a)
o = (1-b2/a2)1/2
a>hbh
@ dg _ 2[F(a,e) - E(a,e)] (2)
1. f = (grad‘?! 222/18)
g gY % (g+a) 32 (g4p?)L/2 a(a2-b?)
. ag _ 2[a%E(a,e) - bPFla,e)]
t £t/ %(gra®) Y2 (g40%) 3/ abZ (a2-b?)
1/2
- 2¢ e (erad ‘¥ 222/12)
b2 (E+a’ M 2 (g+p2) /2
o 1/2
dg _ 2 (F,+b ) 2
3. f = - E(a,e)
£ £ 3/2 (£+a2)l/2(§+b2)l/2 b E1/2 (g+a2)l/2 ab2
(Grad ‘%) 221/6)
” dg _ 2 o
4, J 5 = [F( Ie) E(—Ie)]
o £1/2(z4a?) 32 (g5 /2 a(a%-p?) 2 2
- dg _ 2 2.1 2w
5. f = [a“E(x,e) b FPx,e)]
o £/ 2(£+a%) /2 (z4p%)3/2  ap?(a%p?) 2 2
6 iim 81/2 fOc ag =2
Lim L T e 172 T 35
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o
7. E(a,e) = [ Vl-e®sin’s do
0
o
8- F(G,e) - f d¢ .
0 V;-ezsin2¢
5. 1im —5tal _ sa? 2
b+a F(k,e)~E (T mo S08 ¢
"Z'Ie - (§’e)
2
10, lim — € =4
b+a F(i,e)—E(%,e)‘ T
2 .2
11, lim ——> -b . = 4
b+a a E(%,e)—b F(%,e) m
1/2
. F(a,e)~
12. lim (g e) E(g'e) =-Tgr- (a—ig_z___)
b+a F(E,e)—E(ife) E+a
2 .2 1/2
13. 1lim azE(i,e) bZF(i,e) - % (38 ")
b+a &a E(EIE) -b F(T.Z-,e) g‘l‘a
1 cos ax dx bl (2}
14. [ ———~;———— =3 Jo(a) (grad 419/3.753/2)
o
1-x

a
15. 5 x"lsinm/a’x?) 7 (x) ax = /772 a "t Zp(1ep?) T2
o

g (a/14b%) (grad ‘%) 761/1)

v+3/2
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- 3
16. 3,(2) = V7/2Z I, 5(2) (abram %) 437/10.1.1)
17. jo(z) = 8Bz oS 2 (abram ‘) 438/10.1.11)
¥4
2 : 6
Toye Tri-(dy2 82 - (23,2 & _ (L3:52¢e

(Abram 3} 591/17.3.12)

)2 2

™
F'“ =E }- _'..... flamii
19. Grel= 3[1+(5)% e + (57" e + (Ggg e ¢
(Abram 3! 591/17.3.11)
13.4 TAPLACE EQUATION
ovts oL af2iaas, 5 Mlaas, 5 M2 s
hyhyhy 3up by My Wy hy duy o B3 hy 8¥j
where
3.90%
h.2 = I (=22
I =1 %Wy
x, = %, (u 'p t.) (p. is an orthogonal system) (CRC(4) p. 494)
i ivirr2rrt3t My .
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A S}
Mi By oHy
N 3
where r = I &.x, = xR + y¥ + z2
. i"i
i=1
For ellipsocidal coordinates

ho = L (8= (E=r) 12
L2 " (gra?) (g+pd)g
n = L (L&=n) (g=n) 1172
22 "(n+a?) (nbi)n
woo L =8 -n) 1172
302 Tp+a?) ¢+ (@)
2, _ -4 )R 2g 28
VS = oot =y LR Re 5E Re 5%
> p 38, (som) m Log 28
+(€‘§)Rna—ﬁRn T (8-n) RC 5 RC 3‘;}

where Rg = (£ (£+a?) (£+b2)11/2
Rn = [-n (vn+a2) (n+b2)}l/2
R = [c (z +a®) (£ +b%)11/2
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_ et ra®)t (n+b )<g+b ), 2, = 5
& 2xa®(a®-p?) §  _ayb?(a®-b?) 2za°p
w = ferad)@raty (s+b )<c+b ), - K

N 2xa’(a®-b?) N oyb?(a?-p2) " 2za%p2
. - <5+a )(nta?) o (e4b?) (eb?) L En

G 2xa (a2-b ) . —2yb2(a —bz) c 22a2b2
s =Ll 22 _ 1 ‘
eE = hg 5T hg [& xg + 9 yE + 2 ZE]

(Emn) (B=2) =172y (n#a®) (gva®) | o (n#b?) (4b)

5 g(g+a’) (g+b2) xa2 (a2-p2) vb2 (a?-p?)

+ an ]
za b

mnta®) (n+b%) 1172 o (e+a®) (zra®) _ o (g4b?) (g4p?)

n (&-n) (z=n) . xa?(a-p?) yb2 (a2-p2)
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s = zlzra’) (240%)11/2,, (5+a%) (n+ad) _ . (E4b2) (n+b?)
ST ey TR s § ==
xa“{a"=b") yb" (a"=b")
2&n
+ ]
zazb2
2%E (£+b%) 2yE (E+a?). _ 2z (£+a?) (E+b%)

vy

S T e B by T T eEmn s 82 T TTERm D

n = 2xn (n+b?) n = 2yn (n+a?) n = 22 (n+a?) (n+b%)
X (n=¢) (n-z)’" 'y {(n=&) (n=-2)" 'z (n=-£) (n-2)
. = 2xp(g+b?) _2yg(gra’) o 2z(c+a®) (p+b?)

x T T Eem) ty T D eem’ %z T Tz (t-m)

_ - -1
tx Tx “x e *n *r
- _ (E-n) (h-z) (z=&)
N | n 4 = |y v Vg =
Y Vg g g n z 8a2b2(a2-b2)xyz
gz Ny %2 ZE Zn e

13.5 DNERIVATION OF BOUNDARY CONDITIONS

To get a boundary condition for an EMP plane wave, consider an

incident wave which has a transform
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o . Jwk,
F3 _ - 1 (_ i .—>~
E” = E_7 (w) &P S r)

If we neglect the reflected waves on the metal, then the

transmitted wave will have fields related by

5 = Rtth Ve/u - jo/wi = ﬁtht / -,%%(1 + L5

For EMP the highest "practical" frequency is 108 Hz. For
copper we/c = 2m(10°) (10) (8.834x10”+%)/5.8x107 = 10”° so that
the correction term can be neglected even for the highest

frequency. Hence

ktht = Jon/20 HC(1+3)

+ -~
At the boundary A*H is approximately zero so that kt=ﬁ=the normal
>+
into the metal. Since fixE"~ is continuous across a boundary,
then this must be the boundary condition inside the cavity,

at the cavity wall. This is the boundary condition of Jackson.(z)

13 6 DERIVATION OF COEFFICIENTS

UxE = -3 4 VXE, = -7
xXE = —jmuo H REy = jwMuo M
-> . -> prol ->
VXH = jwe, E VxHM = Juye, EM
-> -*>
E =1z Ay Ey
g
G- ve ek p M
o kM
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¢ =/ A" e(z,r') A5 V2@ = §(zr,r')
s

= [ BB _ 2

AM = [ E EM ar VxVxEM +kM EM

k %2a = f BevxVxE_ 4

MAM_ XXEM‘E

2 = [ B_VxVxE 4

ko AM = EM XVxE drt

k 2ox 2ya = [(B VxUxB-B.VxVxB,.) d

( o Xy )AM = (EM XVXE x xEM) T

v“'v"»"v" = UxBeUxB, -B. +VxVxBE-VxE *VxBE+E+VxVXE
(EMx XE - EX xEM) = VXE xEM M XVxE=- #EM XE+E*Vx xEM
2 2 _ s +_-> >

(kO —kM )AM =/ V (EXVXEM EMxVxh) dt

~ > > > >
= [ n'(ExVxEM—E XVXE) ds
S M

- R 4 >
/' (AXE°VxE -fOxE _+VxE) ds
s M M

>
But ﬁxEM=0 on S

YA, = [ A+ExVxE._ ds
S M
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