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ABSTRACT

In this Final Report the complete step-by-step investigation of the
currents and charges induced on the surface of a model of an aircraft by an
incident plane electromagnetic wave is présented. A combination of numer-
ical, analytical, and experimental methods was used to determine the axial
and transverse components of the surface densities of current and charge in
both amplitude and phase. The sequence of steps in the investigation included:
(1) A complete analytically based study of currents and charges on single,
electrically thick, tubular cylinders in both E- and H- polarized fields.

(2) An experimental study of the corresponding currents and charges on the
single tubular cylinder in an E-polarized field to develop and standardize
probes and techniques and to determine the degree to which the experimentally
available exciting field approximates a traveling plane wave. (3) An exper-
imental study of crossed tubular cylinders using these probes, techniques,
and field. (4) An experimental study of currents and charges on a tubular

cylinder with a flat plate as the cross.



SUMMARY

This final report presents the complete step-by-step investigation of
the currents and charges induced on the surface of a model of an aircraft by
an incident plane electromagnetic wave which represents a single~frequency
component of a possible electromagnetic pulse. The coordinated analytical
and experimental study to determine the axial and transverse components of
the surface densities of current and charge in both amplitude and phase
included the following steps: (1) A complete analytically based study of
currents and charges on single, electrically thick, tubular cylinders in both
E- and H-polarized fields. (2) An experimental study of the corresponding
currents and charges on the single tubular cylinder in an E-polarized field
to develop and standardize probes and techniques and to determine the degree
to which the experimentally available exciting field approximates a traveling
plane wave. (3) An experimental study of crossed tubular cylinders using
these probes, techniques, and field. (4) An experimental study of currents

and charges on a tubular cylinder with a flat plate as the cross.,

An introduction to the investigation is given in Section I, along with
a more detailed description of the sequence of configurations treated and
approaches used. The reader is referred both to later sections of this
report and to published papers for further discussion of the results for

the individual aspects of the study.

Section II presents a critical review of the approximations and limita-
tions associated with the theory of thin cylinders and crossed thin cylinders
that have orthogonal or non-orthogonal intersections. The specific applica-
tion of thin-cylinder theory to electrically thick cylinders and crossed

cylinders is discussed.

The theoretical determination of the distributions of surface densities
of current and charge induced on an electrically thick, infinitely thin-
walled, perfectly conducting, tubular cylinder by an incident, E-polarized,
plane electromagnetic wave is reviewed in Section III, The theory is then
applied to a cylinder with ka = 1 and kh = 1.5m where a is the radius, h the
half-length, and k the wave number. Fxtensive graphs of the axial and trans-
verse distributions of the surface densities of current and of charge are

presented. An analytical representation of these in terms of forced and



resonant transverse Fourier components is described and used to interpret

the properties displayed in the graphs.

In Section IV the measurement of the surface densities of current and
charge in both amplitude and phase over the entire surface of an electrical-
ly thick conducting tube (ka = 1) when illuminated by an E-polarized inci-
dent field is described. Use is made of a probe system consisting of a
short monopole and two small mutually perpendicular shielded loops arranged
to move axially as a unit along a groove in a thick-walled aluminum tube
which can be rotated through 360°. Graphs of the measured magnitude and
phase of the axial and transverse components of the surface density of cur-
rent and of the surface density of charge on the outside surface of the tube
are displayed as functions of the axial and transverse variables. Problems
of measurement and of the correlation of measured and theoretical values are
discussed. It is concluded that with proper attention to detail accurate
measurements can be made and the distributions of current and charge under-

stood.

The theoretical and experimental results presented in Sections III and
IV for an electrically thick cylinder (ka = 1) with the resonant half-length
kh = 1,57 and illuminated by an E-polarized field are extended in Section V
to electrically quite long tubes excited by both E- and H-polarized plane-
wave fields. A simple approximate analytical representation of the currents
and charges is described in terms of forced and resonant transverse Fourier
components for cylinders with lengths not restricted to those that are ax-
ially resonant, Extensive theoretical and measured graphs and contour dia-
grams of the distributions of current and charge density are displayed and
compared specifically for tubes with the electrical radius ka = 1 and lengths

up to kh = 3.57.

Section VI describes an experimental study of the surface currents and
charges induced on crossed electrically thick (ka = 1) conducting tubes on a
ground plane by an incident plane wave. Two locations of the cross along
the vertical cylinder and three lengths of the horizontal member are inves-
tigated and graphical representations of the distributions of current and
charge displayed. The measured currents and charges are compared with the
corresponding theoretical and measured quantities on each cylinder when iso-

lated, and significant correlations are established.



In Section VII is described the theoretical and experimental determin-
ation of the surface densities of current and charge induced on tubular con-
ducting cylinders and crossed cylinders by a normally incident plane wave when
the cylinders are two wavelengths in circumference (ka = 2). Graphs of cal-
culated and measured distributions of charge and current on single cylinders
in E- and H-polarized fields and on crossed cylinders are displayed and dis-
cussed with special reference to earlier work on cylinders and crossed cyl-
inders with ka = 1 (Sections III - VI). Difficulties arising from propagat-

ing waveguide modes and a nonplanar incident field are considered.

With the aid of graphs a detailed description is given in Section VIII
of the experimentally determined distributions of the currents and charges
induced by a normally incident plane electromagnetic wave on all of the sur-
faces of a metal cross formed by a vertical tubular cylinder and a horizon-
tal flat plate., The cylinder is a wavelength in circumference and 1.75A high
over a large ground plane. The horizontal plate consists of two equal arms
that extend 0.75X from the surface of the cylinder; it is 0,2125) wide and
0.0255x thick. It is centered at a height of 1.25)A from the ground plane.
The distributions are compared with the corresponding ones on crossed tubu-

lar cylinders and on isolated cylinders.
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E-polarization, kh = 3n, ka = 1., (c = 3 x 108 m/sec.)

59 Contour diagram of theoretical surface density of out- 123
side charge, cln(e,z)l in mA/V, on tubular cylinder;
E-polarization, kh = 3,5m, ka = 1. (c = 3 % 108 m/sec.)

60 Fourier coefficients of surface density of axial cur- 125
rent on tubular cylinder, Kz(e,z) 2 A(kz) + B(kz)cos 6
+ C(kz)cos 20 + D(kz)cos 368; E-polarization, ka = 1.

61 Fourier coefficients of surface density of axial cur- 126
rent on tubular cylinder, Kz(e,z) 2 A(kz) + B(kz)cos §

+ C(kz)cos 26 + D(kz)cos 36; E-polarization, ka = 1.

62 Theoretical (left) and approximate (right) representa- 131
tion of Fourier coefficients of surface density of axi-
al current Kz(e,z) on tubular cylinder; E~-polarization.

63 Components A(kz) = (A - Ar)e(kz) + Ar(cos kz + 1) and 132
B(kz) = (B - Br)e(kz) + Br(cos kz + 1) in the approxi-
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the right in Fig. 62.

64 Measured magnitude and phase of surface density of out- 133
side axial current on tubular cylinder; E-polarizationmn,
kh = 3,5m, ka= 1, A = 48,0 cm.

65 Measured magnitude of surface density of outside charge 134
on tubular cylinder; E~polarization.
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66 Measured phase of surface density of outside charge on 135
tubular cylinderj; E-polarization, ka = 1.

67 Measured real and imaginary parts of surface density of 136
outside charge on illuminated side of tubular cylinder;
E-polarization.

68 Relief map of the magnitude of the charge density n(6,z) 13?

on a cylinder of electrical length kh = 3,57 and radius
ka = 1 on a ground plane in an E-polarized field.
(Measured data.)

69 Spherical wave front incident on electrically thick tubu- 139
lar cylinder.
70 Surface densities of charge |n| = [ni + ni]l/2 and |nt| = 140

2.1/2

[n§+ (n; = C cos 0)7]

cal waves, respectively,

for incident plane and spheri-

71 Tubular cylinder in H-polarized, normally incident, plane- 143
wave field.

72 Theoretical surface density of transverse current on infi- 144
nitely long tubular cylinder; H-polarization.

73 Theoretical surface density of charge on infinitely long 147
tubular cylinder; H~polarization. E;nc = cBinc

=1 volt/mj; ¢ = 3 x 108 m/sec. (The quantity shown is -cn.)

74 Fourier coefficients of surface density of outside trans- 148
verse current on tubular cylinder, Ke(e,x) = AH(kx)
+ BH(kx)cos o + CH(kx)cos 20 + DH(kx)cos 30; H-polariza-

tion.

75 Fourier coefficients of surface density of outside trans- 149
verse current on tubular cylinder, Ke(e,x) = AH(kx)

+ BH(kx)cos o + CH(kx)cos 20 + DH(kx)cos 36; H-polariza-

tion.

76 Theoretical surface density of total transverse current 150
Ke(e,x) on tubular cylinder; H-~polarization.

77 Theoretical surface density of total transverse current 151
Ke(e,x) on tubular cylinder; H-polarization.

78 Theoretical surface density of total transverse current 152
Ke(e,x) on tubular cylinder; H-polarization.

13



Figure 2255

79 Theoretical surface density of total transverse current 153
Ke(e,x) on tubular cylinder; H-polarization.

80 Theoretical surface density of axial current on tubular 154
cylinder; H~polarization. (a) le(O,x)I vs., 0.

(b) Real and imaginary parts vs. kx. (c) Fourier com-
ponents: Kx(e,x) = i[Bﬁ(kx)sin o + Cﬁ(kx)sin 20].

81 Theoretical surface density of axial current on tubular 155
cylinder; H-polarization. (a) Kx(e,x)| vs. 0.

(b) Real and imaginary parts vs. kx. (c) Fourier -com-
ponents: Kx(e,x) = i[Bﬁ(kx)sin 8 + Cé(kx)sin 20].

82 Theoretical surface density of charge on tubular cylin- 159
der; H-polarization., (ec = 3 x 108 m/sec.)

83 Theoretical surface density of charge on tubular cylin- 160

der; H-polarization. (c = 3 x 108 m/sec.)

84 Theoretical magnitude of surface density of charge c|n| 161

on tubular cylinder; H-polarization, k& = 2w, ka = 1,
(c =3 x 108 m/sec.)

85 Theoretical magnitude of surface density of charge cln] 162
on tubular cylinder; H-polarization, k& = 1.57, ka = 1,

(c =3 x 108 m/sec.)

86 Contour diagram of theoretical surface density of charge 164
c|n(6,x)| in mA/V on tubular cylinder; H-polarization.

(c = 3 x 108 m/sec.)

87 Contour diagram of theoretical surface density of charge 165
cln(e,x)| in mA/V on tubular cylinder; H-polarization.

(¢ = 3 x 108 m/sec.)

88 Diagram of crossed electrically thick cylinders illumi- 167
nated by a normally incident, plane-wave field. (The
origin of the x-axis is at the z-axis.)

89 Measured magnitude of surface density of charge on ver- 172
tical member of crossed cylinders; E~polarization.
(|n| in arbitrary units.)

90 Measured magnitude and phase of surface densities of 173
charge on crossed cylinders; E-polarization for verti-
cal cylinder; H-polarization for horizontal one. (Inl
in arbitrary units.)
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91 Measured magnitude of surface density of charge on 176
horizontal member of crossed cylinders for three dif-
ferent lengths, k& = w, 1.57 and 273 H-polarization.
(|n| in arbitrary units.)

92 Relief map of the magnitude of the charge densities 178
n(6,z) and n(6,x) on isolated and crossed cylinders
with kh = 3,57, khy = 2,57, k& = 2, ka = 1. View of

illuminated side.

93 Relief map of the magnitude of the charge densities 179
n(6,z) and n(6,x) on isolated and crossed cylinders
with kh = 3.57, khl = 2,57, k& = 27w, ka = 1. View of
shadowed side.

94 Measured magnitude of surface density of charge on ver- 181
tical member of crossed cylinders; E-polarization.
(|n| in arbitrary units.)

95 Measured magnitude and phase of surface densities of 182
charge on crossed cylinders; E-polarization for verti-
cal cylinder, H-polarization for horizontal one.
(|n| in arbitrary units.)

96 Measured surface densities of charge on crossed cylin- 183
ders with kh = 3,57, ka = 1, for two locations of the
junction and with no cross; E-polarization for vertical
cylinder, H-polarization for horizontal onme. (|n| in
arbitrary units.)

97 Measured magnitude of surface density of charge on 185
horizontal member of crossed cylinders for two loca-
tions of the junction; H-polarization. (|n| in arbi-
trary units,)

98 Measured magnitude of surface density of axial current 186
on vertical member of crossed cylinders; E-polarization.
(|k| in arbitrary units.)

99 Measured magnitude of surface density of axial current 187
on vertical member of crossed cylinders; E-polarization.
(|K| in arbitrary units.)

100 Theoretical magnitude of surface densities of trans- 189
verse and longitudinal current on isolated tubular cyl-
inder; H-polarization. (|K| in mA/vV.)

101 Theoretical magnitude of surface densities of trans- 190

verse and longitudinal current on isolated tubular cyl-
inder; H-polarization. (|K| in mA/V.)
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102 Measured magnitude of surface density of axial current 191
on horizontal member of crossed cylinders; H-polariza-
tion, (|K| in arbitrary units.)

103 Measured magnitude of surface density of transverse 192
current on horizontal member of crossed cylinders; H-
polarization. (|K| in arbitrary units.)

104 Measured magnitude of surface densities of transverse 193
and longitudinal current on horizontal member of crossed
cylinders; H-polarization, (|K| in arbitrary units.)

105 Theoretical magnitude of surface density of outside 196
charge on tubular cylinder; E-polarization.

(c =3 x 108 m/sec.)

106 Theoretical magnitude of surface density of inside 197
charge in tubular cylinder; E-polarization, (c = 3 x 108
m/sec.)

107 Theoretical magnitude and phase of surface density of 198
axial outside current Kz(e,z) on tubular cylinder; E-
polarization.

108 Theoretical magnitude of surface density of outside 200
charge on tubular cylinder; E-polarization.

(c =3 x 108 m/sec.)

109 Theoretical phase of surface density of outside charge 201
on tubular cylinder; E-polarization,

110 Theoretical phase of surface density of outside charge 202
on tubular cylinder; E-polarization, kh = 3.5w.

111 Theoretical magnitude and phase of surface density of 203
axial outside current Kz(e,z) on tubular cylinder; E-
polarization.

112 Theoretical transverse distributions of real and imag- 204
inary parts of Kz(e,z) on tubular cylinder; E-polariza-
tion,

113 Theoretical surface density of transverse outside cur- 206
rent Ke(e,z) on tubular cylinder; E-polarization.

114 Fourier coefficients of surface density of axial out- 207
side current on tubular cylinder; E-polarization.

115 Theoretical magnitude of surface densities of axial and 209
transverse outside current on tubular cylinder; H-polar-

ization.
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116 Theoretical phase of surface densities of axial and 210
transverse outside current on tubular cylinder; H-
polarization.,

117 Theoretical magnitude of surface density of outside 212

charge on tubular cylinder; H-polarization. (c =
3 x 108 m/sec.)

118 Theoretical contours of constant magnitude of surface 213
density of outside charge on tubular cylinder; H-

polarization. (c|n| in mA/V; ¢ = 3 x 108 m/sec.)

119 Fourier coefficients of surface densities of axial and 214
transverse current on tubular cylinder; H-polarization.

120 Measured magnitude of surface densities of outside cur- 216
rent and charge on tubular cylinder with open and capped
ends; E-polarization. (|K| and |n| in arbitrary units.)

121 Measured magnitude of surface density of outside charge 217
on tubular cylinder with capped end; E-polarization.
(|n| in arbitrary units.)

122 Measured phase of surface density of outside charge on 218
tubular cylinder with capped end; E-polarizationm.

123 Measured magnitude and phase of surface density of axi- 220
al outside current on tubular cylinder with capped end;
E-polarization.

124 Measured magnitude of surface density of axial outside 222
current on vertical member of crossed cylinders with
capped ends; E-polarization, A = 24 cm, (|K| in arbi-
trary units.)

125 Measured magnitude of surface density of outside charge 223
on vertical member of crossed cylinders with capped
ends; E~polarization, A = 24 cm. (|n| in arbitrary
units.)

126 Measured contours of constant magnitude of surface den- 225
sity of outside charge on vertical member of crossed
cylinders with capped ends; E-polarization, A = 24 cm.
(|n| in arbitrary units,)

127 Measured magnitude of surface density of outside charge 226
on horizontal member of crossed cylinders with capped
ends; H-polarization, A = 24 cm. (|n| in arbitrary
units.)

17



Figure Page

128 Measured contours of constant magnitude of surface den- 227
sity of outside charge on horizontal member of crossed '
cylinders with capped ends; H~-polarization, A = 24 cm.

(|n| in arbitrary units.)

129 Measured magnitude of surface density of transverse out- 229
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plate; ka = 1, kh = 3,5, kh1 = 2,573 k& = 1,5m, kL =

0.5m, kT = 0,0547. ({n| in arbitrary units.)
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1, kh = 3,57, khl = 2,5m) crossed with a horizontal

flat plate (k% = 1,5w, kL = 0.57, kT = 0.0547w). View
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141 Like Fig. 140 but viewed from shadowed side. 246

142 Measured magnitude of surface density of axial current 247
on vertical cylinder with crossed flat plate; ka = 1,
kh = 3,57, kh1 = 2.,5m; k& = 1,57, kL = 0,57, kT =

0.054n. (|K| in arbitrary units.)
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144 Measured phase angle of surface density of current 250

Kz(x,z) on horizontal flat plate; ka = 1, kh = 3,57,

khl = 2.,57; k& = 1.5m, kL = 0.57, kT = 0.054m.
145 Measured magnitude and phase angle of surface density 251
of current Kz(x,z) on horizontal flat plate; ka = 1,
kh = 3.5, khl = 2,5m3 k& = 1,57, kL = 0.57, kT =
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Kx(x,z) on horizontal flat plate.
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X
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SECTION I

INTRODUCTION

The purpose of this investigation has been a systematic study of the
electric currents and charges induced on the metal skin of a model of an
aircraft when illuminated by a plane electromagnetic wave that corresponds
to a representative single-frequency component of a possible electromagnetic
pulse, The plan of the study includes the coordinated use of both
analytical and experimental tools In a step-by-step manner that involves a
continuous verification of techniques and results. Like the earlier inves-
tigations of thin-wire models which began with the theoretical and experi-
mental determination of currents and charges in single conductors (ref. 1)
and were then extended to develop new experimental (ref. 2) and analytical
(ref. 3) techniques for crossed wires, the present study has proceeded from
single, electrically thick, thin-walled tubular cylinders to crossed thick
tubes., The tubular cylinder with circular cross section and open end was
chosen as the basic element because it is the only reasonable shape for
which a complete theory is available, Specifically, distributions of the
surface densities of current and charge can be computed from theoretical
formulas for arbitrary lengths and radii with both E- and H-polarizationms.
The essential quantitative foundation for developing and verifying experi-
mental techniques is thus available, And an aircraft modeled by crossed
tubular cylinders, while not accurate in structural detail, is quite com—
parable in a general three-dimensional sense so that all relevant proper-
ties of representative induced transverse and axial currents with the as-
sociated charges can be studied. The extension of the model to closed-end
tubes for the fuselage and a flat plate for the wings is readily made once
accurate experimental techniques have been developed and verified with the
crossed cylinders with open ends. Thus the sequence of steps involves (1) a
complete analytically based study of currents and charges on single, elec-
trically thick, tubular cylinders in both E- and H-polarized fields; (2) an
experimental study of the corresponding currents and charges on the single
tubular cylinder in an E-polarized field to develop and standardize probes
and techniques and the degree to which the experimentally available excit-
ing field approximates a traveling plane wave; (3) an experimental study of

crossed tubular cylinders using these probes, techniques, and field; and
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(4) an experimental study of currents and charges on a tubular cylinder with
a flat plate as the cross. In all cases the axial and transverse components
of the surface density of current and the surface density of charge are

determined in both amplitude and phase.

The theoretical calculation of the axial and transverse surface densities
of current and charge on electrically thick (ka = 1) tubular cylinders in a
plane-wave field is carried out in Section III for an electrical half-length of
kh = 1.57 (E-polarization), and in Section V for kh = 37 and 3.57 (E-polariza-
tion), and k& = 1.57 and 27 (H-polarization). A rotation of the plane of
polarization for the normally incident field yields currents and charges that
are simple superpositions of the E- and H-polarized values multiplied by cos ¢
and sin ¢, respectively, where ¢ is the angle about the vertical axis. (No
theory 1s available for vertical angles of incidence other than 8 = 90°, the
normally incident case, for electrically thick cylinders, and the difficult

analytical problem was not undertaken.)

The theoretical formulas are general and can be applied to any desired
radius. Specific calculations are reported in Section II with ka = 0,05,

in Sections III and V with ka = 1, and in Section VII for ka = 2.

The effect of a linear variation in the radius of a tubular cylinder at
constant length and frequency of excitation is manifested primarily in the
complex coefficients of the transverse Fourier components. When ka << 1, the
rotationally symmetric, zero component dominates with very small transverse
currents. As ka approaches unity, the first transverse resonance develops
and the assoclated first Fourier component becomes dominant with its cos 8
distribution of axial current and large transverse currents within a quarter
wavelength of the end. As ka is increased further, the first component
decreases and the second grows to a relatively large value at ka = 2, the
second transverse resonance, with a large cos 26 component of axial current
and corresponding large transverse currents in the quarter wavelength at the
open end. The first component is still significant, and the distributions of
current and charge involve large parts of both first and second transverse
Fourier components. This process continues as ka 1s increased further. The
simple representation in terms of the superposition of forced and resonant

transverse Fourier components (ref. 4) applies for all values of the radius.
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Measured distributions of current and charge induced on electrically
thick cylinders are in Sections IV and V for ka = 1 with kh = 1,57, 37, and
3.5m; in Section VII for ka = 2 with kh = 3.5m., The measured distributions
on all single cylinders are for E-polarization (TM illumination) since this
is the only available polarization when a ground plane is used. Measured
distributions for H-polarization (TE illumination) are carried out for the
horizontal member of crossed cylinders in Sections VI and VII, and compared
to theoretical distributions for an isolated cylinder excited by an H-polarized
wave. The transverse distributions are shown to be largely independent of the

length of the cylinder in H-polarization.

An experimental study of the distributions of the current and charge
densities on a tubular cylinder when the end is open and capped successively
with flat and hemispherical metal surfaces is in Section IV for ka = 1 and in
Section VII for ka = 2, It is shown that except within very short distances
of the end, all of the distributions of outside currents and charges are
substantially the same in both amplitude and phase so long as no internal
propagating waveguide modes can be excited. It is safe to conclude that this
is generally true when ka is at least somewhat below the cut-off value for

propagating waveguide modes in the interior.

The general problem of currents and charges on and near junctions of
cylindrical conductors is discussed in Section II., A complete determination
of the currents and charges per unit length near the junction of electrically
thin conductors is in reference 3 and corresponding measurements are in
reference 2. As explained in Section II, thin-wire theory determines the
rotationally symmetric, total currents and associated charges per unit length
to within distances of about 5a from the center of the junction and extra-
polates these to the center., The analysis in reference 3 applies to mutually
perpendicular crossed cylinders with arbitrary lengths and locations of the
junction but with equal radii. The electromagnetic field is assumed to be
normally incident with the electric vector parallel to the vertical cylinder,
It is further assumed that all transverse currents on the conductors are
negligible, that axial currents are approximately rotationally symmetric,
and that the surface area of the junction region is so small that charges
on it can be neglected. The quantitative significance of these assumptions
and the approximate maximum allowable value of ka = 2nfa/c are discussed

in Section 1I.
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Within these limitations, application of the theory has been made in
reference 3 to the critical ceses involving various combinations of resonant
and antiresonant lengths for the vertical and horizontal members. An
extension of the theory to symmetrical crossed thin cylinders in an electro-
magnetic field that is not normally incident has been reported (ref. 5).

The generalization of the theory of crossed wires with equal radii to wires
with unequal radii is given in Section II., The junction conditions for
conductors with unequal radii have been determined in the process of
developing a complete theory for the tapered antenna (ref. 6). Finally,

the generalization of the analysis in reference 3 to non-orthogonal junctions

is discussed in Section II,.

Extensive measurements of current and charge distributions on crossed
cylinders have been carried out. Measurements made on crossed thin cylinders
are in reference 2. Measured surface densities of current and charge on
crossed, electrically thick cylinders are described in Sections VI and VII
for ka = 1 and ka = 2, respectively., Two different positions of the junction,
and three different lengths for the horizontal arm are considered in Section
VI. Since no analytical solution is available for determining the surface
densities of current and charge in the junction region of crossed electrically
thick tubular cylinders, they have been determined by direct measurement. The
results for different lengths of the side arms and locations along the vertical
cylinder are given and discussed in Sections VI and VII for crossed cylinders

with ka = 1 and ka = 2,

Detailed measurements of the surface current and charge densities on all
surfaces, including the near vicinity of the junction, of a tubular cylinder
and an intersecting flat plate are described in Section VIII together with a
discussion of the relative independence of the distributions on the two
members except very near their junction. Only a single plate, approximately
a half wavelength in width, was investigated because of the structural diffi-
culty of providing an adequate number of slots for probe travel in electrically

narrow plates at the high frequency required by the size of the ground plane.
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SECTION II

THIN=-CYLINDER THEORY: A REVIEW OF ITS APPROXIMATIONS, LIMITATIONS,
AND EXTENSIONS

1. THE CONDITIONS THAT UNDERLIE THIN-CYLINDER THEORY

The thin-wire theory of cylindrical antennas involves a number of
basic conditions and assumptions without which its relatively simple quasi-
one-dimensional form is invalid. For a straight cylinder with radius a and

length 2h these conditions are:
ka << 1 3 a << h s kh > 1 (1)

where k = 27f/c = 2n/)x is the wave number. The simplifying consequences of
these inequalities include approximate rotational symmetry of the surface
densities of axial current and charge and the absence of significant trans-
verse currents so that the surface densities of current K(e,z) and charge

n(e,z) can be simplified as follows:
K(8,z) = éxe(e,z) + 2K _(8,2) * 5K _(0,2) 2 3K (2) 5 K, (8,2) 20  (2)
n(8,z) = n(z) (3)

It follows that the total axial current Iz(z) and the charge per unit

length q(z) can be defined as follows:
I (z) =2maK (2) 3 q(z) = 2man(2) (4)

The charge density is related to the current density through the equation

of continuity as follows:

3K _(6,z) 9K _(8,2)
i [ z 1 5] ] (5)

n0,2) = -l * % e

The corresponding simplified equation for the total current and charge per
unit length in thin-wire theory is
AL_(2)
_ i 4
q(z) = - = —%= (6)

The actual degree of rotational symmetr:r in Kz(e,z) can be estimated
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from the infinitely long conductor in an E-polarized field. Thus, when
ka << 1, the general formula for the current density with E-polarization

(Eq. 2.3 in ref. 4) reduces to

inc _ 2 1
K (O /E, =T ka { T- @i/mn(2/ka) + 0.577] ~ "ka cos 0o (D

The relative magnitude of Ke(e,z) can be obtained from the companion formula

(Eq. 2.4 in ref, 4) for H-polarization, for which

1<e(e)/Ei“c = - L (14 2ika cos 8) (8)
X f_',o

The leading rotationally symmetric terms are

[kaKz(e)/Einc] - Iz/AEi.nc _ 2 1+ (2i/m)[&n(2/ka) + 0.577]2 (9)

0 "o | 1+ (4/m)2[20(2/ka) + 0.577]

inc 1
[k (0) /"1 = = = (10)

Specifically, when ka = 0,04,

K (8)
zmc = 0,0045[1 + i2.89 — 1,15 cos 8] A/V (11)
z
Ke(e)
1o = -0.00265[1 + 10.08 cos 6] A/V (12)
E nce
X

The normalized magnitudes of Kz(e) at 6 = 0°, 90° and 180° are:

, €| = 0.013, 0.0138, 0.0162 A/V (13)

[k, (8)/E
It is evident from (11) and (12) that Ke(e) is negligible compared with
Kz(e) and that this latter is only roughly rotationally symmetric with a

17% increase over the zero-order term at 6 = 180° on the illuminated side,

a 6% decrease at 8 = 0° on the shadow side. These differences decrease as
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ka is reduced below ka = 0,04, which is approximately the upper limit for
thin-wire theory when interest is in the surface currents and charges and
the very near field. For antennas of finite length the transverse distri-
butions vary significantly with the location kz in the axial standing-wave
pattern, since they are superpositions of the forced and resonant distribu-
tions. This can be seen from Fig. 1 which shows the Fourier components of
the axial surface density of current Kz(e,z) in terms of the significant
complex Fourier components for a resonant length, viz., kh = 1,57, with ka
= 0,05. For a conductor as thin as this only the coefficients A(kz) =
AR(kz) + iAI(kz) of the rotationally symmetric zero-order term and B(kz) =
BR(kz) of the cos 6 term are significant. BI(kz) and all higher-order
terms are negligibly small. On the right are the corresponding coeffi-
cients A = AR + iAI and B = BR + iBI of the infinitely long conductor. As
described in detail in Sections III and V

A(kz) = Af(kz) + Ar(kz) 2 pe(kz) + A_ cos kz (14)

B(kz) = Bf(kz) + Br(kz) Be(kz) + Br cos kz (15)
for a resonant length. The function e(kz) characterizes the forced current
on a conductor of finite length. It has the value one for all values of kz
except within the ranges m/2 of open ends where it decreases smoothly to
zero as shown in Fig. 19 (Section III). The superposition of these compon-
ents yields the distributions of surface current density Kz(e,z) and nor-
malized surface charge density cn(8,z) shown in amplitude and phase in Fig.
2 for kh = 1.57 and ka = 0.05 with 6 = 0°, 90° and 180°. Except close to
the open end, the charge density is essentially independent of 6. The cur-
rent densities at 6 = 0°, 90°, and 180° differ in relative amplitudes with
generally similar axial distributions. It is noteworthy that the current
density is greater on the illuminated side than in the shadow bhetween kz =
slightly less than 0.57 and 1.5m, but greater on the shadow side between

kz = 0 and slightly less than 0.5w. This is a consequence of the fact that
the forced current is added to the resonant current between kz = 0.57 and
1.5m, subtracted from it between kz = 0 and 0.5w. The actual transverse
distributions of Kz(e,z) are shown in Fig. 3 for a range of values of kz.

Also shown is the transverse distribution for the infinitely long cylinder
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with ka = 0,05. This is seen to follow closely the distribution with kz =
0.5m, where the resonant current vanishes and only the forced current re-

mains.

The end conditions for thin-wire theory require the total axial cur-
rent Iz(z) to vanish at the open ends, |z| = h, of thin-walled tubular cyl-

inders. That is,

Iz(ih) =0 (16)

If this condition is rigorously enforced, the total currents and charges
are correctly determined when ka << 1, However, the axial distribution of
the current and especially of the charge per unit length vary rapidly near
the open end so that low-order solutions usually do not provide the correct
slope for the current. It follows that within a fraction of a wavelength
of the open end the charge per unit length calculated from a low-order
solution can be in error by as much as a factor 2, The outside current and
charge per unit length on thin tubular cylinders with open ends, with flat
end caps, and hemispherical end caps are quite similar if the total axial

length is the same.

2, THE CONDITIONS THAT UNDERLIE THE THEORY OF ORTHOGONALLY INTERSECTING
THIN CYLINDERS

Consider two electrically thin cylinders that lie, respectively, along
the x and z axes with their junction centered at the origin of coordinates.

The vertical wire extends from z = —h1 to z = h2 with radius ap, the hori-

1 to x = 22 with radius ag. For the four parts of

the cross the conditions for thin-wire theory apply. That is,

zontal wire from x = -2

ka; << 1, a; <<h,, a; <<hy, kh;>1, kh,>1 an
kay << 1, ay << Ly, ag<<f,, kij>1, ki, >1 (18)

At each 6pen end the total current vanishes so that
T12(7hy) = Iy (hy) = T, (-4 = I, () =0 (19
The comments regarding the currents and charges near the open ends made
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relative to (14) and (15) apply to each of the four ends,

The junction conditions at z = 0 for thin-wire theory are:

I,,(0 = I, (0) +1I,(0) -1, (0)=0 (20)
q; (0¥ = q, (0¥, = q3(0) ¥y = q,(0)¥, (21)

where, for conductors at least a quarter wavelength long,

¥, = ¥, = 2[2n(2/kal) - 0.5772] N ¥y ¥, Z[En(Z/ka3) - 0.5772] (22)

For shorter conductors,

]
-]
Ite

¥, = ¥ 2 2n(¢2122/a3) (23)

1 2 = 2 ln(Vﬁlhz/al) . ¥

3 4

In (20) and (21), Ij(O) and qj(O), j=1, 2, 3, 4, are fictitious rotation-
ally symmetric currents and charges per unit length extrapolated to z = 0
or x =0 from z v 5al or x v Sa3 where the currents and charges per unit
length are approximately rotationally symmetric. The junction conditions
are designed to assure that the currents and charges at distances greater
than 5a, from x = 0, z = 0 are correct. Closer to the junction than |x| =
Sa3 or 1z| = Sal, the currents and charges per unit length have complicated
transverse distributions that are not rotationally symmetric but are deter-
mined by the geometry and proximity of the junction region. Thin-cylinder
theory 1s incapable of determining these distributions, and they are irrele-
vant to the evaluation of I and q at all points given by |z]| > 5a1, or |x|

> 5a3 so long as ka << 1.

The conditions (17) and (18) include the following:

kh, >1 , kh, >1 , k&, >1 , ki, 6 >1 (24)

These have serious consequences in the low-frequency modeling of aircraft
by crossed electrically thin cylinders since they require each of the four
arms with lengths hl’ h2, 21 and 22 to be at least A/6 in length. Thus,
thin-cylinder theory cannot be expected to give accurate results in the de-
termination of the currents and charges per unit length if the frequency is

lower than allowed by the following conditions:
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f > c/21rh1 , £ > c/21rh2 , £ 2> c/2n8 f > c/2w22 (25)

1 »
where ¢ = 3 x 108 m/sec even though the conditions kal << 1, ka3 << 1 are
satisfied. 1In effect this means that a thin-wire model of an aircraft must

be at least a half wavelength long at the lowest frequency.

Even when all of the conditions of the thin-~cylinder theory of crossed
cylinders are well satisfied, the solutions obtained do not provide the ac-
tual distributions of current and charge density on the surfaces within
distances of 5a1 or 5a3 of the center of the junction, It gives only a
fictitious, rotationally symmetric average that does not take account of

the actual geometry of the junction region.

The solutions for the currents in a thin-wire cross in reference 3
have been carried out for conductors of equal radius. The generalization
to conductors with different radii involves only the addition of subscripts
1 and 3 respectively on the ¥ functions derived from integrals along the z-

directed and x~directed coordinates.

3. THIN-CYLINDER THEORY AND CYLINDERS THAT ARE NOT ELECTRICALLY THIN

Tubular cylinders that are not electrically thin have very much more
complicated distributions of the surface densities of current and charge
than cylinders that are electrically thin when illuminated by a normally
incident plane wave. With E-polarization (electric field parallel to the
axis of the cylinder) the surface density of current has axial and trans-
verse components which are both functions of the axial and transverse vari-
ables. Thus, ﬁ(e,z) = 5Ke(6,z) + EKZ(B,Z). The two-dimensional vector
E(e,z) is in general elliptically polarized since Ke(e,z) and Kz(e,z) are
not simply related in amplitude or phase, The transverse component Ke(e,z)
is generally small except within a half wavelength of an open end where it
rises to very large values, The transverse distributions of both Kz(e,z)
and Ke(e,z) are not rotationally symmetric. They are determined from sums
of transverse Fourier components of which the first or zero~order term in
the series for Kz(e,z) is alone rotationally symmetrical. Only when all
higher-order terms have negligibly small amplitudes is the zero-order term
an adequate representation of Kz(e,z), and it is this term only that is de-~
termined by thin-cylinder theory in the form Iz(z) = 2wa[Kz(z)]0. This is
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meaningful only when ka << 1, There is no way of determining the higher-
order terms from the first term and as ka increases from small values they
become dominant, The transverse component Ke(e,z) is assumed tq be com-
pletely absent in thin-wire theory so it cannot be determined or even rough-

ly estimated. Zero cannot be extrapolated to a meaningful finite value!

With H-polarization (magnetic field parallel to the axis of the cyl-
inder), ﬁ(e,x) has both transverse and axial components with Ke(e,x) large
for all values of the axial variable when ka is not small. Both components
of current combine with the charge density to form complicated standing-
wave patterns over the entire cylindrical surface., Thin-cylinder theory
takes no account of any currents excited by an H-polarized field since they
are all assumed to be negligible — which is an acceptable approximation
only when ka << 1, Thus, there is no way of determining either the trans-
verse vériation of the axial current or any part of the entire transverse
current from thin-cylinder theory or computer codes based on it. When the
thin-cylinder conditions are reduced or eliminated, the theory loses its

validity.

The axial distribution of the axial component of current Kz(e,z) re-
sembles Iz(z) along a thin cylinder with the same length for some values of
the transverse variable 6 for either polarization., Both are superpositions
of forced and resonant components, but the proportions vary with 6 when ka
is not small with the forced components dominant on the illuminated side,
the resonant ones on the shadow side. Thus, it is possible to exhibit
somewhat comparable axial distributions of the amplitude of Kz(e,z)
along a thick cylinder and of Kz(z) = Iz(z)/Zna along a thin one at se-
lected values of 6, However, there is no way of determining the appropri-
ate value of 6 from thin-cylinder theory. Hence, Kz(e,z) for all other

values of 6 on the thick cylinder remains unavailable,

The practical upper bound on ka = 2vfa/c limiting the use of thin-
cylinder theory for single cylinders of finite length is more severe when
interest is in surface currents and charges and the associated near fields
than when only far fields are required. The upper bound is determined by
the degree of error in the amplitudes that is acceptable. Specifically, the
allowable maximum difference between Kz(e,z) at 8 = 180° on the illuminated

side and the thin-cylinder approximation Kz(z) = Iz(z)/Zwa must be specified
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together with the maximum allowable transverse current Ke(e,z). It has al-
ready been shown that when ka = 0.04, |Kz(180°,z)| differs from |Kz(z)| =
|Iz(z)/2na| for the infinitely long cylinder by approximately 17%. This is
also an approximate value near current minima along a resonant cylinder of
finite length with the same value of ka. The minima of current occur near

kz =nn/2, n=0, 1, 2, ....

The end conditions for the current density on tubular cylinders with
open ends and unrestricted values of ka are contained in the boundary con-
ditions on the tangential component of the electric and magnetic fields on
the surfaces of the cylinder. These are Ez(ﬁ,z) = 0, Ee(e,z) = 0 for all
values of 6 and -h < z < h on both inside and outside surfaces of the thin-
walled tube. The inside and outside surface densities of current are given
by E(e,z) = -n X g/uo where n is the external normal to the surfaces. Note
that n is in the inward radial direction for the inside current, the out-
ward radial direction for the outside current, These conditions are equiv-
alent to requiring the total Kz(e,z), i.e., the sum of outside and inside
currents, to vanish at z = *h and Ke(e,z) to satisfy an edge condition.
When ka << 1, the boundary condition Ee(e,z) = 0 is ignored, Ke(e,z) is as-
sumed to be negligible, and only the condition KZ(S,z) 2 Kz(z) =0 at z =
th is applied directly. Since the inside current is negligibly small when
ka << 1, Kz(z) = Iz(z)/2ﬂa applies to the outside current. It is evident
that the thin-wire end conditions are incapable of correctly bounding the

transverse currents which are highly significant near open ends,

4, THIN-CYLINDER THEORY AND INTERSECTING CYLINDERS THAT ARE NOT
ELECTRICALLY THIN

The junction conditions (20) and (21) for intersecting thin cylinders
are expressed in terms of fictitious rotationally symmetrical total cur-
rents and charges per unit length at an idealized junction with so small a
surface area that charges on it are ignorable, The thin-wire junction con-
ditions are designed to give the correct currents and charges per unit
length at distances greater than about five times the radius of the conduc-
tor, but provide no detailed information about the current and charge den=-
sities near and on the surfaces of the junction. - Clearly, they have no use-

ful application when ka is not small. The nonrotational nature of the
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axial currents, the presence of significant transverse currents, the fact
that the surface area of the junction itself is not electrically small and
carries large currents and charges, and the dependence of the surface den-
sity of charge on the spatial rates of change of both axial and transverse
components of current make the thin~cylinder conditions meaningless for
cylinders that are not electrically thin. The conditions at the junction
of electrically thick cylinders are contained in the requirement that the
component of the electric field tangent to all parts of the conducting sur-
face of the junction vanish., In the sharp grooves at the junctions of the
intersecting circular cylinders, the component of the electric field perpen-
dicular to the surface must vanish since the normal to one of the inter-
secting surfaces has a component tangent to the other surface. It follows
that the charge density at the bottom of the grooves must vanish and with
it the component of surface current along the bottom of the groove. Thus,
the vector surface density of current must be directed perpendicular to
each groove. These conditions apply equally to intersecting electrically
thick and electrically thin cylinders and must be used for all values of ka
if the distributions of current and charge on and very near the junction
are to be determined. With electrically thin intersecting cylinders (ka

<< 1) a knowledge of the distributions of charge and current on and near
the junction is not required to determine the total currents and charges
per unit length away from the junction. These are independent of the shape
of the junction region so long as its surface area is electrically of the

order of magnitude of k2a2 <<< 1.

The theory of crossed electrically thin cylinders developed in refer-
ence 3 provides quantitatively useful approximations of the total currents
and charges per unit length at all points along cylinders that permit the
simplifications of thin~-wire theory because ka << 1 except on and very near
the junction. Here rotationally symmetric currents and charges do not'ac—
tually exist, and the fictitious ones determined by thin-wire theory are
equivalent to the actual complicated distributions only in permitting the
determination in a quasi-one-dimensional form of all properties not too
close to the junction. The actual current and charge densities within 5a
of the junction cannot be determined with thin-wire theory no matter how
small ka may be. When ka is not very small, the limitations of thin-wire

theory are most pronounced (a) near the open ends where the effects of
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nonrotational symmetry, transverse currents and the associated charges are
most significant, and (b) on conductors excited by a component in the H-
polarization with significant transverse currents and associated charges

along its entire length.

5. THEORY OF NON-ORTHOGONALLY INTERSECTING ELECTRICALLY THIN CYLINDERS;
THIN-WIRE MODEL OF SWEPT-WING AIRCRAFT

In order to apply thin-cylinder theory to the determination of the
total currents and charges per unit length on crossed conductors that in-
tersect at angles other than 90° either as continuing crosses or to simu-
late a swept-wing configuration, all of the thin-wire conditions previously
imposed with orthogonal crosses are required. An additional restriction
on the angle of intersection must also be used in order to keep the junc-
tion region electrically small enough to preserve the assumption that the

total charge on its surfaces is negligible. The new condition is
|ka/sin 6| << 1 (26)

where © is the angle between the crossed conductors. For orthogonal inter-

section, 8 = w/2; and (26) reduces to the previously imposed, less restric-

tive, ka << 1.

The integral equations for the currents in non-orthogonally intersect-
ing electrically thin cylinders are derived in the same manner as for the
orthogonal cross (ref. 3), but numerous additional integrals occur since the
crossed conductors are now coupled inductively as well as capacitively.

This substantially increases the complication of both the zero-order and
especially the first-order solutions. ©Unlike the simpler orthogonal geom-
etry for which all first-order integrals can be reduced to nothing more com-
plicated than tabulated integral sine and cosine functions, the non-orthog-

onal geometry involves integrals that must be evaluated numerically.

The actual formulation of the swept-wing configuration of non-orthog-
onally intersecting, electrically thin cylinders is not included here since
it is not closely related to any of the other work reported on orthogonally
intersecting thick and thin cylinders. The more severe restriction on the
radius of the cylinders makes the theory even less useful at low frequen-

cies since the conditions |ka/sin 8| << 1 and kh << 1 for all intersecting
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members are difficult to satisfy simultaneously for dimensions comparable
with those of actual aircraft. It would appear that the current and charge
densities on the swept-wing configuration should be determined by an exper-
imental study at both low and high frequencies using a tubular cylinder to
represent the fuselage and successively tubular cylinders and flat plates
to model the wings of an aircraft in the manner carried out in Sections VI,
VII and VIII for the orthogonal cases, Measurements at both high and low
frequencies should be made and the latter should be correlated with the
fully developed and, where necessary, numerically evaluated thin-cylinder
theory. In this manner it should be possible to determine whether a range
of reasonable quantitative approximation exists for this theory. Since the
junction region is expanded and the theory can give no detailed information
about current and charge densities on and near the junction within distances

of 5a/sin 6, this is doubtful.
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SECTION III

ELECTRICALLY THICK CYLINDER IN E-POLARIZED, NORMALLY INCIDENT,
PLANE-WAVE FIELD, THEORY, kh = 1.5m, ka = 1

1. INTRODUCTION

When a rocket or aircraft is exposed to an electromagnetic field, cur-
rents are induced on the metal surfaces with complicated standing-wave dis-
tributions that depend on the frequencies, the shape and size of the struc-
ture, and its orientation in the wave fronts., In general, the metal surfaces
have apertures and joints through which the field may penetrate. Its magni-
tude can be estimated from the surface densities of current and charge on the
same structure with an unbroken metal skin (ref. 7). Since the determination
of these densities is difficult, a systematic, step-by-step approach has been
followed in order to gain insight into the physical and mathematical aspects
of the problem. The first step was a theoretical review and experimental
study of the currents and charges induced on a perfectly conducting cylinder
that is electrically thin but unrestricted in length when in an arbitrarily
incident plane wave (ref. 1). In this the significant differences between
the distributions of current along a thin driven cylinder and a parasitic
cylinder of the same length and radius were noted. The next step was a com-
plete theoretical (ref. 3) and experimental (ref. 2) investigation of cur-
rents and charges on crossed electrically thin cylinders in an incident field.
This involved a specification of the conditions at the junction of the four
confluent wires and the formulation and solution of a new integral equation.
Graphs from both theoretical and experimental investigations were displayed
showing the currents and charges on all members of the cross when the junc-
tion was located at various points in the standing-wave patterns on the axial
and transverse members'including especially maxima and minima of charge per

unit length near the junction.

Distributions of current and charge along electrically thin conductors
are much simpler than on the surfaces of electrically thick structures be-
cause transverse currents on the thin conductors and the charge on the junc-
tion are negligible, Furthermore, the surface currents can be combined into
a total axial current, Iz = 2ﬂaKz, where Kz is the surface density of axial

current, and the surface charges into a charge per unit length, q = 2yan,
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where n is the surface density of charge. On an electrically thick structure
these simplifications are not pessible because rotational symmetry does not
obtain and transverse currents are not negligible. Also, the surface area of
a junction is not electrically small and its surface charge cannot be ne-

glected.

Since a complete theory of the thick* tubular cylinder is available for
both E and H polarizations (refs. 8-11), the same sequence in the investiga-
tion of thick cylinders can be pursued as was followed in the study of thin
wires., The first step is a review of the theoretical treatment of the thick
tubular cylinder followed by a display and discussion of the induced distri-
butions of surface current and charge on typical cylinders. This is the sub-
ject of this section, specifically for E-polarization. The next step is the
measurement of currents and charges on such a cylinder and a comparison with
theory as a means of standardizing the experimental procedures and calibrat-
ing the probes. This is the subject of Section IV, Later steps will in~

volve the currents and charges on crossed electrically thick cylinders.

2. THEORETICAL CURRENTS ON THE INFINITELY LONG CYLINDER

The theory of the scattering of electromagnetic waves by an infinitely
long, perfectly conducting cylinder of any thickness is well known (ref. 12).
A cross section of the cylinder in an incident field is shown in Fig. 4.
Complete descriptions of the physical properties of the electric and magnetic
fields at and near the surface of such a cylinder are available in reference
13. The distribution of the axial surface density of current Kz(e) for E-
polarization and that of the transverse surface density of current Ke(e) for
H-polarization have also been described (ref. 13). Graphs of the magnitude
and phase** of Kz(e) = |Kz(e)| exp(iez) are shown in Fig. 5 for an infinite,
perfectly conducting cylinder with ka = 1 in an E~polarized, normally inci-
dent electromagnetic field. The choice ka = 1 is made since this size in-

volves most of the characteristics of electrically thick cylinders without

*
This means with electrically large cross section; it does not refer to the

thickness of the metal walls which are assumed to be infinitely thin.

*%
Graphs of the real and imaginary parts of Kz(e) = KzR(e) + iKzI(e) are in-
cluded in Fig. 8,
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the added complication of higher-order transverse resonances. Note that for
E~polarization Ke(e) = 0 at all points on the cylinder and the surface densi-
ty of charge n is everywhere zero since aKz(e)/Bz = 0,

The surface density of current when the electric vector is parallel to

the axis of the cylinder is given by the series

2Einc o « in

K (8) = —=2 L cos né @7
z TCoka 2o Hr(ll) (ka)

where a =1forn=0, @ =2 forn > 0 and k is the wave number. For ka=1,

Kz(e) 2 A+ B cos 6+ C cos 26 + D cos 36 + E cos 40 + F cos 560
(28)

where A through F are the Fourier coefficients with Einc = 1 volt/m. The
coefficients to two decimal places are given in Table 1. The principal com~

ponents are seen to be Aps BR’ BI and Cre

3. THEORETICAL CURRENTS AND CHARGES ON A CYLINDER OF FINITE LENGTH

When the cylinder extends from z = -h to z = h instead of from z = -» to
z = o, the determination of the current on its surface is a difficult three-
dimensional problem that involves coupled axial and transverse components.,
These latter are generated near the open ends of the tube because the excit-
ing field is not rotationally symmetric about the cylinder. Thus, the cur-
rent at any point (a,0,z) on the tube (which in the theoretical amalysis is
assumed to have infinitely thin, perfectly conducting walls with radius a) is
a vector E(e,z) = @Ke(e,z) + EKz(e,z). In references 8 and 9, Kao has shown
that the determination of the two components can be reduced to the solution
of two integral equations of which the one involves only Ke(e,z), the other
both Ke(e,z) and Kz(e,z). This involved an elaborate computer program (refs.
8 and 10) that has been extended by B. Sandler to include the surface densi-

ty of charge n(6,z) given by

i[ BKz(e,z) 1 age(e,z) ] (29)

n(0,2) = - 2| 5, * 1% 30

where ¢ = 3 x 108 m/sec. Kz(e,z) is calculated from the truncated series:

Kz(e,z) = A(kz) + B(kz)cos 8 + C(kz)cos 206 + D(kz)cos 39
+ E(kz)cos 49 + F(kz)cos 5¢ (30)
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Table 1

FOURIER COEFFICIENTS IN mA/V FOR Kz(e) ON INFINITELY LONG CYLINDER;

E-POLARIZATION, kh = e, ka = 1

A

B

c

D

E

2,18~ 10,25

-3.28+11.85

0.58+10.00

0.00+ 10.10

0.01+ 10,00

|
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The coefficients are given in Table 2 for kh = 1.57 and ka = 1. Note that

C(kz), b(kz), E(kz), and F(kz) are constant at the values C, D, E, and F for
the infinite cylinder as given in Table 1 except within a quarter wavelength
of the end where they decrease smoothly to zero. Ke(e,z) is calculated from

the series:

Ke(e,z) % j[B'"(kz)sin 8 + C'(kz)sin 28 + D' (kz)sin 36] (31)
The coefficients are given in Table. 3.

4, GRAPHS OF THEORETICALLY DETERMINED CURRENTS
a. Axial Currents

The axial distribution of Kz(e,z) in terms of its magnitude |Kz(6,z)|,
its phase angle Gz referred to the incident field along the axis, and its
real and imaginary parts KZR(G,z) and KZI(G,z) is shown in Figs. 6 - 8 as a
function of kz (measured from the center of the cylinder) and the angle ¢
(measured from the center of the shadow region). It is seen in Figs. 6 and 7
that at 6 = 0° in the shadow region, IKZ(O°,z)| and ez have strongly resonant
forms while at 6 = 180° in the illuminated region, |Kz(180°,z)| has a very
low standing-wave ratio and Gz is virtually constant over the entire length —
both characteristics of a predominantly forced current. The graphs of
KZR(B,Z) and KZI(G,z) in Fig. 8 show that the transverse distributions of
these quantities differ significantly from one another at different values of
kz., They are like those along an infinitely long cylinder with the same rad-
ius only where kz is near 0,57, where resonant currents have a minimum.

Since the infinitely long cylinder supports no resonant currents, this resem-
blance is readily understood. It is evident from Figs. 5 ~ 8 and from Fig. 1
in reference 1 that the distribution of the axial component of current on
an electrically thick cylinder cannot be constructed simply by combining the
axial distribution of current along an electrically thin cylinder of the same
length with the transverse distribution around an infinitely long cylinder of

the same radius.
b. Transverse Currents

On a thick cylinder of finite length a very significant transverse com-
ponent of current Ke(e,z) is excited by periodically varying charge distribu-
tions at the ends. The real and imaginary parts of Ke(e,z) when kh = 1.5%
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9%

FOURIER COEFFICIENTS IN

Table 2

mA/V FOR K_(8,z) ON TUBULAR CYLINDER; E~POLARIZATION, kh = 1.57, ka = 1

kz A(kz) B(kz) C{kz) D(kz) E(kz) F(kz)

0 0.50 + 10,20 | -4.83 + i1.76 | -0.17 - 12.04 | 0.58 - 12,13 | 0.00 + i0.10 | 0.01 + i0.00
0,257 | 1.02 + i0.11 | -4,44 + 11,90 | -0,17 - i2,04 | 0,58 - 12,09 | 0.00 + 10.10 | 0.01 + 10.00
0.50w | 2,28 - 10,13 | -3.45 + 12,22 | -0,16 - 12,02 | 0,58 - 11,97 | 0.00 + i0.10 | 0.01 + 10.00
0.75n | 3.52 - i0.48 | -2.23 + i2,43 | -0,14 - 11.99 | 0.58 - i11.76 | 0.00 + i0.10 | 0,01 + 10.00
1.00m | 3.94 - 10.84 | -1,24 + 12.26 | -0,12 - 11,94 | 0.58 - 11,49 | 0.00 + i0.10 | 0.01 + 10.00
1.257 | 3.02 - i0.96 | -0,66 + il,54 | ~0.08 - 11,75 { 0,53 - 11.12 | 0.00 + 10.09 | 0.01 + 10.00
1.507 0 0 0 0 0 0




Table 3
FOURIER COEFFICIENTS IN mA/V FOR Ke(e,z) ON TUBULAR CYLINDER;

E~-POLARIZATION, kh = 1.57, ka = 1

kz B' (kz) c' (kz) D' (kz)

0 0.00 + 10,00 0.00 + 10.00 0.00 + 10,00
0.257w 0.18 -~ i0.15 0.00 + 10.00 0.00 + 1i0.00
0.50w 0.24 - i0.30 0.01 + 10,00 0.00 + i0.00
0.75m 0.06 ~ 10.45 0.02 - i0.02 0.00 + 10.00
1.00w -0.56 - i0.61 0.02 - i0.08 0.00 + i0.00
1.257% -2.,32 - i0.81 0.02 - i0,33 0.03 + i10.00
1.307w -3.04 - 10.88 0.01 - i0.47 0.05 + i0.01
1.40m ~-5.57 - 11,09 0.01 - 11,18 0.16 + 10,05
1.50w <o oc o
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Theoretical amplitude of axial surface density of total current on tubular cylinder;

E-polarization, normal incidence.
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and ka = 1 are shown in Fig. 9. Note that |Ke(e,z)| = [KgR + Kglll/z

ishes at 8 = 0° and 180° and has a maximum near 8 = 90° for all values of kz.

van=-

It follows from Table 3 that
Ke(e,z) = iB'(kz)sin 6 (32)

Ke(e,z) is very small compared with Kz(e,z) except near the open ends of the
cylinder where it rises steeply to very large values. In the idealization of
‘a perfectly conducting, infinitely thin tube, Ke(e,h) = o, Significant
transverse currents are confined to the relatively small area defined by

40° < 8 < 140°, 1l.1m < kz < 1.57, and a similar area on the other side of the

cylinder. Note that Ke(—e,z) = -Ke(e,z).
c. Current Vectors

Both Ke(e,z) and Kz(e,z) are complex so that at each point (a,6,z) on

the cylinder, ﬁ(e,z) is represented by

K(8,2) = K _(8,2) + iEI(e,z) (33)

where ER(e,z) = éieR(e,z) + EE?R(B’Z) and EI(G,Z) = éKeI(e,z) + EKZI(O,Z).
The real vectors KR(e,z) and KI(O,z) at uniformly spaced points on the sur-
face of the cylinder are shown drawn to scale in Fig. 10. At each point the
length of the vector is'proportional to IﬁR(e,z)l on the left, Iﬁl(e,z)l on
the right; the direction of the vector gives the direction of the part of the
current represented, The general directions of flow and the standing-wave
pattern in the shadow are evident.

The real instantaneous current at each point is obtained from (33)
through multiplication by e_imt and the selection of the real parts. The

components of the time-varying vector ﬁ(e,z;t) are given by

K(o,z3t) = éxe(e,z;:) + 3K_(0,25t) (34)
where

Ke(e,z;t) = KeR(e,z)cos wt + KGI(O,z)sin wt (35)

KZ(B,z;t) = KzR(e,z)cos wt + Kzl(e,z)sin wt (36)

It is readily shown that ﬁ(e,z;t) is elliptically polarized as illustrated in
Fig. 11.
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5. GRAPHS OF THEORETICALLY DETERMINED CHARGES

Whenever there are standing waves of current on a conducting surface,
there must also be standing-wave concentrations of charge. The surface den-
sity of charge n(9,z) is defined by the equation of continuity (29). It de~
pends on the rates of change of both Kz(e,z) and Ke(e,z). Graphs of the mag-
nitude |n(e,z)| and phase en are shown in Figs. 12 and 13. The origins for
the several curves are displaced continuously in Fig., 12 for clarity. The
charge density is seen to have a simple standing~wave pattern with zero am~
plitude at the center, kz = 0, a maximum near kz = 0,57, a minimum near kz =
m and another, much higher maximum at the end of the tube, kz = kh = 1.5m,
The standing~wave ratio is low in the illuminated region (6 = 180°) and in-
creases steadily around the cylinder to a maximum in the center of the shadow
(6 = 0°)., The corresponding phase change is shown in Fig. 13. The axial
variation of the charge density on the electrically thick cylinder is similar
to that of the charge per unit length q = 2man along an electrically thin
cylinder (ka = 0.04) of the same length, kh = 1.57 (see Fig. 1 in reference
1), but it is not rotationally symmetrical.

A clear picture of the overall distribution of charge is obtained from
Figs. 14 and 15 which show contours of constant magnitude and constant phase.
The essential characteristics in Fig. 14 are the increasingly high maximum
all around the cylinder as the open end is approached, a secondary peak of
charge at kz = 0,57, 6 = 0° in the shadow, and a deep valley of charge all
around the cylinder between the contours marked 1.5. Figure 15 shows the
corresponding contours of constant phase. These lie along the valley and

seem to converge to or diverge from the centers of maximum charge.

6. FOURIER COMPONENTS OF THE SURFACE CURRENT

The graphical representations in Figs. 5 through 11 show the total axial
and transverse surface densities of current. In the actual evaluation of
these currents the individual transverse Fourier components are calculated
and then summed. In the interpretation of the total currents the properties

of the individual Fourier components are useful.

Graphs of the axial distributions of the complex Fourier coefficients
A(kz) = AR(kz) + iAI(kz), B(kz) = BR(kz) + iBI(kz), C(kz) = CR(kz) + iCI(kz),
and D(kz) = DR(kz) + iDI(kz) of Kz(e,z) are shown in Fig. 16 for kh = 1.5
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Fig. 16, PFourler components of axlal surface density of current on tubular cylinder; E-polarization,

ka = 1, Kz(e,z) = A(kz) + B(kz)cos 8 + C(kz)cos 28 + D(kz)cos 36,



and ka = 1, E(kz) and F(kz) contribute negligibly to the total current. The
p+ 1Ap, B =B + B, C= C, + iC, and D = D +

iDI for the infinitely long tube with the same cross section are on the right

in the figure. It is seen that C(kz) and D(kz) differ negligibly from the

constant coefficients A = A

constants C and D, respectively, except within short distances of the end

where they decrease smoothly to zero. This type of distribution is conveni~

subscript f. Thus, in Fig. 16

C(kz) = Cg(kz) = C for |kz| < kh ~ 0.57 37

D(kz) = Dc(kz) % D for |kz| < kh - 0.57 (38)
Similar forced components are a part of A(kz) and B(kz) but these also in-
clude superimposed resonant components, An approximate procedure for obtain-

ing Af(kz) and Bf(kz) is to assume ideal resonant components
Ar(kz) = Ar cos kz . Br(kz) = Br cos kz (39)
such that

A(kz) = Af(kz) + Ar cos kz ;3 B(kz) = Bf(kz) + Br cos kz (40)

The amplitudes Ar and Br can be determined for the real and imaginary parts

in each case by noting that Ar kz), ArI(kz)’ BrR(kz)’ and BrI(kz) must each

(
R
vanish at kz = 0,5m., Graphs of these ideal resonant distributions and of the
associated forced components AfR(kz), AfI(kz), BfR(kz), and BfI(kz) are shown
in Fig. 17 together with the constants AR, AI, BR’ and BI’ It is seen that
the forced components have the general form of Cf(kz) and Df(kz) but with
small oscillations that are not simple sinusoids superimposed on the con-

stants AR’ AI,

The transverse current Ke(e,z) has no forced components and is given to

BR’ and BI'

a good approximation by

Ke(e,z) £ i[B'(kz)sin 6 + C'(kz)sin 26] (41)

where B'(kz) = Bé(kz) + iBi(kz) and C'(kz) = iCi(kz) are shown in Fig. 18.
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7. APPROXTMATE ANALYTICAL REPRESENTATION OF THE SURFACE DENSITIES OF
CURRENT AND CHARGE ON A CYLINDER WITH ka = 1, kh = 1,57

The distributions of the axial and transverse components of the surface
density of current E(e,z) = aKe(e,z) + EKZ(G,z) on the tubular cylinder with
ka = 1 and kh = 1,57 are readily represented analytically in terms of the
transverse Fourier components., A convenient approximate representation is
achieved if a distribution function e(kz) is defined to represent the purely
forced parts of the current on cylinders of finite length., The required
function has a constant value of unity over the entire length of the cylinder
except within about a quarter wavelength of the ends where it decreases
smoothly to zero. The actual shape and range of this decreasing part of the
curve varies somewhat with the different Fourier components and with the real
and imaginary parts of each. However, for a simple approximate representa-
tion for qualitative purposes a cosinusoidal form in the quarter wavelength

at each end is adequate, This is illustrated in Fig. 19. An analytical

representation is

kh + 0,.5w)

e(kz) = U(kz + kh - 0.57)[1 - U(kz - kh + 0.5%)] + U(kz
x sin k(h = z) + [1 - U(kz + kh = 0,5%)]sin k(h + z) (42)

where U(t) is the Heaviside or step function defined by U(t) = 1 when t > 0,
0 when t < 0., In terms of this function and (37)- (40), the Fourier compon-
ents of the axial current are approximated by A(kz) = Ae(kz) + Ar cos kz,
B(kz) = Be(kz) + Br cos kz, C(kz) £ Ce(kz), and D(kz) De(kz). It follows
that

lle

Kz(e,z) = (A+ B cos 6+ C cos 20 + D cos 38)e(kz)

+ (Ar + Br cos 0)cos kz (43)

where A, B, C, and D are given in Table 1 for the cylinder with ka = 1. This
representation is in error by the differences between Af(kz) and Ae(kz),
Bf(kz) and Be(kz), Cf(kz) and Ce(kz), and Df(kz) and De(kz) in the ranges

~kh < kz < -(kh - 0,57); (kh - 0.57) < kz < kh,

The transverse distribution Ke(e,z) associated with the axial distribu-

tion Kz(e,z) is given in (41) with B'(kz) = Bﬁ(kz) + iBi(kz) and C'(kz) =
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Cé(kz) + iCi(kz). The real and imaginary parts of B'(kz) and C'(kz) are
shown graphically in Fig. 18.

The approximate distribution of the surface density of charge can be ob-
tained from the components of the current with the help of the equation of
continuity (29). Since this involves differentiation and the function e(kz)
is only approximate especially with regard to its slope, it is to be antici-
pated that the derivatives of e(kz) will not be quantitatively accurate with-
in a quarter wavelength of each end. With (41) and (43) it follows from (29)

that
n(8,z) & -(i/c) [(A + B cos 8 + C cos 20 + D cos 38){~U(kz - kh + 0.57)
x cos k(h - z) + [1 = U(kz + kh = 0.57)]cos k(h + 2)} - (Ar + Br
x sin 0)sin kz + (i/ka) [B'(kz)cos 8 + C'(kz)cos ze]] (44)

The surface density of current consists of the largely constant forced
part with e(kz) as coefficient and a resonant part with its axial and trans-
verse components, The associated surface density of charge includes a part
localized near the ends associated with the forced current and a part associ-

ated with the resonant currents in a standing-wave pattern on the cylinder.

8. INTERPRETATION OF THE GRAPHS OF SURFACE DENSITIES OF CURRENT AND CHARGE
ON A TUBULAR CYLINDER WITH E-POLARIZATION

With distributions of the total surface density of current ﬁ(e,z) =
6Ke(e,z) + 7K_(8,2) displayed in various forms in Figs. 6 through 11 and of
the surface density of charge n(8,z) in Figs. 12 through 15, and with repre-
sentations of these available in terms of the transverse Fourier components
shown in Figs. 16 through 18, all of the information needed for a systematic
interpretation of the underlying physical phenomena is at hand. Consider
first the simple and fundamental distribution along an infinitely long cylin-
der with the same cross section. With E-polarization it consists of only
Kz(e) which 1s independent of z. There is no transverse current and ro sur-
face density of charge anywhere on the cylinder. The axial current is en-
tirely forced; there is no resonant component. The real and imaginary parts
of the surface density of current (in milliamperes per volt) for the cylinder

with ka = 1 are well approximated by:
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2 -
KzR(e) AR + BR cos 6 + D_ cos 36 2.18 3.28 cos 8 + 0.58 cos 36 (45)

R

£
KzI(e) AL + B, cos 6 + C

1 1 1 ¢os 20 = -0,25 + 1.85 cos 6 ~ 2,04 cos 26 (46)

These purely transverse distributions are shown in Fig, 8 in crossed lines.
Note that the real part reverses its direction once at 8 = 60°, the imaginary

part twice near 8 = 23° and 118°.

When the infinite cylinder is cut off beyond kz = *kh = *1.5% to obtain
a cylinder with the finite length 2kh = 3w, an important new condition has to
be satisfied: the total axial current Kz(e,z) must vanish at z = th, This
must also be true of each of the mutually independent transverse Fourier com~

ponents so that A(kz) = B(kz) = C(kz) = D(kz) = ... = 0 at z = *h.

The reduction to zero of the forced part of the total axial current on a
finite tubular cylinder is accomplished very simply by properly distributed,
high concentrations of charges with equal magnitudes and opposite sign within
a quarter wavelength or less of the ends. This charge is so distributed that
each Fourier component of forced current with its characteristic transverse
distribution is combined with a corresponding component of reflected current
that has a magnitude at z = *h equal to the corresponding component A,

B cos 6, C cos 20, etc. for the infinite cylinder but is oppositely directed.
Theée reflected components decrease rapidly to negligible values within a
quarter wavelength of each end. Although the manner in which these reflected
currents decrease actually varies with each Fourier component, a rough ap~
proximation for each of them is [1 - e(kz)] where e(kz) is defined in (42).
Thus, the forced current on the finite cylinder is like that on the infinite
one in its transverse distribution and also in the constant axial distribu-
tion except within a quarter wavelength of the ends where it decreases to
zero. The large concentrations of charge associated with the forced current

exist only near the ends.

A cylinder of finite length has natural resonant modes that are excited
by suitably distributed concentrations of charge at the ends, Specifically,
the rotationally symmetric distribution of charge associated with the rota=-
tionally symmetric current A(kz) excites the axially resonant current Ar(kz)
= Ar cos kz in a characteristic standing-wave pattern with maxima at kz = O,
7. Assoclated with it is the part of the charge distribution in (44) given
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by the term (i/c)Ar sin kz which has maxima at kz = 0.5%, 1l.5n. Similarly,
the charges at the ends associated with the component of current B(kz)cos 6
excite resonant axial components of current with the transverse distribu-
tion cos 6., This means that the resonant currents Br(kz)cos 6 on the il-~
luminated half of the cylinder, where 90° < 6 < 270° and cos 6 is negative,
are equal and opposite to the currents at the corresponding points on the
shadowed half of the cylinder, where -90° < 6 < 90° and cos 6 is positive.
In effect, the halves of the cylinder on each side of the plane 8§ = 90°,
-90° are equivalent to a two-conductor transmission line. The associated
equal and opposite charges near the ends of the cylinder also have the
transverse distribution cos 6. Since with ka = 1 the distance around the
cylinder from 6 = 0° to 6 = 180° is a half-wavelength, near resonant trans-
verse currents iB'(kz)sin 6 are also excited near the ends where the ampli-
tude of the charges with the distribution cos 6 is large. Thus, the two-
conductor transmission line formed by the halves of the cylinder with the
axial currents B(kz)cos 6 is, in effect, short-circuited at the ends which
carry the transverse currents iB'(kz)sin 6 around the cylinder. Evidently,
the resonant part Br(kz) of the Fourier component B(kz) of the axial cur-
rent combines with the component iB'(kz) of the transverse current to form
a two-dimensional standing-wave pattern on the surface of the tubular
cylinder. The tube with ka = 1 and kh = 1.5% provides resonant transmis-
sion-line-like paths for both the axial and the transverse currents. The
illuminated half of the cylinder is one conductor, the shadowed half is the
other conductor. They carry equal and opposite currents. They are, in ef-
fect, terminated at the ends by short-circuiting rings that carry the trans-
verse currents from the one conductor to the other in parallel paths, each
a half wavelength long. Associated with these currents are the parts of
the charges in (44) (with ka = 1) given by (i/c)[Br sin 6 sin kz - iB'(kz)
x cos 6] where iB'(kz) is large only very near kz = *kh. Although the axial
distribution sin kz is the same as that of the charge associated with the
symmetric component of current Ar(kz), this latter consists of rotationally
symmetric rings of charge with maximum amplitudes near kz = 0.5w, 1.5m,
whereas the charges associated with the resonant currents Br(kz) and iB'(kz)
are not rotationally symmetric., They have the transverse dependence Br(kz)
x cos 8 so that they have opposite signs in the illuminated and shadowed

regions, Thus, a rotationally symmetric positive charge maximum at kz = 0,57
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associated with Ar(kz) combines with a likewise positive charge maximum

of Br(kz) at kz = 0.57, 6 = 0° to form a strong charge maximum and with
the equal negative charge maximum of Br(kz) at kz = 0.57, 6 = 180° to form
a region with greatly reduced charge concentration. A similar combination
of charges associated with Ar(kz) and Br(kz) occurs at kz = 1l.57, but here
these resonant charges are superimposed on the much larger charge distribu-
tions associated with the forced components of current. These observations

clarify the charge distributions shown in Figs. 12 and 14.

The components of current associated with the higher-order Fourier
components C, D, etc. do not generate significant axially resonant currents
when ka = 1. The transverse component iC'(kz)sin 26 is significant but only

extremely close to the ends at z = th,

The current on the surface of a cylinder but not within a quarter
wavelength of the ends consists predominantly of the axial forced current,
A+ Bcos 8§+ Ccos 26 + D cos 36 + ..., like that on an infinitely long
cylinder and the superimposed axial resonant current, (Ar + Br cos B)cos kz.
In the quarter wavelength at each end the axial forced current decreases to
zero in a complicated manner approximated by the function e(kz) and trans-
verse currents with large amplitudes are generated. These combine with the
axially directed currents into the elliptically polarized vectors shown in

Figs. 10 and 11l.

9. INSIDE AND OUTSIDE CURRENTS

The idealized tube used in the analysis consists of a single layer of

moving electric charges. However, by definition

_la

> > > > >

K=-ugo x (B, - B) = K_+K_ (47)
- > = o -

n=-eyp (E+ -E) = n, +n_ (48)

where the subscripts + and - refer to the regions outside and inside of the
open-ended tube. The identities on the right in (47) and (48) define, re~-
spectively, outside currents and charges associated with the field at p =

a, and inside currents and charges associated with the field at p = a_.

+
This separation is artificial but unique. It is useful in comparing
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theoretical results with currents measured on the outside surface of a tubular

metal cylinder with wall thickness large compared to the skin depth.

Theoretical graphs of the inside and outside values of Kz(e,z) and
Ke(e,z) are in Figs. 20 and 21, of n(6,z) in Fig. 22, Since the inside of
the tube is a waveguide beyond cut-off with ka = 1, the inside currents and
charges decay rapidly in from the end. The outside currents and charges
can be compared with the total ones in Figs. 6, 9 and 12. It is seen that

they differ negligibly beyond a short distance from the end.
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SECTION IV

ELECTRICALLY THICK CYLINDER IN E-POLARIZED, NORMALLY INCIDENT,
PLANE-WAVE FIELD, MEASUREMENTS, kh = 1,57, ka = 1

1. THE APPARATUS AND TECHNIQUES OF MEASUREMENT

An important application of the detailed theoretical study in Section
"III of the distribution of current and charge on the surface of a conduct-
ing tube is to provide a dependable standard of reference for apparatus and
techniques designed for measuring these quantities on electrically large
conducting surfaces when exposed to an externally generated electromagnetic
field. The equipment and procedures developed for this purpose are an
adaptation of those found accurate and useful in earlier, closely related
measurements of currents and charges per unit length on electrically thin
cylinders (refs. 1 and 2) and of current densities on electrically thick
tubular cylinders (ref. 1l4). As shown schematically in Fig. 23(a), it con-
sists of an electrically thick conducting cylinder (of aluminum with 6 in.
0.D. and 0.25 in. wall thickness) mounted on a ground plane (length %,
width w) and arranged so that it can be rotated through 360°., A suitably
shaped groove [Fig. 23(a and b)] is cut in the wall the full length of the
cylinder to guide the probe-carrying slider shown in Fig. 23(c). Three
probes are mounted on the slider, viz., a short monopole to measure the
radial electric field Ep (proportional to the surface density of charge n)
and two mutually perpendicular, shielded semi-circular loops to measure the
axial and transverse components of the magnetic vector, viz., BZ and Be
(proportional, respectively, to the transverse and axial components Ke and
KZ of the surface density of current). The outputs from the probes are
supplied to a vector voltmeter and used to obtain both amplitudes and rela—

tive phases of the currents and charges.

The currents and charges on the conducting cylinder are induced by the
electromagnetic field maintained by a transmitting antenna consisting of a
suitable monopole located at a distance d from the axis of the cylinder in
a corner reflector as shown on the right in Fig. 23(a). The antenna is
base~driven by a generator at the operating frequency of 626.5 MHz selected
to make the electrical radius of the scattering cylinder ka = 1. Measure-

ments were made of n(8,z), Ke(e,z) and Kz(e,z) at suitable intervals in the
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range between z = 0 and z = h, 6 = 0° and 6 = 180° for a cylinder with kh =

l.5m,

2, PHYSICAL LIMITATIONS AND THEORETICAL ASSUMPTIONS

The practical conditions of the experiment necessarily differ from the
ideal ones implicit and explicit in the theory in a number of potentially

important ways.

a. The ground plane is neither infinite in extent nor perfectly con-
ducting but is a rectangle of aluminum with the dimensions £ X w which are
30.5 x 15,25 wavelengths for a large outdoor ground plane and 6.3 x 4,2
wavelengths for a small indoor ground plane. The presence of the boundar-
ies at finite distances involves reflections that modify the ideal outward

traveling field.

b. The distance d from the axis of the cylinder to the source of the
incident electromagnetic waves is not infinite (as is implicit for the in-
cident plane waves assumed in the theory) but 10 wavelengths for the large
outdoor ground plane, 4 wavelengths for the small indoor plane. As a con-
sequence, the field incident on the surface of the cylinder with kh = 1.57

and ka = 1 is approximately plane when d = 10X, much less so when d = 4A,

c. The scattering cylinder does not have the infinitely thin, per-
fectly conducting walls assumed in the theory. Actually the walls have the
thickness t = 0.25 in. and their conductivity is that of aluminum. An im-
portant consequence is the replacement of the infinitely thin sheaths of
current E(B,z) and charge n(6,z) at p = a in the theory by two thin layers
of current and charge on the outside (p = a) and inside (p = a - t) of the
tube. Since the thickness t of the walls is large compared with the skin
depth in aluminum, the two sets of currents and charges are separate. The
former is determined by the tangential magnetic and normal electric fields
just outside the tube, the latter by these fields just inside the tube. So
long as ka is sufficiently small to preclude waveguide modes in the inter-
ior of the tube, the inside currents and charges are confined to short dis-
tances near the open end. The thin sheath of current used in the theory is
defined in terms of the total discontinuity in the tangential magnetic
field from just inside (p = a_) to just outside (p = a+) the sheath of cur-

I .. Iy + )
rent. It is possible to associate a part of the current K+(6,z) with the
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magnetic field at a,, a part ﬁ;(e,z) with the field at a_. Then ﬁ(e,z) =
k’+(e,z) + K _(8,z). Note that K,(8,h) = 0 so that K,_(8,h) = =K  (8,h). It
is necessary to associate the measured outside current with ﬁ+(e,z), not
with ﬁ(e,z). However, where ﬁ_(e,z) is sufficiently small, ﬁ(e,z) =

K;(e,z).

d. The slider that supports the three probes moves in a groove that
does not penetrate to the interior of the tube but does constitute an ir-
regularity in the otherwise smooth outside surface. Cover plates in small
sections were provided to eliminate this difficulty. However, since no ob-
servable differences in the measurements were noticed with the slot open or
completely closed, the time-consuming routine of keeping the slot covered

was omitted, and all measurements were made without covers on the groove.

The quantitative significance of most of"the differences between the
actual structure used in the measurements and the ideal conditions assumed
in the theory cannot be resolved analytically. UYowever, their combined ef-
fects can be observed from a detailed comparison of the graphs of corre-
sponding quantities determined experimentally and theoretically. Suitable
interpretation can then be made. For this purpose complete sets of meas-
urements that parallel the theoretical results presented graphically in

Section III are required.

Preliminary measurements were first made with a cylinder of electrical
length kh = 1.57 erected on a small ground plane (2 m x 3 m) in a large
room in the laboratory. The axis of the scattering cylinder was 4 wave-
lengths from the driven monopole in the corner reflector. Originally this
small indoor ground plane was to be used only to test the apparatus and
perfect the technique and procedures of measurement more quickly and con-
veniently than could be done on the large outdoor ground plane. However,
since the measured quantities with the small plane were in remarkably good
agreement with their theoretical counterparts, it seemed desirable to ob-
tain a complete set of measurements both for purposes of testing and for
comparison with a second set obtained later on the large outdoor ground
plane with the same apparatus. The description, comparison, and critical
evaluation of the two sets of experimentally determined graphs of Kz(e,z),
Ke(e,z) and n(8,z), and the corresponding theoretical set in Section III
provide the essential validation of the experimental method and its pro-

cedures.
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3. MEASURED SURFACE DENSITY OF AXIAL CURRENT'KZ(G,Z)

The measured amplitude and phase of the axial surface density of cur-
rent Kz(e,z) on the outside of the tube are shown as functions of z with 6
as the parameter in Figs. 24 and 25 with the large ground plane and in
Figs. 26 and 27 with the small ground plane. The corresponding theoretical
graphs for the total Sufface density of axial current are in Figs, 6, 7 and
20. For simplicity the same symbols are used for the measured outside
quantities and the theoretical total quantities since, as seen from Fig. 20,
they are comparable except within short distances of the open end where
there are significant inside currents. The agreement between the theoreti-
cal graphs and the measured ones for the large outdoor ground plane are ex-
cellent for both amplitude and phase. The graphs of the currents with the
cylinder on the small indoor ground plane are generally in good agreement
with the others. The principalqdifferences are in the curves in the range
)

z = 24 cm is somewhat higher with the smaller ground plane than with the

0° to 60° in the shadow region where the second maximum of current near

larger one or the theoretical values. For many applications the results

obtained with the small ground plane should be satisfactory.

The same complete agreement between theory and measurements over the
large outdoor ground plane exists among the measured graphs in Figs.
28 and 29 and the comparable theoretical graphs displayed in Figs. 22a
and 22b of reference 4, Of course, account must again be taken of the
fact that the theoretical curves are for the total current, the measured
ones for the outside current only. The amplitudes of the curves for the
current in the upper quarter wavelength, i.e., z > 24 cm or kz > 7, clearly
show that the theoretical total current approaches zero at kz = kh = 1.,5w
whereas the measured outside current approaches a significant value at z =
h = 36 cm. The corresponding graphs for the small indoor ground plane are
in Figs. 30 and 31. They are in good general agreement with small differ-
ences due to the slightly higher maxima in the ranges 6 = 0° to 60°, z > 24

cm of the shadow region.
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4, MEASURED SURFACE DENSITIES OF TRANSVERSE CURRENT Ke(e,z);
POLARIZATION ELLIPSES

The measured amplitudes and phases of the transverse component of cur-
rent Ke(e,z) are shown graphically in Figs. 32 and 33 for the large outdoor
ground plane and in Figs. 34 and 35 for the small indoor ground plane. The
corresponding graphs of the theoretical amplitudes and phases of the transverse
current are in Figs. 23a and 23b of reference 4. The amplitudes are in
excellent agreement, the phases somewhat less so with measurements over the
large ground plane. The measurements over the small ground plane are only
slightly different. The differences between the theoretical and measured
phases occur principally where |Ke(6,z)| is very small and accurate phase
measurements are difficult to make. In any event, the phases of these very
smail currents are not important in determining the principal properties of

the current on the cylinder.

The polarization ellipses of the measured components of current on the
cylinder over the small ground plane are shown in Fig. 36. They are in
good general agreement with the corresponding theoretical ellipses in Fig.
11 except along the lines 6 = 0° and 8 = 180° where the measured values are
clearly inaccurate. Along these lines the current is linearly polarized;
there can be no transverse component of current., It was later discovered
that the alignment of the small loop to measure the transverse current was
not exact so that a very small component of the relatively large axially
directed current contributed to what should have been a response due exclu-
sively to the transverse current. The measured currents with an accurately
aligned pair of loops have been verified to give linearly polarized cur-
rents along the vertical lines for 6 = 0° and 180°. The original data are
retained in Fig. 36 in order to point out the high precision required in

the construction of the small probes.

5. MEASURED SURFACE DENSITIES OF CHARGE

%
The measured surface densities of charge on the cylinder are shown in

Fig, 37 for the large ground plane, in Figs. 38 and 39 for the small ground

%
Owing to a malfunctioning of the phase meter, no phase data are given over

the large ground plane.

87



88

|Kg| RELATIVE SCALE

Fig. 32.

o° 30° 60° 90° 120° 150°  180°
1

]

I T T [ T

kh=3x/2
ka = 1
f=626.54 MHz

2.0

Measured amplitude of surface density of transverse current on tubular cylinder; E-polariza-
tion, large outdoor ground screen.

|K9| ARBITRARY SCALE



68

DISTANCE z (cm)

0 6 12 8
24 30 36 1

—-60°

-120° g,
—-150°
—1-180°

—-210°

2400

-60°¢-
—90°:
..12 O'
6 0
_]500
-180°

-210°

X
-240° [ { 1 | —
()4 30° 60° 908 120° 150° 180°

Fig. 33. Measured phase of surface density of transverse current on tubular cylinder; E-polarizaticn,

large outdoor ground screen.



06

Filg. 34.

0° 30°  60° 90° I%O° 15|0o 180°

1.5 1 I |
= kh=1.5x —20
5 ka =1
o f =626.54 MHz ~
9 )
5 1.5%
- L3
re] ]
5 >
- o
@ <
X 1.05
3
=
X
.5
0

Measured amplitude of surface density of transverse current on tubular cylinder; E-polarizationm,

small indoor ground screen,



16

zin cm

8 Lg0el kh=1.5%
ka=1
~2l0° f =626.54 MHz
~-240°
-270°—
- ° 1 | | I I ] ]
300 0] 30° 60° 90° 120° 1500 180° 24 30 36
8 z in cm

Fig. 35. Measured phase of surface density of transverse current on tubular cylinder; E-polarizationm,

small indoor ground screen. Phase normalization: 300° - 90 s 360° = -(eobs + 60°),

b



c6

Fig.

EZ 3 TN N NN
A N N N
SRR T S W W
L T N T
&w vl
a4r 3 0 v 0
S DR B R
8:0° 20° 40°
36, Measure d polarization ellipses of K(8,z); kh = 1,57, ka =

60° 80° 100° 120° 140° 160° 180°

1, small indoor ground screen.



€6

|| ARBITRARY SCALE

[ONP S
N
N
~N
N
N
N
N

kh=3w/2

hdad £ PSP Y

DISTANCE z IN c¢m

L
S

ka =1
// ‘ A=47.88cm
6/.
| 1 1 1
1 2 3 4 6
|n] ARBITRARY SCALE
ie
Fig. 37. Measured magnitude of surface density of charge n = [nle n on tubular cylinder;

large outdoor ground screen.

E~polarization,



76

Fig. 38.

[n] arbitrary scale
3,0 20 40 60 80 100

T e :sgiqr. o
v ;/
f K
= /
S /
Vil /
— x
] ]
s l / \
el mw — x
o
T y
= ~ ; \ k
bl \
9 3w , |
A L
s \ o
_] (- x
2 | o
9 ———— x
c 7 1 |
& | ]
d e ! 13 1 f
. [ |
i f /

-
S~

X

g-{/180° f160° !
S

140°  [120°
()

In| arbitrdry scole

Measured magnitude of surface density of charge n =

small indoor ground screen,

loo* feoo  feor jaot
LA FUNEPY 200 RS ZUE NP A | I D | L
020020 O 2 N0 20 M0 2070 20 30 60 80 W0 T 140

Inle

20°

is

DISTANCE 2z (cm)

*0° (shadow) !

" on tubular cylinder; E-polarization,



{wd) z JONVLSIA

30
120

A
/
1

(up
inc
z

15

160°

9.,] {Cegrees)

m —o0
& llllDIIIOIIlbull?llq‘lloolvl.m
2 o
N Q
5 3
5 :

o— 1t 14 W

e e , e e e o

(suoipoJ) 2% IONVLSIA TWII¥103713

ie

on

Measured phase of surface density of chargen = |n|e n

Fig. 39.

tubular cylinder; E-polarization, small indoor ground screen.

95



plane. The corresponding theoretical graphs are in Figs. 12, 13 and 22.

The general agreement among the measured and theoretical sets of graphs is
very good. There are small differences in the depths of the minima between
kz = 0.75m and kz = m but theilr relative magnitudes and locations are in
agreement, There are more substantial differences in the relative magni-
tudes of the charge density as the end of the cylinder at z = h is ap-
proached. These differences are related to the quite different slopes of
the curves for the theoretical total current and the theoretical and meas-
ured outside current. Similar differences occur between the measured curves
in Figs. 40 through 42, which show the charge density in magnituze and phase
as a function of 6 with kz as the parameter, and the corresponding theo-
retical graphs (not shown). These curves are in generally good agreement
except when kz > 7 or z > 24, 1In this range the slopes of the components

of total theoretical current and outside measured current and the associ-

ated charge densities are necessarily different.

Perhaps the most revealing comparison of distributions of charge den-
sity as measured over the large outdoor ground plane and as calculated
theoretically is displayed in Figs. 43 and 14, respectively. These show
contours of constant charge density (magnitude) on half of the cylinder
with the shadowed side on the left, the illuminated side on the right. The
agreement is seen to be excellent except very close to the open end at the
top where differences necessarily exist since different quantities are rep-
resented. Note in both diagrams the peak of charge near 6 = 0°, kz = 0,5m,
and the continuing decrease in amplitude along the coordinate kz = 0,57
from 6 = 0° to 6 = 180°. Note also the deep minimum in the neighborhood of
kz = m extending from 6 = 0° to 6 = 180°. From kz = m to kz = 1.57 there
is a rapid increase for all values of 6 but with certain differences in the
6 distributions and in the rate of increase due to the actually different
quantities represented. A further comparison with the corresponding meas-
urements on the small ground plane can be carried out with the aid of Fig.
44, This shows the same general topography with a peak at 6 = 0°, kz =
0.5m, a deep valley near kz = m extending from 6 = 0° to 6 = 180°, and
steep increases for all values of 8 as kh is approached from kz = w. The

measured transverse distributions for kz > m are quite similar for the two

ground planes.
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The most interesting and significant differences between the measured
contours in Figs. 43 and 44 are on the illuminated half of the cylinder be-
tween 6 = 120° and 180° and with 0 < kz < 7. It is also instructive to ex-
amine the corresponding ranges in the theoretically determined diagram in
Fig. 14. This shows that across the cylinder at kz = 0.57 from 6 = 0° to
6 = 180° the charge density decreases continuously from the high peak at
6 = 0° to a very low valley at 6 = 180°. Note that the two contours marked
1.5 continue to approach each other until very nearly 6 = 180° where they
show signs of beginning to diverge. This means that the continuing de-
crease has reached a valley. This effect is substantially greater on the
measured curves for the large ground screen in Fig. 43. Here the analogous
contours for |n| " 0.6 begin to diverge at about 6 = 172°. This diverging
trend is also evident in the contours for inl ~v 0,3 and 0.5. The same be-
havior is seen as well in Fig. 44 for the small ground plane but very much
accentuated. The divergence of the contours Inl ~ 10 begins at 6 = 120°,
and on the circumferential line kz = 0.5m the steady decrease from 6 = 0°
continues only to 6 = 120° where there is a leveling off and then a steady
increase, rather than a decrease, to 6 = 180°., It is significant that this
shifting of the bottom of the valley along kz = 0.5m proceeds from 6 = 180°
for an infinite ground plane to 8 £ 172° for the large ground plane and to
8 = 120° for the small ground plane. Since the entire effect is limited to
the illuminated side, it is reasonable to assume that it is related to the
nature of the incident field and that the effect of the sequence from infi-
nite, to large, to small ground plane is not so much determined by the dis-
tance to the edges of the ground plane as by the distance from the cylinder
to the transmitting dipole which decreases from infinity to 10 wavelengths
to 4 wavelengths., The significant difference is the shape of the wave
front and specifically the relative phase distribution over the illuminated
side. For the theoretical curves the wave front is plane, with the source
at a distance of 10 wavelengths it is almost plane, with it at only 4 wave-
lengths it has appreciable curvature. It is plausible to assume that this
departure from the ideal plane-wave front is primarily responsible for the
shift in the valley along kz = 0.5w. The phase fronts associated with Figs.
44 and 14 are shown, respectively, in Figs. 45 and 15. They show surfaces
of constant phase across the deep valley with curvatures that suggest waves
originating at and diverging from 6 = 180°, z = h and converging to 6 = 0°,

z = 0.
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6. CURRENTS AND CHARGES ON CYLINDERS WITH END CAPS

No theoretical formulas are available for the distributions of the
surface densities of current and charge on a tubular cylinder of length 2h
and radius a in an incident plane-wave field when the caps are not open (as
assumed in the theory of C, C. Kao) but closed with metal caps. However,
the effect of adding caps is readily determined experimentally for E-polar-

ization with a cylinder of length h erected on a large metal ground plane.

In Fig. 46 are shown graphs of the measured magnitude and phase of the
axial component of surface current Kz(e,z) on the outside of the cylinder
as a function of z for four values of 6 extending from 6 = 180° in the cen-
ter of the illuminated region to 6 = 0° in the center of the shadow. Meas-
ured values are represented for the tube with the end open and closed with
a flat metal disk and a hemispherical cap. The length of the tube with
open and closed flat ends was h = 84 cm = 1.75A; with the hemispherical cap
the axial length was 85.6 cm = 1.78\. The differences in the distributions
are seen to be minor in both magnitude and phase except within a quarter
wavelength of the end. The upward axial current on the outside surface of
the open tube becomes a downward current on the inside surface when it
reaches the end at z = h. Similarly, the upward axial current on the out-
side surface of the tube with the flat end becomes an inward radial current
on the surface of the end cap; the axial current continues upward and in-
ward on the hemispherical cap. The three current densities are quite com-
parable in the illuminated region (6 = 180°, 120°). The radial currents
onto the flat end and upward on the hemispherical cap are somewhat smaller
than the downward current on the inner surface of the open tube in the
shadow region (6 = 0°)., The differences are greatest near the shadow
boundary (6 = 80°). The phases are seen to be essentially the same for all

angles 6.

In Fig. 47 are shown graphs of the measured magnitude and phase of the
surface density of charge on the outside of the cylinder with an open end
and with flat and hemispherical metal end caps. It is seen that the charge
density near the end is slightly greater with the open end than with the
two metal end caps for all angles 8. However, the differences are not

great.
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It may be concluded that the distributions of surface current and
charge on tubular cylinders with ka = 1 and equal axial lengths are not
significantly different when the ends are open or closed with flat metal
disks or hemispherical caps except within a quarter wavelength of the ends
where small differences are observed especially in the shadow region near

the shadow boundary.

7. CONCLUSION

A critical study of the extensive sets of theoretical and measured
graphs of the surface densities of current ﬁ(e,z) = §K9(e,z) + EKz(e,z) and
charge n(6,z) on a highly conducting cylinder with ka = 1 and kh = 1.57 in
an approximately plane E-polarized incident field leads to the following

observations:

a. The apparatus and techniques developed for measuring Kz(e,z),
Ke(e,z) and n(6,z) in both amplitude and relative phase yield results in
excellent agreement with theoretical predictions for an electrically thick
tubular cylinder. If proper differences between theoretical total currents
and charges and measured outside currents and charges are recognized, the
three probes traveling on a slider in an uncovered groove can be depended

on to give correct distributions.

b. In view of the overall good agreement with theory, it can be as-
sumed that the aluminum tube with walls 1/4 in, thick is approximately
equivalent to an infinitely thin, perfectly conducting tube of the same
size., If quantitative agreement near the open end is required, the theo-
retical outside currents and charges must be used. At small distances from
the ends the theoretical total and outside currents differ negligibly when

ka = 1.

c. The finite distance between the scattering cylinder and the source
of the incident electromagnetic waves and the consequent nonplanaf wave
fronts appear to be responsible for shifts in the standing-wave pattern re-
vealed by the contours of constant charge. These shifts increase with de-
creasing distance to the source and appear to be limited to a section of
the cylinder near the center of the illuminated region. A definitive veri-
fication that these shifts are due to the nonplanar wave front rather than

reflections from the edges of the ground plane could be obtained simply
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by repeating the measurements with d = 4X on the large outdoor ground plane.

d. The complete set of measurements of currents and charges on the
cylinder when this was mounted on a small ground plane (with dimensions
4,22 x 6.31) only 4X from the transmitting monopole is in quite adequate
agreement with measurements on the large outdoor ground plane and with
theory for many practical applications. Since the major differences appear
to be due to the nearness of the source, it would appear that doubling this
distance (and the length of the ground plane) should permit the use of an
indoor ground plane for virtually all measurements of currents and charges
on electrically thick structures not much longer than kh = 1.5w. The ac-
tual limitations on the length remain to be determined. It is perhaps well
to note that these conclusions cannot be extended to the currents and
charges induced in electrically thin conductors. These are much more sen-
sitive to the nature of the incident wave front owing to the sharpness of

resonance and the one~dimensional nature of the oscillations.
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SECTION V

ELECTRICALLY THICK CYLINDERS IN E- AND H-POLARIZED, NORMALLY INCIDENT, PLANE-
WAVE FIELDS, THEORY AND MEASUREMENTS, ka = 1, kh = 3w, 3.5w, k& = 1.57, 2m

1. INTRODUCTION

The currents and charges induced on the surface of a rocket or air-
craft by an externally generated, intense electromagnetic field are of
practical concern in the determination of adequate shielding for sensitive
apparatus within the enclosing, imperfect metal shell. A systematic theo-
retical and experimental study to gain insight into the nature of the
standing-wave patterns induced on crossed electrically thick and long metal
structures has advanced from electrically thin wires (refs. 1 and 2) and
crossed thin wires (refs. 3 and 6) to resonant electrically thick tubes.

In particular, the surface densities of current i(e,z) and of charge n(6,z)
on a resonant tubular cylinder with electrical radius ka = 1 and electrical
half-length kh = 1.57 in an E~polarized plane-wave field have been reviewed
and computed graphs displayed in Section III. Measured graphs correspond-
ing to the theoretical ones follow in Section IV for the currents and
charges on an aluminum tube 6 in. in diameter with walls 1/4 in. thick
mounted on a ground plane and illuminated by a monopole with a corner re-
flector from distances of 4 to 10 wavelengths. The frequency used was
626.5 Milz. The agreement between theory and experiment 1is excellent except
for certain aspects in the distribution of the charge density on the illum~
inated side of the cylinder which have been explained in terms of the dif-
ferences between the incident ideal plane and the actual spherical wave
fronts. It is the purpose of this section to study cylinders that are
longer and not restricted to resonant lengths when illuminated by both E-~
and H-polarized incident fields in order to determine the nature of the
axlal and transverse periodicities in the distributions of current and
charge in anticipation of similar studies with crossed electrically thick

tubes.

The previously studied cylinder with kh = 1,57 is resonant in the
sense that the axial current Kz(e,z) includes, superimposed on a largely
constant forced component proportional to the function e(kz) (which equals

one except within A/4 of each open end where it decreases smoothly to zero),
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a simple resonant part that is proportional to cos kz, This part has a
relatively large resonant amplitude since it satisfies both boundary condi-~
tions, viz., Kz(e,h) = 0 and [BKz(e,z)/az]z=0 ~ n(6,0) = 0. One purpose of
the present study is to provide an analytical representation of the currents
and charges when kh # (2n + 1)7/2, n =1, 2, ..., and in particular, when
kh=nm,n=1, 2, ... . In these cases a simple resonant current of the
form Kz(e,z) ~ cos kz satisfies the condition [aKZ(O,z)/az]z=0 v n(e,0) =0
but not Kz(e,h) = 0., It follows that the axial distribution of the trans-
verse Fourier components described in Section III is not applicable and

must be generalized.

A detailed study is made of the distributions of current and charge on
cylinders specifically with kh = 37 and 3.5, ka = 1, in an E-polarized
field since these are representative of long cylinders and the latter is
useful as the vertical member of crossed electrically thick cylinders with
a horizontal member centered at kz = 27 or 2.57. A similar study is made
of the currents and charges induced on cylinders with electrical half-length
k% = 1.57 and 27, ka = 1, in an H-polarized field since these too are typi-
cal and can be related to currents and charges on the horizontal member of
crossed cylinders illuminated by a plane wave with its electric vector par-
allel to the vertical cylinder, the magnetic vector parallel to the hori-
zontal one. A knowledge of the complete distributions of current and charge
on each member when isolated is a valuable introduction to the empirical

study of these quantities on the cylinders when joined to form a cross.

2. CURRENTS AND CHARGES ON CYLINDERS IN AN E-POLARIZED FIELD

A comprehensive picture of the variations with kh of the axial compon-
ent of current density Kz(e,z) = KZR + iKZI is shown in Fig. 48 for 6 = 0°,
90° and 180° with 1.4 < kh < 3m. As in the previous sections, 6 = 0° is
at the center of the shadow, 6 = 90° at the shadow boundary, and 6 = 180° at
the center of the illuminated region. The sequence of graphs in this figure
reveals the important information that the distributions with kh = kh1 and
kh = kh2 = kh1 +nm, n=1, 2, ..., are virtually identical from k(h - z) =
0 to k(h - 2) = khl.

ly coincide with the curves for kh = 31 in the range from kz

Specifically, all of the curves for kh = 21 essential-

37 to kz = 7.

The same is true of the curves for kh = 1.8%7 and 2.8w, 1.6 and 2.6w, l.47

and 2.47m, etc.
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Figures 49 and 50 show the distributions of the vectors ﬁk(e,z) and
EI(G,Z) for kh = 37 and 3.5w; the corresponding polarization ellipses are in
Figs. 51 and 52. The axial variation of Kz(e,z) is shown in Fig. 53; the ax-
ial and transverse variations of Ke(e,z) in Fig. 54. These graphs are all
consistent with the corresponding ones for kh = 1.57 in Section III, Of in-
terest is the observation that for all lengths the transverse component of
current is significant only within a distance less than A/4 of the open end
so that ﬁ(e,z) = EKZ(G,z) except near the open end. The associated distribu-~
tions of the magnitude of the charge |n(9,z)| are shown in Figs. 55 and 56 as
a function of kz with 6 as the parameter. The phase of n(6,z) for kh = 3,57
is shown in Fig. 57. Contour diagrams of |n(6,z)| are in Figs. 58 and 59.

It is important to note in all of these graphs that the axial distributions
in the range 0 < kz < 27 are essentially the same for kh = 37 and kh = 3.57
and, presumably, for all lengths between these values. The distribution in
the range 2m < kz < 3.57 when kh = 3.57 is simply compressed into the range
2w < kz < 3m when kh = 3m. Evidently the boundary condition n(6,0) = 0 dom-
inates and the axial distribution of charge is substantially n(6,z) ~ sin kz
for all lengths — resonant, antiresonant and in between — with suitable com-
pression only within a half wavelength of the open end. This is clearly seen
in Figs. 55 and 56 and especially in the contour diagrams in Figs. 58 and 59.
Both of these show essentially the same three ridges of axially maximum
charge around the cylinders near kz = 0,57, 1.5m and 2.57 for both kh = 37
and 3.57 with transverse maxima at 6 = 0° in the center of the shadow. When
kh = 37, the charge maximum at kz = 2.57 is superimposed on the large and
rapid increase at A/4 from the open end instead of on the smaller and more
gradual increase at A/2 from the open end when kh = 3,57. The graphs in
Figs. 50 - 59 indicate that the distributions of current density and charge
density are similar and in major outline quite simple in their axial varia-
tions for a wide range of values of kh except close to an open end, where the
transverse component of current and the decrease in the forced part propor-
tional to e(kz) in the axial current become important together with the as-
sociated charge densities. Away from the end the charge density is approxi-
mately proportional to sin kz for all kh., The corresponding current distri-
bution includes a forced part proportional to e(kz) and a resonant part pro-
portional to cos kz only when kh = (2n + 1)7/2; the more general form for
other lengths must now be determined together with the associated transverse

distributions.
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3. REPRESENTATION BY TRANSVERSE FOURIER COMPONENTS

In Section III.6. the representation of the current on the conducting
cylinder in the form of a series of Fourier components is discussed and ap-
plied specifically to an axially resonant cylinder with ka = 1, kh = 1,5w.,
The representations for the axial and transverse components of the vector

surface density of current, K(6,z) = §Ke(6,z) + éKz(e,z), are:

Kz(e,z) = A(kz) + B(kz)cos 6 + C(kz)cos 29
+ D(kz)cos 30 + E(kz)cos 46 + ... (49)
Ke(e,z) = {1[B'"(kz)sin 6 + C'(kz)sin 20 + ,..] (50)

where A(kz), B(kz), etc. are complex functions of kz. Graphs of the real
and imaginary parts of the four functions that contribute significantly to
Kz(e,z) are shown in Fig. 60 for the axially resonant lengths kh = 1.5m,
2,57 and 3,57, and in Fig. 61 for the general lengths kh = 27 to 37 in
steps of 0.2n., The numerical values for ka = 1, kh = 37 are in Table 4 for
the coefficients of Kz(e,z) and in Table 5 for the coefficients of Ke(e,z).
These distributions are all quite similar in the sense that C(kz) and D(kz)
are sensibly constant except near the open end where they reduce to zero
and both A(kz) and B(kz) consist of more or less cosinusoidal variations in

kz superimposed on constant values.

It is shown in Sections III.6. and III.7. that for axially resonant
cylinders with kh = (2n + Dw/2, n =1, 2, ..., the axial current can be

approximated by:

Kz(e,z) = (A+ B cos 6+ C cos 26 + D cos 36)e(kz)

<

+ (Ar + Br cos 0)cos kz (51)

where A, B, C and D are the Fourier coefficients of an infinitely long cyl-
inder with ka = 1 (see Table 1) and e(kz) is a function that is constant at
the value one along the entire length of the cylinder except within a quar-
ter wavelength of an open end where it decreases rapidly and smoothly to

zero, It is defined in (42) and illustrated in Fig. 19. Ar and Br in (51)

are the complex amplitudes of the resonant parts of the zero-order and
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Fig. 61, Fourier coefficients of surface density of axial current on tubular

cylinder, Kz(e,z) = A(kz) + B(kz)cos 6 + C(kz)cos 26 + D(kz)cos 30;

E-polarization, ka = 1.
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0.257
0.50m
0.757m
1.007
1.257¢
1.50w
1.757
2.00w
2,257
2,50mw
2.75m

3.007

Table 4

FOURIER COEFFICIENTS IN mA/V FOR Kz(e,z) ON TUBULAR CYLINDER;

A(kz)

2.89 + 10,93

2.70
2,21
1.70
1.44
1.58
2,06
2,65
3.03
2.96
2.38

1.42

+

10.57
10.30
i1.14
11.45
i1.01
10.09
i0.76
10.99
i0.40
10.68

i1.45

E-POLARIZATION, kh = 37, ka = 1

B(kz)

-3.26 + 12.66

-3.22
-3.15
-3.14
-3.26
-3.49
-3.71
-3.75
-3.48
-2.90
-2.15

-1.32

+

i2.44
i1.88
11.28
i0.96
i1.12
il.70
12,45
i3.00
i3.03
i2.44

il.39

C(kz)
-0.£Z”- i2.05
-0.14 - 12.03
-0.14 - 12,03
-0.14 - 12,04
-0.14 - 12.05
-0.15 - i2,05
-0.15 - 12,04
-0.16 - 12.03
-0.16 - 12,01
-0.15 - 11.99
-0.12 - il.94
-0.,08 - 11.75

0
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D(kz) E(kz)
0.58 + 10.60 0.00 + 10.10
0.58 + 10.00 | 0.00 + 0,10
0.58 + 10.00 | 0.00 + 10.10
0.58 + 10.00 | 0.00 + i0.10
0.58 + 10,00 | 0.00 + i0.10
0.58 + 10.00 | 0.00 + i0.10
0.58 + 10.00 | 0.00 + 10.10
0.58 + 10,00 | 0.00 + i0.10
0.58 + i0.00 | 0.00 + i0.10
0.58 + 10.00 | 0.00 + i0.10
0.57 + 10.00 | 0.00 + 0,10
0.53 + i0.00 | 0.00 + 10.09

0 0




Table 5
FOURIER COEFFICIENTS IN mA/V FOR Ke(e,z) ON TUBULAR CYLINDER;

E-POLARIZATION, kh = 37, ka = 1

kz B' (kz) C' (kz)

0 0 0
0.25r | -0.03 + 10,07 0.00 + 10,00
0.50w [ -0.04 + 10.11 0.00 + 10.00
0.75n | -0.00 + 10,11 0.00 + 10,00
1.00m 0.06 + 10,05 0.00 + 10.00
1.257 0.11 - i0.04 0.00 + 10,00
1.50m 0.11 - i0.14 0.00 + i0.00
1.75w 0.03 - i0,21 0.00 + 10.00
2,00 | -0.14 - 10,20 0.00 - 10,01
2.25n | -0.37 - 10,01 | -0.02 -~ 10,02
2,507 | -0,65 + 10,54 | -0,08 - i0,02
2,75 | ~1.04 + 12,10 | -0.33 - 10,03

3.007 @ =
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first-order modes. This representation was applied in Section III to the cyl-
inder with ka = 1, kh = 1,5m, It also applies directly to cylinders with kh
= 2,57 and 3.57 for which the axial distributions of the first four trans-

verse Fourier modes are shown in Fig. 60.

When the cylinder is not axially resonant, the representation must be
generalized by the substitution of the shifted cosine (cos kz - cos kh) for
cos kz in order to satisfy the boundary conditions Kz(e,h) = 0 and n(6,0) =
0. However, this change also involves the addition of the nonzero con-
stant cos kh multiplied by the appropriate complex amplitude Ar or Br'

This must be subtracted within a quarter wavelength of the end. The pro-

posed generalized representation is:

Kz(e,z) = [(A+ Ar cos kh) + (B + Br cos kh)cos 86 + C cos 26
+ D cos 38]e(kz) + (Ar + Br cos 8) (cos kz - cos kh) (52)

This evidently reduces to (51) when kh = (2n + 1)7/2 and to zero when z = h
for all kh. The derivative of (52) vanishes at z = 0.

In order to illustrate the application of (52), it is appropriate to

select ka = 1 and kh = 37, an antiresonant length. Thus,

Kz(e,z) = [(A - Ar) + (B - Br)cos 6 + C cos 26
+ D cos 38)e(kz) + (Ar + Br cos 8)(cos kz + 1) (53)

From Table 1 the Fourier coefficients for the infinitely long cylinder with

ka = 1 are: AR = 2.18, AI = =0,25, BR = -3,28, BI = 1.,85. The evaluation

of A = A + iA and B =B + iB can be carried out as follows. Con=-
r rR rl r rR rl

sider first AR(kz) = (AR - ArR)e(kz) + ArR(cos kz + 1). Evidently, ArR =

(1/2)[AR(0) - AR(n)] = (1/2)[AR(2ﬂ) - AR(ﬂ)]. With Table 4 the two values
on the right are 0.72 and 0.80. The average of these two approximate quan-

tities gives A £ 0.76, Similarly for A the two values are 1.19 and

R rl’
1.22 with the average ArI = 1,20, It follows that:

A(kz) & (1.42 - 11.45)e(kz) + (0.76 + i1.20) (cos kz + 1) (54)

Similarly,
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B(kz) = (-3.22 + 10.92)e(kz) + (~0.06 + 10.93)(cos kz + 1) (55)

For all lengths,

C(kz) = Ce(kz) = =(0.14 + 12.04)e(kz) (56)
D(kz) = De(kz) = 0.58e(kz) (57)
E(kz) £ Ee(kz) = 10.10e(kz) (58)

In general, E(kz) can be neglected when ka = 1.

Graphs of AR(kz), AI(kz), etc. are shown on the left in Fig. 62 as
given in Table 4 and on the right as computed from the approximate formulas
(54) - (58). It is seen that the correspondence is generally good with
differences resulting primarily from the simplifying assumption that the
behavior of all functions in the quarter wavelength nearest the end is ade-~
quately represented by the same approximate function e(kz) with the form
sin k(h - |z|) in the range (kh - 0.5w) < kz < kh. While a more accurate
representation can easily be made, the present simple form should serve
well except in the quarter wavelength nearest the open end where moderate
errors in the current and larger errors in its slope (charge) occur.

Graphs of the individual components of the first two modes are in Fig. 63.

4. COMPARISON WITH MEASUREMENTS; THE INCIDENT FIELD

With the same apparatus described in Section IV measurements were made
of the distributions of current and charge density along a cylinder with
ka = 1, kh = 3,57, The axial distributions of current and charge density
are shown in Figs. 64 -~ 67. The charge density is also displayed on the
relief map shown in Fig. 68. When compared respectively with Figs., 53 and
56, the agreement for the current is very good, that for the charge is good
on the shadow half of the cylinder. On the illuminated half the measured
graphs are different from the theoretical ones in that the first and third
maxima at kz near 0.57 and 2.57 are relatively larger, the second maximum
near kz = 1.57 increasingly smaller as the center of the shadow at & = 0°

is approached. Indeed, when 8 = 0° the second maximum is nonexistent.

The explanation for the significant difference between the theoretical

and measured distributions of charge density n(8,z) on the illuminated side
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Fig. 68. Relief map of the magnitude of the charge density n{(6,z) on a
cylinder of electrical length kh = 3,57 and radius ka = 1 on a
ground plane in an E-polarized field. (Measured data.)
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of the cylinder is found in the properties of the incident fields. For the
theoretical graphs in Figs. 56 and 57 the incident electric field is paral-
lel to the axis and to the surface of the cylinder since it is part of a
normally incident, E-polarized, plane electromagnetic wave. It induces a
distribution of charge and an associated scattered radial electric field En
as a consequence of reflections at the ends. For the measured graphs in
Figs. 65 - 67 the incident electric field is the component Eénc of a spher-

ical wave originating 7.5 wavelengths away. As shown in Fig, 69, it has a

inc
0
that is largest at the centers of the illuminated and shadow sides (6 =

component E cos O cos O perpendicular to the surface of the cylinder
180°, 0°) and decreases to zero at the shadow boundary (6 = 90°). The

total radial electric field at the surface of the cylinder is the sum of

the scattered field En due to the charges induced on the cylinder by reflec-
tions at its ends and the component of the incident field perpendicular to
the surface. That is, Ep = En + Eénc cos 6 cos O. Since the charge densi-
ty n(6,z) due to the standing waves generated by reflections from the ends

is much greater in the shadow than on the illuminated side, the contribu-
inc
0

larger on the illuminated side than in the shadow.

tion by E cos 0 cos O to the total radial field is relatively much

The dashed lines in Fig. 70 represent the real and imaginary parts of
the theoretical charge density n(6,z) = R + inI on a tubular cylinder (ka
= 1, kh = 3.57) when illuminated by a normally incident, E-polarized wave.
The phase is referred to Einc on the surface of the cylinder at § = 180°.
Except quite near the open end (where the transverse component Ke(e,z) is
significant), the charge density on the cylinder is given by pn = ng + inI =
—(i/kc)[(aKzR/az) + i(aKzI/az)] where K, = KzR + iKzI is the axial compon-
ent of the surface density of current; KzR is in phase, KzI in phase quad-
rature with Fhe Incident electric field. It follows that ut is also in
phase with Egnc at 6 = 180° on the surface. Let the charge density in-
duced on the cylinder at § = 180° by the component E;nc cos § cos O be n, =
Ccos § cos Q= =C cos 0 at 6 = 180°. C is the appropriate amplitude. The
total charge density at g = 180° is N, = ner t i"tI where Ner = Mg and
- C cos O. The curve -C cos 0 is shown in Fig. 70 in dot-dashed

n =nmn
tl I
lines with C arbitrarily set equal to 15.4 so that C cos 0 = 1,15 at kz =

l.5w. The total charge density is shown in dotted lines. The original

2 2]1/2

theoretical magnitude ,n[ =l:nR + ny and the magnitude of the new total
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charge |nt| = [ni + (nI - C cos (9)2]1/2 are both shown. The new total mag-
nitude |nt| — which includes a correction for the charge density induced by
the component of the incident field perpendicular to the surface of the
cylinder — is seen to resemble the measured magnitude in Fig. 65 at 6 =
180°, The maxima at kz = 0.57 and 2.57 are enhanced; the maximum at kz =
1.57 is suppressed. If the phase of the theoretical charge density is re-
ferred to the electric field on the surface of the cylinder at each angle 6
and the imaginary part is combined with ng = C cos 6 cos O, graphs can be

obtained of |nt| resembling those at angles 6 in Fig. 65 other thamn 6 = 180°,

Note that this demonstration has ignored the fact that the incident
spherical wave (unlike an incident plane wave) not only has a component
perpendicular to the cylinder, but also a tangential component that de-
creases in amplitude and phase with increasing distance z along the cylin-
der from the ground plane. When the distance from the axis of the cylinder
to the source is 7.5\, the amplitude changes by 2.6%, the phase by 72°.5
over the length from kz = 0 to kz = 3.57v. For a plane wave, both amplitude

and phase are constant over the entire length of the cylinder.

Like the graphs for the amplitudes in Figs. 56 and 65, those for the
phases in Figs. 57 and 66 show good agreement in the shadow (0° < 6 < 90°)
and substantial differences on the illuminated side. Here the phases change
very rapidly over short distances in the vicinity of kz = 1.57 when 140° <
@ < 180°. This is more readily understood in terms of the graphs of the
real and imaginary parts of the charge density shown in Fig. 67 specifical-
ly for © = 180° where the effect is largest. These show that except near
the open end, the charge density is determined primarily by its imaginary
part nI(e,Z), which oscillates about a vertically shifted axis such that
there are two large negative lobes on each side of kz = 1.57 and only a
very small positive lobe near kz = 1.5m"., Because the amplitude of this
small positive lobe 1s comparable to the amplitude of the generally small
real part nR(e,z), the phase angle Bn = tan-l(nI/nR) goes through a full
360° in a short range containing kz = 1,5wm. This displacement is believed
to be due to the nonplanar incident field with its component of the elec-
tric field perpendicular to the metal cylinder.

Extensive measurements and comparisons with the theory for incident

plane waves have shown that except for the charge-density distributions
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near the center of the illuminated side, the measured currents and charges
are in good agreement with the theory, thus verifying the adequacy of the -
apparatus and techniques of measurement and justifying their use in meas-

urements of currents and charges on structures not susceptible to accurate

analyses,

5. CURRENTS AND CHARGES ON CYLINDERS IN AN H-POLARIZED FIELD

A tubular cylinder with radius a and length 22 illuminated by a nor-
mally incident, H-polarized, plane wave is shown in Fig. 71. The tube is
parallel to the x-axis; the incident wave travels in the positive y direc-

tion.

As with E-polarization, it is advantageous to review briefly the in-
duced currents and charges when the cylinder is infinitely long. In this

case, the entire current is transverse and given by

n-1
Kei:) = 2k E —T;%E————-cos ne (59)
Ez ¢ Tpka =0 Hn ' (ka)

where g, = 120m ohms and a =1 forn = 0, a = 2 for n # 0. Note that

inc _ pinc _ inc
Ez /CO - Bx /“o Hx

tion of 6 for ka = 1. The Fourier coefficients introduced when (59) is

. This distribution is shown in Fig. 72 as a func-

written in the form

Ke(e) = AH + BH cos O + CH cos 26 + DH cos 36 + EH cos 49 + ... (60)

(with E;nc = 1 V/m) are given in Table 6 for ka = 1, It is seen that only
AH through DH are significant. The associated distribution of the surface

density of charge is given by

2ie @ no in_1
“iel - — g (1? sin né (61)
Ez“‘: mk“a” n=0 H "' (ka)

In normalized form with ¢ = 3 x 108 m/sec,

en(8) = (i/ka)[BH sin 6 + 2CH sin 26 + 3DH sin 30 + 4EH sin 46 + ...] (62)
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Table 6

FOURIER COEFFICIENTS IN mA/V FOR Ke(e) ON INFINITELY LONG CYLINDER;

H-POLARIZATION, k& = e, ka = 1

T T

-1.64 + 10,93 0.00 + i0.21

1,27 - i3.41 [ 1.33 + 10,11

0.03 + i0.00
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This quantity is shown in Fig. 73 for ka = 1, Note that the charge density
on the infinitely long cylinder in an E-polarized field is much simpler

since it is everywhere zero.

The surface density of current on an isolated tubular cylinder with
the finite length 2% in a normally incident, H-polarized field can be cal-
culated from the theory of C. C. Kao (refs. 8-11), The relevant formulas
with all significant terms for ka = 1 are:

Ke(e,x) 2 AH(kx) + BH(kx)cos e + CH(kx)cos 26 + DH(kx)cos 38 (63)
Kx(e,x) 2 i[Bé(kx)sin o + Cﬁ(kx)sin 26] (64)

The Fourier coefficients for k& = 27 are in Table 7, those for k& = 1.5 in
Table 8. Their real and imaginary parts are shown as functions of kx in

Fig. 74 for k& = 2w and Fig. 75 for k& = 1,57, along with the constant values
for the infinitely long ecylinder obtained from Table 6. It is seen that
except very near the open end at x = £, CH(kx) and DH(kx) differ negligibly

from CH and D Furthermore, AH(kx) and BH(kx) vary relatively little from

AH and BH excgpt in the range (k& - 0.5w) < kx < k&. At the infinitely
thin knife edge at x = &, all of the coefficients for Ke(e,x) become infi-
nite. The total transverse currents Ke(e,x) at 8 = 0°, 90° and 180° are
shown in Figs, 76 and 77 as functions of kx for k& = 27 and k& = 1,57, Ex-
cept near the open end, they are quite well approximated by Ke(e) for the
infinitely long tube. The transverse variations of Ke(e,x) = KBR(B,x) +
ik, (8,%) = |Ke(6,x)
78 and 79 when k& = 27 and 1.57., The graphs are all quite similar except

exp(iet) at different values of kx are shown in Figs.

when kx is close to k&. They are also similar to the values shown in Fig,
72 of Ke(e) for the infinitely long cylinder. It may be concluded that for

all lengths the very simple relation, Ke(e,x) = Ke(e), is a good approxima-

tion except when kx is within 0.57 of an open end.

There is no axial component of current Kx(e,x) on the infinitely long
cylinder in an H-polarized field. When the cylinder is finite in length,
an axial current is generated by the large accumulations of charge associ-
ated with Ke(e,x) near and at the ends of the cylinder. Graphs of the
theoretical value of Kx(e,x) are shown in Figs. 80 and 81, respectively,

for k& = 27 and 1.5w. At the top in each figure is the transverse
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Table 7

FOURLER COEFFICIENTS IN mA/V FOR Kx(e,x) AND Ke(e,x) ON TUBULAR CYLINDER;

H-POLARIZATION, k& = 27, ka =1

kx Bﬁ(kx) Cﬁ(kx) AH(kx) BH(kx) CH(kx) DH(kx)

0 0 -1,67 + 10,91 | 1.18 - 13,44 | 1,33 + 10.11 | 0.00 + 10,21
0.257 0.45 - 10,03} 0,01 - 10,01 | -1.66 + 10,92 1.19 - i3.42 | 1.33 + 10.11 | 0,00 + 10,21
0.50n 0.67 - i0.09{ 0.01 - i0.01| -1.65 + 10.94 | 1.25 - i3.39 | 1.33 + 10.11 | 0.00 + i0.21
0.757 0.52 i0.20| 0.01 - 10.02§ -1.63 + 10,95 1,32 - 13.35 1.34 + 10,11 ; 0,00 + 10.21

L 0.06 - 10,29 | -0,01 - 10,02 | -1.60 + 10.94 1,38 - 13,34 | 1.34 + 10,11 | 0,00 + 10.21
1.257 | -0,50 - i0.,25( -0.04 - 10,01 | -1.59 + 10,91 | 1.43 - 13.37 | 1.34 + 10,10 | 0.00 + i0.21
1.57 -0.89 - 10,02 | -0.06 - 10,02 ) -1.62 + 10.83 | 1.46 - 13,45 | 1,33 + 10,09 | 0.00 + i0.21
1.75n | -0.84 + 10.41| -0.08 + 10,07 { -1.77 + 10.74 1,57 - i3.58 | 1.33 + 10.09 | 0.00 + i0.21

2 -0.01 + 10.90 | -0.06 + 10.16 oo s =) (= =] o=




LST

FOURIER COEFFICIENTS IN mA/V FOR K_(6,x) AND K,(8,x) ON TUBULAR CYLINDER;

Table 8

H-POLARIZATION, k& = 1,57, ka = 1

kx Bﬁ(kx) Cﬁ(kx) AH(kx) BH(kx) CH(kx) DH(kx)

0 -1.66 + i10.96 | 1,20 - i13.31 ' 1.34 + 10.11 0,00 + 10.21
0.1257 0.04 - 10,27 i 0.00 -~ 10,01 | -1,66 + 10,96 ; 1.21 - i3.31 ' 1.34 + 10,11 0.00 + 10,21
0.257 0.07 - 10.50 -0.01 - 10,02 -1.65 + 10.96 ¢+ 1,23 - 13.32 1.34 + i0,11 0.00 + 10,21
0.3757 0,08 - 10.68 -0,01 - i0.02 -1,63 + 10.95 1.26 - 13.33 ’ 1.34 + 10.11 0,00 + 10,21 _
0.57 0.04 i0.77 -0,02 i0.03 -1.62 + 10.93 ‘ 1.29 - i3.35 1.34 + 10.11 j 6.00 + 10.21 |
0.6257 ~0.03 - 10.76 - -0.03 - 10,03 -1.60 + 10,92 1.33 - i3.38 | 1.34 + i0.11 | 0.00 + i0.21
0.75% | =0.13 - 10.65 | =0.04 - 10.02 | -1.59 + i0.89 | 1.38 - 13.40 | 1.33 + 10.10 | 0.00 + 10.21 .
0.875n | -0.25 - 10.44 | -0.05 - 10.01 | -1.59 + i0.86 | 1.42 - 13.43 | 1.33 + 10.10 | 0.00 + i0.21

T -0.36 - 10.16 | -0.06 + i0.01 | -1.61 + i0.82 1.46 - 13.46 | 1.33 + i0.09 | 0.00 + i0.21
1.1257 | -0.44 + 10,17 | -0.07 + i0.03 | -1.66 + 10.78 | 1.52 - 13.49 | 1,33 + i0.09 | 0,00 + 10.21
1.257 -0.47 + 10,52 | -0.07 + 10.07 | -1.76 + 10,74 1.64 - 13.54 | 1.33 + i0.08 | 0.00 + i0.21
1.375% | -0.38 + 10.85 | -0.08 + i0,11 | -2,01 + i0.72 | 2.01 - i3.70 | 1.37 + 10.09 | 0.00 + 10.21
1.57 -0.20 + 11.06 | -0.05 + 10.17 oo =) oo o =




distributions of the Fourier components Bﬁ(kx) and Cﬁ(kx). The curves in
solid lines are for the current density associated with the outside magnetic
field; the broken lines are for the total current. It is seen in Fig. 80

= ° 2 3 ° = iR o o '
with k& = 27 that Kx(BO »X) 1KxI(80 »X) 1BHR(kx)sin 80 iBHR(nIZ) x

sin 80° sin kx for both the outside and total currents., The component

KxR(80°,x) of the outside current is relatively small everywhere except in
the range (k& - 0.57m) < kx < k& where it rises to its largest value at kx =
kf. (On a metal tube with walls that are thick compared to the skin depth,
the outside current becomes the oppositely directed inside current at x =
£.) With k& = 1,5n, Fig. 81 shows that for the outside current Kx(80°,x) =
KXR(80°,x) = -BﬁI(kx)sin 80° = —BéI(ﬂ/Z)sin 80° sin kx., The total current
has the same form except in the range 7 < kx < 1l.57 where it becomes zero
at kx = kg = 1,5mw. KxI(80°,x) and BﬁR(kx) are small outside this range.

It is seen from Tables 7 and 8 that the maximum value of le(e,x)l is ap-

proximately 20% of the maximum value of IKe(e,x)

The surface density of charge n(8,x) on a cylinder of finite length in
a normally incident, H-polarized field is given by

9K _(6,x) 3K (8,x%)
i x> ? 1 0
n(6,x) = - -c-[ K ox | ka 38 ] (65)
With (63) and (64),
Z)BI'{(kx) iBH(kx) GC}'I(kx) iZCH(kx)
en(8,x) = [ ) + Ko ] sin 8 +-[ ) + a ] sin 26 + ,..
(66)

Thus, the leading term in the distribution of n(6,x) has the 8 dependence
given by sin 6., This has a positive maximum at 6 = 90°, a negative ex-
treme at 6 = 270°. The theoretical surface densities of charge on cylin-
ders with k& = 27 and 1.57 are in Figs. 82 and 83, respectively. The 6 de-
pendences for both lengths are very much alike and also similar to that for
the infinitely long cylinder shown in Fig. 73. All of the curves have an
only slightly distorted form proportional to sin 6 independent of both x
and 2%,

The axial variation of n(0,x), shown in Figs., 84 and 85 for k& = 27 and
1.57, is approximately like cos kx outside the range (k& - 0.5w) < kx < kg,
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In this range the charge density increases rapidly as x approaches %.

The amplitude is zero at 6 = 0° and 180° and greatest near 6 = 80° and 280°.
The contour diagrams of ln(e,x)l corresponding to Figs. 84 and 85 are shown
in Figs. 86 and 87. The two-dimensional standing-wave patterns along the
entire surface are readily visualized. When k& = 27, there are alternating
positive and negative peaks of charge approximately at 6 = 80° and 280°
with kx = 0, w, 27; there are saddle points at kx = 0.57 and 1.5w, 6 = 80°
and 280°, Note that there is a rapid increase in amplitude as the open end
is approached. When k& = 1,57, there are positive and negative maxima at
kx = 0, 6 = 80° and 280°, and saddle points at kx = 0.5m, 6 = 80° and 280°.
The expected maxima at kx = 7 are close enough to the open end to be en-
gulfed in the rapid rise to infinity at x = 2 so that they appear only as a
flattening of the slope, as can be seen in Fig. 87. It is significant that
except quite near the open end, the contour diagrams for n(6,x) when k& =

21 and 1.5m are very much alike.

6. CONCLUSION

The material presented in Sections III, IV and V provides a comprehen-
sive theoretical and experimental picture of the surface densities of cur-
rent and charge induced on an electrically thick tubular cylinder by an in-
cident plane- and nearly plane~-wave field with E~ and H-polarizations. Sim-
ple analytical representations in terms of the forced and resonant parts of
the transverse Fourier components have been provided for all sufficiently
long cylinders. This information is directly applicable to isolated tubu~
lar or capped cylinders in the form, for example, of rockets on the launch
pad. It also serves as the basis for understanding the currents and charges
induced on crossed electrically thick cylinders when the vertical member
with the length 2h is parallel to the incident electric field, the horizon-
tal member with the length 2% parallel to the incident magnetic field.

This application is discussed in Section VI. An extension of the theoreti-
cal and measured results to even thicker cylinders, e.g., ka = 2, is con-

tained in Section VII,
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SECTION VI

CROSSED ELECTRICALLY THICK CYLINDERS IN A NORMALLY INCIDENT,
PLANE-WAVE FIELD, MEASUREMENTS, ka = 1, kh = 3.57;
khl = 2,5m, kh2 = 7, k£1 = klz = 71, 1.57 and 2w;

khl = 2w, kh, = 1l.57m, k&, = k&, = 1.57 and 2r

2 1 2

1. INTRODUCTION

When an aircraft is illuminated by a plane electromagnetic wave or
pulse of high intensity, the field penetrates into its interior through
various small apertures and so presents a possible hazard to sensitive ap-
paratus. Since the magnitude of the field inside a metal shell can be re-
lated to the currents and charges on its outside surface in the absence of
the apertures, the determination of these is a first step in the evaluation
of the internal fields. In general, this is a very difficult problem and
has been accomplished analytically only when the frequency or frequencies
involved are sufficiently low that the transverse dimensions of the
wings and fuselage are all electrically small. In this case, all trans-
verse currents are negligible and total axial currents and charges per unit
length can be defined. Furthermore, junction regions are electrically so
small that the charges on their surfaces can be ignored and their geometry
treated as irrelevant. Under these conditions, thin-wire theory can be ap~
plied and a complete analytical solution obtained both when the exciting
field is normally incident (ref. 3) and when it arrives at an angle (ref.
5). Unfortunately, the range of frequencies in possible incident fields
generated, for example, by an electromagnetic pulse from a nuclear explo-
sion can extend up to values for which the cross-sectional dimensions of
wings and fuselage can reach several wavelengths. Under these conditions,
all of the simplifying assumptions of thin-wire theory are invalid. 1In
order to gain insight into the complicated three-dimensional distributions
of surface currents and charges that can be excited at these higher fre-
quencies, the aircraft has been modeled by crossed, electrically thick,
tubular cylinders erected on a large ground plane at z = 0, as shown in Fig.
88. A systematic experimental study was carried out specifically with a
normally incident, approximately plane, electromagnetic wave., This study
also serves to provide data to verify the validity and accuracy of analy-

tical or numerical methods that may be devised in the future., 1In the first
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series of measurements, the electrical radius of the cylinders was chosen to be

ka = 1; subsequent measurements were also made with ka = 2 (see Section VII).

The accuracy and the interpretation of the measurements made to deter-
mine the currént and charge densities induced on the vertical and horizon-
tal surfaces of the crossed cylinders depend on the comprehensive theoreti-
cal and experimental investigations of these quantities on single cylinders

when excited by E~ and H-polarized fields as described in Sections III - V,

As seen in Fig. 88, the incident field is E-polarized for the vertical
cylinder, H-polarized for the horizontal one. The total surface currents
on the vertical cylinder when alone in an E-polarized field are given in

reference 8 in the form

z Cz(n)Kz(z|n)cos no 67)

K (6,z)
z n=0

o

Ke(e,z) = 1 n£1 Cz(n)Ke(z[n)sin né (68)

The currents on the horizontal cylinder when alone in an H-polarized field

are

Kx(e,x) = i n£1 Ce(n)Kx(xln)sin no (69)

Ke(e,x) = z Ce(n)Ke(xln)cos nb (70)
n=0

where Ku(u,n) and Ke(u,n) are the Fourier coefficients of order n, and Cz(n)

and Ce(n) are amplitude factors. The associated surface density of charge

is
AK_(6,u) 3K, (8,u) _
1) I DA SRR A
n(8,u) c [ k 3Ju + ka 36 ] (71)

where u stands for z or x and ¢ = 3 x 108 m/sec. In terms of local cylin-
drical coordinates for each tube (i.e., p,68,z for the vertical one; p,6,x
for the horizontal one, with 6 = 0° the shadow center, 6 = 180° the illumi-
nated center for each tube), the primary induced current densities are

Kz(e,z) of the even-in-8 type defined in (67) on the vertical tube, Ke(e,x)
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of the even-in-6 type in (70) on the horizontal tube. Due to reflections
at the ends, transverse currents with the density Ke(e,z) of the odd-in-8
type in (68) are generated on the vertical tube, and axial currents with
the density Kx(e,x) of the odd-in-0 type in (69) on the horizontal tube.
These last excite additional transverse currents of the odd-in-0 type in
(68) [with x written for z] that combine with the primary currents of the
even-in-6 type in (70). These distributions generated on each cylinder
when isolated are further complicated when the cylinders intersect as shown

in Fig. 88 since additional reflections now occur at the junction.

The boundary conditions which determine the distributions of current
and charge on the crossed tubular cylinders are: Etang = 0 at all points
on the outside and inside surfaces of the crossed tubes and their images;
Kz(e,z) = 0 at the open ends at Izl = hl + h2 and Kx(e,x) = 0 at the open

ends at x = -21 and x = 22. Note that Kz(e,z) and Kx(e,x) are total densi-

ties, i.e., the sum of the currents on the outside and inside surfaces.

The complicated geometry of the crossed tubes makes the formulation
and solution of coupled integral equations to determine E(e,z) and E(e,x)
excessively difficult., However, it can be anticipated that at points not
too close to the junction section the surface currents are distributed in a
manner that can be approximated by a superposition of the leading compon-
ents in (67) - (70). This requires experimental verification with the
probes and techniques tested on the uncrossed cylinders and described in
Sections IV and V. The distributions of current and charge density on the
surfaces of the cylinders near and at the junction region are difficult to
measure since probes cannot be moved over them conveniently. The junction
region itself consists of sections of cylinders that meet in junction lines
at angles that range from 90° at the top and bottom (6 = 90° and 270°) to
180° on the back and front (6 = 0° and 180°). These lines are effectively
the bottoms of grooves that wind diagonally around the junction. Although
the metal surface is continuous across each junction line, its slope is not
except when the angle of intersection is 180° on the front and back. As a
consequence, the component of the electric field normal to the surface has
different directions as the junction line is approached from each side. It
must, therefore, reduce to zero in magnitude if it is to be continuous
across the line, This means that the surface density of charge — which is

proportional to the normal component of the electric field on a metal
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surface — must be zero along the entire junction line. (If the bottom of
the groove is rounded instead of sharp, the zero becomes a minimum.) Thus,
ideally, in a contour diagram of the charge density the junction line is a
zero line. Since the current along the groove must vanish, the vector sur-
face density of current crosses each groove at right angles and has a maxi-

mum or minimum there.

The fact that the charge density must be zero along each junction line
does not mean that the sign of the charge is opposite on opposite sides or
that the overall distribution in a standing-wave pattern determined by the
boundaries of the structure as a whole is greatly modified. The charge den-
sity has substantially the same magnitude and sign at short distances on
each side of a junction line and may rise quite rapidly from zero in direc-
tions along the surfaces perpendicular to it. A standing~-wave pattern of
the charge density (determined by the overall lengths and circumferences of
the crossed tubes) can be expected to experience a locally sharp dip across
a junction line and a spreading out of the pattern in both directions from
it due to the local repulsion of charges with the same sign brought closer
together on the sides of the groove than on a plane. But there should be
no major change in the general shape of the pattern at a distance from the
junction line. The zero occurs along the entire junction line except in
small areas at the front and back where two junction lines cross and the
angle of intersection of the surfaces of the horizontal and vertical cylin-~
ders is 180°. Monopole probes to measure the charge density can be moved
axially along the entire lengths of both the horizontal and the vertical
cylinders on the back and the front (6 = 0°, 180°). However, since such a
probe has a small but finite length, it measures the average charge density
over a small area around its base. It is insensitive to sharp dips and
nulls in the charge density that occur over distances comparable with its

own length (unless the sign of the charge reverses).

In the study of measured current and charge distributions on crossed
cylinders with ka = 1, the electrical length of the vertical member above
the ground plane is kept at kh = 3.5w. The lengths of the horizontal arms
are the same and three different values are used, viz., kzl = klz =kt =,
l.57, and 27, Two locations of the cross arm are investigated. These are

khl = 2,57 and 2n. With khl = 2,57 (27) the axis of the horizontal member
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crosses the vertical cylinder at a maximum (minimum) of charge in the iso-

lated condition,

2. DISTRIBUTIONS OF CHARGE DENSITY

It is advantageous to begin the investigation with the charge densi-
ties n(6,z) and n(6,x) respectively on the vertical and horizontal members
because they are scalars with simple boundary conditions, viz., zero at the

ground plane and in the grooves of the junction region.

a. Charges on the Vertical Cylinder When the Center of the Cross is

at a Charge Maximum,

In Fig. 89 is shown the axial distribution of |n(6,z)| in the range
0° < 8 < 180° when kh, = 2.57, kh,
n(-6,z) = n(6,z); the angle 6 is measured from the shadow center as shown

in Fig. 88. The graphs of |n(6,z)| for 6 = 0° and 180° with k& = 7 in Fig.

=7 and k& = w, 1,57 and 2n. Note that

89 are repeated in Fig. 90 which also shows the phase. In the ranges that
exclude the vicinity of the junction, viz., 0 < kz < 2w, 3w < kz < 3.57m, all
three sets of curves for kf = w, 1.5m and 27 are substantially alike in the
entire shadow region, -90° < 6 < 90°., They are also similar to the theoret-
ical and measured curves for the vertical cylinder without the cross as
shown in Section V in Figs. 56 and 65. In the range 0 < kz < 2m the charge
density varies roughly like |sin kz| with some differences in amplitude and
small shifts in the locations of the minima. With -80° < 6 < 80°, [n(6,z)]
is generally greatest for k& = 1,5m, with amplitudes somewhat smaller and
roughly comparable in distribution for k& = m and 2n. The differences are
not large, and sharply resonant and antiresonant conditions like those on
thin wires do not obtain. In the range 3m < kz < 3.57 for all 6's except

6
k& = 1.57 or 2n. It is shown later that |n(8,x)| is greatest on the hori-

0°, |n(6,z)| is generally substantially smaller when k& = 7 than when

zontal arms when kf = m. In summary, on the shadow side of the vertical
cylinder the measured charge~density distributions with all three arm
lengths are very much alike and also like both the measured and theoretical

distributions in the absence of the horizontal member.

On the illuminated side (100° < 6 < 260°), the corresponding five dis-
tributions are dramatically different, Consider specifically the three
graphs on the extreme right in Fig. 89 for the cross with k& = n, 1.571 and
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2w, and the graphs on the left in Figs, 56 and 65 — all for 6 = 180°. A
comparison shows the following: The curve for the measured charge density
for the cross with k& = 7 (shown in solid line in Fig, 89) resembles thé
corresponding theoretical curve for the isolated cylinder (on the left in
Fig. 56) quite closely. The maxima at kz = 0.57 and 1.57 and the minimum
between them are well defined; even the maximum at kz = 2,57 at the center
of the cross appears but with greatly reduced amplitude. Note, however,
that in Fig., 89 the amplitude of |n(180°,z)| is almost equal to that of
|n(0°,2z) | when the horizontal member is present and k& = m; when the hori-

zontal member is absent, the theoretical amplitude of |n(180°,z)| in Fig.

56 is only about one-third that of |n(0°,z) . Thus, with k% = 7 the charge-
density distribution on the vertical member resembles the theoretical dis-
tribution for the isolated cylinder but with a three-fold increase in the
relative amplitude on the illuminated side. Significantly, the sharp de-
crease in the relative amplitude of the maximum at kz = 1.5m observed in

the measured curve in Fig. 65 does not occur when the horizontal member is

present and k& = 7.

When k& = 27, the distribution of charge density at 8 = 180° is sig-
nificantly different from that with k& = 7 in that the two normal maxima at
kz = 1.57 and 2.57 appear as a single broad maximum with no minimum between
them, When k& = 1,57, the distribution at € = 180° has yet another form.
It now resembles the measured distribution shown in Fig. 65 for the cylin-
der without cross rather than the theoretical one in Fig. 56. The maxima
at kz = 0.5m and 2.5 are quite normal, but the expected maximum at kz =
1.5 does not appear — presumably owing to the spherical instead of planar
wave front of the incident field. The amplitude of |n(180°,z)| is substan-
tially smaller than that of |n(0°,z)|, which is also in agreement with the

corresponding graph in Fig. 65.

The significant differences in the charge-density distributions on the
illuminated side of the vertical member of the cross with khl = 2,571 as a
consequence of changes only in the length of the horizontal member must be
explained in terms of modifications in the field acting along its surface.
Instead of only the incident field, there is now also the field generated
on it by the charges on the adjacent horizontal member. These are deter-
mined by the H~polarized field acting uniformly along the entire length 2%

and by the mutual interaction with charges on the vertical member, especially
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near the junction; they are also governed by transverse and axial reson-
ances in the horizontal cylinder and by combined resonances with the verti-
cal member. Note, however, that resonances on electrically thick struc-
tures are not as sharply defined as those on electrically thin crossed

wires (refs. 2 and 3).

The comparison of the three sets of graphs for k& = 7, 1.57 and 27 in
Fig. 89 for 100° < © < 180° with the theoretical graphs for ideal plane-
wave incidence in Fig, 56 and with the measured graphs for spherical-wave

incidence in Fig. 65 — both for k& = 0 — leads to the following conclusions:

(1) The electrical half-length k& = 7 for the horizontal member
provides conditions that greatly augment the axially resonant part of the
charge density so that this has the normal standing-wave distribution with

greatly increased relative magnitude.

(2) The electrical half-length k& = 1l.5m for the horizontal .cylin-
der provides conditions that have only a very small effect on the charges
on the vertical member so that they are distributed substantially as when

excited only by the incident spherical wave.

(3) When k& = 27, conditions exist along the vertical cylinder
that differ from both a dominant resonant distribution of charge density
and from the largely unperturbed distribution generated by the incident

field alone.

b. Charges on the Horizontal Cylinder When Centered at a Charge Maxi-

mum Along the Vertical Member of the Cross.

The reasons for the quite different effects on the charge-density dis-
tributions on the vertical member when the length of the horizontal cylin-
der is changed can be found in major part in the magnitudes and distribu-
tions of charge on the surfaces of the horizontal arms. Measured distribu-
tions of In(e,x)f on these when their axis intersects the axis of the ver-
tical cylinder at khl = 2,57 are shown in Fig. 91 for the three electrical
half-lengths k& = v, 1l.57 and 2n. As 1llustrated in Fig. 88, the center of
the shadow of the horizontal cylinder is at ¢ = 0°, the center of the il-
luminated front at 6 = 180° and the top and bottom shadow boundaries respec-
tively at 8 = 90° and 6 = 270°. Graphs are shown at intervals in @ of 20°
for k% = 1.57 and 2w, at intervals of 60° for kf = w. All of the measured
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curves are shown extrapolated smoothly to zero at the junction lines of the
horizontal and vertical cylinders, Not too close to the junction they
resemble the corresponding theoretical graphs in Figs. 84 and 85 for the
horizontal cylinder when isolated in an incident, H-polarized field. Figures
84 and 85 show axial and transverse standing-wave distributions with maxima
near kx = 0, m; 6 = 90°, 270°; and minima near kx = 0.5m, 1.57 when this is
not at an open end. As the open end is approached, the charge density rises
steeply to large values; but here, as at all other values of kx, the trans-
verse distribution is preserved, with maximum magnitudes along the top and
bottom (8 = 90°, 270°) of the cylinder and deep minima on the shadowed back
(8 = 0°) and illuminated front (6 = 180°), Relief maps of the charge density
on horizontal and vertical half-cylinders, when isolated and when joined to
form a cross, are shown in Fig. 92 as viewed from the illuminated side and in

Fig. 93 as seen from the shadowed side with k& = 2m,

Of particular interest is an explanation of the differences in the
charge distributions along the vertical member in their dependence on the

length 2 of the horizontal arms:

(1) It is seen in Fig. 91 that when k& = 7w, the magnitude of the
charge density near the two open ends x = % is very large. The charge on
the top is positive when that on the bottom is negative, The average
difference between their respective distances to a point on the illuminated
side of the vertical cylinder is only slightly less than a half wavelength
so that their effects arrive practically in phase, This means that especially
strong electric fields are maintained along the front (6 = 180°) and back
(6 = 0°) of the vertical cylinder, and these fields evidently excite the large
resonant distributions of charge actually observed. Since the fields are
substantially greater nearer the cross, it is reasonable that the maximum
near kz = 1,57, 6 = 180° should be slightly larger than the maximum at kz =
0.5m, 6 = 180°, instead of much smaller as in Fig. 65 for the vertical

cylinder without the cross.

(2) when k& = 1,57, the charge density on the horizontal member is
seen from Fig, 91 to be substantially smaller in the entire region from the
junction with the vertical cylinder to the open end at kx = 1.5 than when
k% = n. The largest charge density near kx = 1,57 is also much further

from points on the vertical cylinder so that a substantial cancellation of

177



8LT

Fig. 92. Relief map of the magnitude of the charge densities n(6,z) and n(8,x) on isolated and crossed

cylinders with kh = 3,57, kh, = 2,57, k& = 2m, ka = 1. View of illuminated side,

1



179

Fig. 93. Like Fig. 92but viewed from shadowed side.



the fields, due to the maximum charges of opposite sign on the top and bottom
of the horizontal cylinder, occurs with a further reduction in the field

as compared with that when k& = m., The relatively weak field along the
vertical cylinder due to the charges on the horizontal member evidently
leaves the incident field with its spherical wave front the dominant force’
and this serves to explain the similarity between the charge density in the
illuminated region of the vertical member and the corresponding charge den-

sity on the vertical cylinder when alone as shown in Fig. 65,

(3) Figures 91 - 93 show that, when k% = 2w, there are regions
with large charge density on the horizontal member near kx = m, 6 = 90° and
270° and also, but with instantaneously opposite sign, near kx = 27, 6 =
90° and 270°. Their different distances to points on the vertical cyliﬁder,
and the consequent differences in the amplitudes and especially the phases
of the field generated by them and the incident field, produce the compli-
cated distributions of the charge density on the illuminated side as shown

in Fig. 89.

c. Charges on the Vertical and Horizontal Members When the Cross is

Centered at a Minimum of Charge on the Vertical Cylinder.

The descriptions of the charge-density distributions on the crossed
electrically thick cylinders given so far apply specifically to one loca-
tion of the cross, viz., khl = 2,57 along a vertical member with kh =
k(h1 + h2) = 3.5m, It is now of interest to lower the horizontal member a
quarter wavelength so that kh1 = 27. The measured distributions of |n(6,z) |
on the vertical cylinder are shown in Fig. 94 with k& = 1,5n. The graphs
for 6 = 0° and 180° are also plotted in Fig. 95 which shows the phase. The
charge density is seen to have a fairly normal distribution with typical
maxima near kz = 0,57 and 2.57 and minima near kz = 7 and 3w, Actually,
these are somewhat displaced toward longer lengths; and in the shadow region,
~80° < 6 < 80°, the minimum near kz = 7 is almost completely flattened out,
presumably due to the fields generated by the charges on the horizontal
member. This does not occur in the illuminated region. A comparison of
the measured distributions of ln(0°,z)[ and ’n(180°,z)[ for kh1 = 27, kh2 =
kg2 = 1.57 with those for kh1 = 2,5w, kh2
gether with the corresponding measured distributions for the vertical cyl-

= kf = v is shown in Fig, 96, to-

inder alone, Although the general sinusoidal nature of the amplitude is
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evident in all graphs, they differ substantially in detail. Since all are
exposed to the same spherical approximation of an incident plane wave,
these differences must be ascribed to the absence or presence with differ-
ent relative locations, magnitudes, and phases of the charges on the hori-
zontal arms. Note, however, that the distributions of charge density on
the horizontal member are not greatly affected by the location of the junc-
tion., This can be seen in Fig. 97 which shows the measured axial distribu-
tions of [n(8,x)| on the horizontal member with k& = 27 and with the junc-
tion located at kh1 = 27 and 2,57, The distributions are remarkably simi-
lar, presumably because they are determined primarily by the incident H-

polarized field.

3. DISTRIBUTIONS OF THE SURFACE DENSITY OF CURRENT

The distributions of the axial surface density of current Kz(e,z) as—
sociated with the charge distributions in Fig, 89 are shown in Fig. 98.
Like the charge densities, the axial current densities in the extreme sha-
dow, ~40° < 6 < 40°, have distributions that are generally similar to one
another and to those for isolated cylinders; they have large resonant com-
ponents, In the central part of the illuminated region, 140° < 6 < 220°,
the graphs with k& = 7 correspond closely to the ideal theoretical distri-

“butions on the cylinder without cross, which are superpositions of simple
forced and resonant components. This is in agreement with the related
charge-density distribution in Fig. 89, which similarly resembles the theo-
retical form for the isolated cylinder. The distributions with k& = 1,57
and 27, although superficially different, also have this general form. The
interchange of maxima and minima in the graph for k& = 27 as compared with
those for k& = 7 and 1.57 is only a matter of relative phase in the super-
position of resonant and forced components, The behavior of the axial cur-
rent density Kz(e,z) when the horizontal cylinder is lowered to khl = 27 is
quite similar as shown in Fig. 99. The transverse currents Ke(e,z) on the
vertical cylinder are generally small except within about a quarter wave-
length of the open end where they are large and similar to those on the

isolated cylinder.

The surface densities of current on the horizontal arms are very simi-

lar in both axial and transverse components to those on the same cylinder
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in the absence of the vertical member. The theoretical currents on the iso-
lated horizontal cylinder in an H-polarized field are shown in Figs. 100

and 101, respectively, for k& = 27 and 1.5m. Measured distributions of the
surface currents on the horizontal member of a cross with kh1 = 2,57 and

k& = w, 1,57 and 2% are shown in Fig. 102 for the axial currents, Kx(e,x),
and in Fig, 103 for the transverse currents, Ke(e,x). Similar measured

currents with kh, = 27 and k% = 1.57 are shown in Fig. 104.

1

4, CONCLUSION

An experimental study has been made of the distributions of the sur-
face densities of current and charge induced on crossed, electrically thick,
tubular cylinders on a large metal ground plane by a normally incident, ap-
proximately plane, electromagnetic wave., With ka = 1, kh = 3.5m, measure-
ments have been made for two locations of the cross, viz., khl = 2.5m and
2m, with three lengths of the horizontal arms, viz., kf = w, 1l.57 and 2w.
Comparisons of the measured current and charge densities of the crossed
cylinders with both measured and theoretical distributions on single verti-

cal and single horizontal cylinders lead to the following conclusions:

a, The distribution of the charge density on an electrically thick
tubular cylinder is much more sensitive to the nature of the incident field
and the presence, dimensions and relative location of an intersecting cyl-

inder than is the distribution of current density.

b. The charge density on the vertical member of the cross, which is
directly excited by an E-polarized field, has significantly different dis-
tributions when the incident field is not plane, when the horizontal member

is absent, its location is changed, or when the arm lengths are varied.

c. The distribution of the charge density on the horizontal cylinder
is insensitive to the location of its intersection with the vertical member
of the cross so long as the arms are equal in length., Its amplitude is

sensitive to the length of the arms.

d. The axial current density on the vertical cylinder is substantial-
ly a superposition of forced and resonant components. The changes from the
distribution along the single cylinder when a cross is present in different
locations and with different arm lengths are primarily due to shifts in the

relative phases of these components.
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SECTION VII

ELECTRICALLY THICK CYLINDERS AND CROSSED CYLINDERS IN A NORMALLY INCIDENT,
PLANE-WAVE FIELD, THEORY AND MEASUREMENTS, ka = 2;
Single Cylinder: kh = 3,57, 57 and «» (Theory); kh = 3,57 (Measured)
Crossed Cylinders: kh = 3.5mw, kh1 = 2,57, kh2 = kzl = klz = 21 (Measured)

1. INTRODUCTION

The study of surface currents and charges induced on aircraft by pos-
sible electromagnetic pulses generated by nuclear explosions involves a
frequency range for which the cross-sectional dimensions of the wings and
fuselage may be several wavelengths. Quantitative insight into the distri-
butions of current and charge possible on structures of this size is sought
from an investigation of currents and charges induced on electrically very

thick cylinders and crossed cylinders.

The theoretical determination of the currents and charges induced by
an incident plane wave on the surface of a highly conducting tubular cylin-
der when its circumference is two wavelengths (ka = 2) is formally the same
as when the circumference is one wavelength (ka = 1). Extensive theoreti-
cal studies for the latter for electrical half-lengths ranging from kh =
1.57 to 3.5ﬂ have been shown to be in good agreement with measured values
(Sections III, IV and V) except for certain differences in the charge den-~
sity on the illuminated side. These were ascribed to the spherical instead
of planar wave front available in the experiment., This general agreement
was obtained for the currents and charges on the outside surface of the
cylinder. However, since with ka = 1 all interior waveguide modes are far
below the cut-off radius, the inside currents and charges decay rapidly to
negligible values within the tube. It follows that with ka = 1 the total
currents and charges differ insignificantly from the outside ones except

close to the open end.

The situation with ka = 2 is different because the radius is now
greater than the cut-off value for propagating waveguide modes in the in-

terior. Specifically, the cut-off radius a, for the TEll mode is

a = A/3.41  or kaC = 1,84 (72)
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Since a propagating TE.. mode can be maintained for radii a > a_, ka = 2 is

11

well above cut-off. On the other hand, the TMOl mode is below the cut-off

given by a_ = A/2.61 or kaC = 2.4, This means that substantial inside cur-

rents and charges in the TE mode can be generated at the open end and prop=-

11
agated into the interior when ka = 2. These have an axial wave number kg =

2,1/2
k[1- (/2%

= 2, AC = 3.41x 2/k=1.085\ and kg==0.39k. Thus, while the wave number for

where A is the free-space wavelength and AC==3.41a. With ka

the outside current and charge is k, that for the current and charge inside

the waveguide is kg = 0.39k — a much smaller value.

Theoretical distributions of the magnitude of the surface density of
charge |n(9,z)| on the outside surface of .a perfectly conducting tubular
cylinder with ka = 2 and kh = 57 are shown in Fig., 105 for E-polarization.
The associated distributions on the inside surface are shown in Fig. 106.
These latter are excited by coupling to the outside charges at the open end.

Since the surface density of charge of the TE waveguide mode is similar in

11
its transverse distributions to the charge on the outside of the tube in that
both have significant values near 9 = 90° and 270°, the coupling between the
two modes is quite strong. Accordingly, the standing waves of the inside

charges have amplitudes comparable to those of the outside charges.

In the study of currents and charges induced on the outside surface of
a tubular cylinder, the simultaneous excitation of significant currents and
charges on the inside surface is an undesired complication. Although the
charge distributions on the outside surface appear to have axial distribu-
tions quite like the comparable ones on the thinner cylinder with ka = 1, the
associated axial outside currents in Fig. 107 suggest significant differences.
Note, in particular, the unexpectedly large amplitude in the shadow region,
specifically where 8 = 0°., This current rises to an especially large value
near the open end where its amplitude even exceeds that on the illuminated
side at 6 = 180°, Presumably this is a consequence of the close coupling at

the open end to the inside charges in the TEll propagating waveguide mode.

2. THEORETICAL CHARGES AND CURRENTS WITH E-POLARIZATION

In order to provide a useful comparison among currents and charges in-
duced on the extensively studied cylinder with ka = 1 and those of present

interest with ka = 2, theoretical calculations have been made for a cylinder
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with the same electrical half-length, kh = 3,57, The theoretical magnitude
|n(6,z)| of the surface density of outside charge on the cylinder is shown
in Fig., 108, the associated phase en (referred to the electric field along
the axis) is in Fig. 109. The axial distributions of both are similar to
the comparable distributions for ka = 1 given in Section V in Figs. 56 and
57. Note that the amplitude of the standing waves with ka = 2 is greater
at 8 = 0° in the shadow than at 6 = 180° on the illuminated side just as
with ka = 1. However, the change in amplitude from 6 = 0° to 6 = 180°
along a ridge such as kz = 0.57 is not a uniform decrease as when ka = 1,
but a decrease to a minimum near 80° and an increase (with a change in the
sign of the charge) to another maximum at 6 = 180°. This follows from Fig.
110 which shows for both ka = 1 and ka = 2 the phase angle Bn as a function
of 6 from the center of the shadow on the left to the center of the illumi-
nated side on the right at two values of kz corresponding. to relative maxi-
ma, viz., kz = 0.57 and 1.5m. With ka = 1, the phase for each kz is virtu-
ally constant for all values of 6 and the constant values at kz = 0.57 and
1.57 differ by about 180°. With ka = 2, the angle en is constant from 6 =
0° to 6 = 60° where it decreases rapidly by about 180° to a new value which
is maintained from 8 = 90° to 8 = 180°, The graphs for kz = 0.57 and 1.57w
are parallel and displaced by about 180°. Thus, with ka = 1 the charge
density has the same sign for all values of 6 at kz = 0.5w, the opposite
sign at kz = 1.57 for all 6. With ka = 2 the charge density, if essential-
ly positive for kz = 0.5m when 0° < 6 < 80°, is essentially negative when
80° < © < 180°. For kz = 1.57 the charge density is distributed as for kz
= 0.5 but with opposite sign.

The theoretical surface density of axial outside current on the cylin-
der with ka = 2 is shown in Fig. 111 in amplitude and phasé. A direct com-
parison with the corresponding graphs for ka = 1 in Fig., 53 reveals that
with ka = 2 the standing-wave ratio on the illuminated side is substantial-
ly greater. Also the relative magnitude of the current is larger in the
shadow when ka = 2 than when ka = 1. This is especially true near the open
end where the close coupling to the large inside currents has significant

effects. Note that ka > kac.

The transverse distributions of the real and imaginary parts of the

axial current Kz(e,z) = KzR(e’z) + iKzI(e,z) are shown in Fig. 112 at

199



002

kz IN RADIANS
o
S|

l6021ac220%/100 J80° /60° AP

| | { ]

OO]OIOIOIOlOlOIOlO
c|nl in mA/V

Fig. 108. Theoretical magnitude of surface density of outside charge on tubular cylinder;
E-polarization. (c = 3 x 108 m/sec.)



102

6
Y
-‘?GCDO - OOO - mo"4@‘° -4mfi-4®o|-2(pol Qo

-600° -600° -600° 600° 600° -600° £ ? 400
ka =2

357
37 -

257 -

™o
b

—

kz IN RADIANS

1.57
K

057+ | |
0° ]#O° 120° 100° 60°% 40°
0 L L L Lt 2 vl —— : 1Ly L Ly
@ ar o 0 00T e e 0o
7

‘Fig. 109, Theoretical phase of surface density of outside charge on tubular cylinder; E-polarization.



20¢

00T T T T T T T T T T T T T T
o ka=1, kz=0.57 ~
OOF_ \\‘ ]A
AN
- \\ -
o0 ol l0sT
977 e ———— J
~<. k=1, kz=1.57
'2000—‘ N . ]
\
— \\\\ —
S~ ka=2, ke =157
_3000_ ————————————— b
N N (NN NSO (NN TR A TN S MU NN SN NSNS NN SRR SR

0°  20° 40° 60° 60° 00 120 KOO 180°

Fig. 110. Theoretical phase of surface density of outside charge on tubular cylinder; E-polarization,
kh = 3.57.



|Kz (8,2)]
IN
mA/V 4

180°
g, 120°
60°
0°
_60°
-120°

Fig. 111,

- — -
- -
—— e _—
e e~ ——— -

—— — —
— e
e . —— —— —

— —
~.
,.——--_..\'\-
'\.\.
.\\.' ~—
—— —
—— s
— —

- -
-
~
e -
-~
-

kz

o
IN RADIANS

Theoretical magnitude and phase of surface density of axial outside

current Kz(e,z) on tubular cylinder; E-polarization.

203



S kzl — 1 T T 7 T T [ v T [ T T 1 1 1
|37
4— =~ -
N
\\\\
3-”.\\ \\ J
IZZN\:\\\\\R\ o
Q=32 T == —:/:\‘f\fﬁ,-i: "’/ S _
Q.______.;'/ /A ""i'
e _ -~ /// \\\\\
I —— NN 1k
VA , / NN >
- \\ NN 10,27
0 37 7 \ A\ \\\_\ \\{* , -5/)7_77/22
> ———D = W \ 7/
S [3712 ~~" \ \\\\\\\ \‘377 2
= -l AR N 17
7/2 Vi D 37
= WY e 27
— _|sm2 R\
N 2= RN 0 T
= [o027 W N 772
£_3__ \\ \‘\\gif/z .
— KR (H,z)} =2 kh=3.57 NN 9772
-4 —=— K¢l (8,2) AN 4 -
T- \ \“‘:::::_~_,.
ka=2, kh=o0 \
07~ I TN N TN VOR UV Y N S S T T R A B
0° 30° 60° 90° 120° 150° 180°

Fig., 112, Theoretical transverse distributions of real and imaginary parts

of Kz(e,z) on tubular cylinder; E~polarization.

204



values of kz of 0,57, 1,57 and 2.5n, as well as 0, 2n and 37. Also shown
are the transverse distributions when kh = =, These resemble some of the
distributions with a finite length in certain respects, but differ substan-

tially in other respects.

The theoretical surface density of transverse outside current Ke(e,z)
is shown in Fig. 113, At the top are the transverse and axial distribu-
tions of the magnitude and phase of the transverse component of current; at
the bottom are the real and imaginary parts referred to the field along the
axis. The transverse distribution of ,Ke(e,z)[ is seen to have two dis-
tinct maxima, the larger one near @ = 50°, the smaller one near 6 = 130°
with a phase difference between them near 180°, i.e., the currents at these
locations are instantaneously in opposite directions around the cylinder.
The axial distribution of IKe(e,z)| shows the expected rapid decrease in
amplitude at increasing distances from the open end, rmuch as with thinner
cylinders, With E-polarization this component of current is generated en-

tirely by reflections at the open end.

The Fourier coefficients A(kz) through E(kz) of the axial outside cur-

rent,

Kz(e,z) = A(kz) + B(kz)cos 6 + C(kz)cos 26 + D(kz)cos 38 + E(kz)cos 406 (73)

are shown in Fig. 114. As is to be expected with ka = 2, by far the larg-
est component is B(kz) = BR(kz) + iBI(kz) in both its real and imaginary
parts. Next in size is C(kz) and then A(kz). With ka = 1 only A(kz) and
B(kz) have significant resonant parts; C(kz) and D(kz) are entirely forced
components with constant amplitude except near the open end. With ka = 2,
A(kz), B(kz) and C(kz) have resonant parts superimposed on the constant
forced components. Beginning with D(kz), the Fourier components are char-
acteristic of purely forced currents. With ka = 1 the first four terms are
sufficient; for comparable accuracy with ka = 2 the first five or six terms

must be retained.

3. THEORETICAL CHARGES AND CURRENTS WITH H-POLARIZATION

In order to understand the induced currents and charges on the hori-

zontal member of crossed cylinders, the theoretical distributions on an

205



[+] (4] 6 [} (4]
< 0 1 GIO | — ]'ZIO T T 180
€ 2f kz=3.257 ka =2 §:40°
= ' kh=3.57 80
o 37
= Ir
x
o=z e
OO
gt — ?—-\‘\\\\\‘\\
-180°}- |
-3600 | | | | | : |
0 057 /A 1.57 Y4/ Y/ RY/A 3.57
| kz=3.257 kz IN RADIANS N
— KgRr(6,2) :
= Kpr(6:2) |
/I’_\\\ -
> g \\\ -
S )~ L nE S N O N
=< il R
E VYVINNT T 97NN e —
S';: _
(= )
S i
2 _
kh=357 _
. _
. N3.257 7 -
T R R A T R R SR TR S R S N
0° 30° 60° 90° [20° 150° 180°

Fig. 113.

8

on tubular cylinder; E~polarization.

206

Theoretical surface density of transverse outside current Ke(e,z)



| L | I i i | | I — |
7\ kh:
4 ,-Bl ka=2 // \\ 1°
RN kh=3.57 / \
/ / \
/ \ /
3 y \ / \ 4B
\ \ |—=
/ \ /
mA/V / \ / \
) // \\ // \
— lw
- \\__/ \
\
1 A AR ~
_DB__._ _ _R_ ......... _ : 7 AR.DR
E1 A
= e S o b AN, N 1=
O ERV\ T~ / I ._ AEI
e — e S — |
0”7 _\\\ CIM’/ or | "
L e N 7 7 |BR
-1 ) =TT ~"\\\\ /’,’ / ,// ——-C——
s oo ) Gy T
7 N CR
L~ N ‘~¢_—’
-9 \_.BR ~—- —
{ 1 1 1 [ i | ! ! I I
0 T 2 kYA
kz IN RADIANS

Ky (8,2)=A(kz) +B (kz)cos 8+C(kz) cos 2 8+D(kz)cos38 +E (kz) cos 48

Fig. 114, Fourier coefficients of surface density of axial outside current on

tubular cylinder; E-polarization.

207



isolated cylinder in an H-polarized field are useful. Since the general
nature of the distributions with H-polarization is more clearly deduced
from longer cylinders than the shorter ones (k& < 2m) actually used for the
arms of the cross, it is convenient to study them with k& = 3,57 and ka = 2,

With the incident field characterized by E:nc and Hinc’ the cylinder is now

[

oriented parallel to the x-axis and extends from x = =% to x = 2. The mag-
nitudes of the theoretical induced outside currents are shown in Fig. 115

with the axial component

Kx(e,x)i at the top, the transverse component
|Ke(6,x)| at the bottom. It is seen from the scales that iKe(e,x)l at its
greatest at 6 = 0° is about 9 times as large as |Kx(6,x)| at 8 = 60°, kx =
0.5m. IKe(e,x)| is almost constant for each value of 6 from kx = 0 at the
center to kx quite close to the open end. It is largest at 6 = 0° in the
shadow, decreases to virtually zero at 6 = 60°, and then rises again to a
slightly smaller maximum at 6 = 180° on the illuminated side. The phase
angle et of Ke(e,x) is virtually the same for all values of kx from zero to
near k& = 3,5m; it is shown in Fig. 116. Note that in its dependence on 6
et is fairly constant from 6 = 0° to 6 = 60° where it drops abruptly by
about 180° as is typical of standing-wave distributions. lowever, from 6 =
60° to 8 = 120° the Phase changes almost linearly as for a traveling wave
(in this case a creeping wave around the shadow boundary at 6 = 90°). It
then changes relatively little from 6 = 120° to 6 = 180°, Evidently the
transverse current oscillates predominantly as a standing wave in the sec-
tors -60° < 6 < 60° in the deep shadow and 120° < 8 < 240° on the illumi-
nated side; it behaves like a traveling wave in the sectors 60° < 6 < 120°

and 240° < 6 < 300° which include the shadow boundaries at 6 = 90° and 270°.

The much smaller axial component of current Kx(e,x) has a typical axial
standing~wave pattern that is independent of 6 in its shape but has a maxi-
mum amplitude near 6 = 60° [where Ke(e,x) 2 0] and zeros at 6 = 0° and 180°
[where Ke(e,x) has maxima)]. The phase angle ex of Kx(e,x) is also shown in
Fig. 116 as a function of 6 near the maxima at kx = 0.57 and 1.57 in the
axial standing-wave pattern. ex is seen to vary with 06 in substantially the-
same manner at the two values of kx and to differ by about 180° from kx =
0.57m to kx = 1.5n. This indicates that the axial current is instantaneous-
ly oppositely directed at the two standing-wave maxima as would be expected.

The change in ex from the center of the shadow to the center of the illumi-

nated region is only about 90°,
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The theoretical magnitude of the surface density of outside charge as-
sociated with these currents is shown in Fig. 117 as a function of kx with
@ as the parameter, in Fig. 118 in a contour diagram. The axial standing-
wave pattern in Fig., 117 is determined almost entirely by aKx(e,x)/ax
[since Ke(e,x) is almost constant in x], the transverse distribution by.
aKe(e,x)/ae. Note that its amplitude is largest at 6 = 60° where Ke(e,x)
is zero. Thus, the transverse currents oscillate as sheets over the entire
length to locate ridges of charge along the axial lines 6 = *60°, and nulls
along the lines 6 = 0° and 180°. Simultaneously, the axial currents have a
superimposed axial standing-~wave pattern with relative minima near kx =
0.57, 1.57 and 2.5w, maxima near kx = 0, 7 and 2w, With ka = 1, the ridges
of charge are along 6 = #90°, and the transverse currents have codirectional
maxima (oppositely directed with respect to 8) across the lines 8 = 0° and
180°. With ka = 2, the ridges of charge are at 6 = *60°, and the transverse
currents have almost oppositely directed maxima (same direction around the
cylinder with respect to 6) across the lines 6 = 0° and 180°. The phase re-
versal with ka = 2 is a consequence of the traveling-wave sectors between

about 8 = *65° and 8 = %£125° — these are absent when ka = 1,

The axial and transverse components of current can be expressed as

sums of Fourier components as follows:

Kx(e,x) = i[Bﬁ(kx)sin 8 + C;I(kx)sin 20 + ...] (74)
Ke(e,x) = BH(kx)cos 0 + CH(kx)cos 20 + DH(kx)cos 30 + EH(kx)cos 40
+ FH(kx)cos 50 + .e. (75)

The Fourier coefficients Bﬁ(kx) and Cﬁ(kx) for Kx(e,x) with H-polarization
are shown at the top in Fig. 119; higher-order coefficients are negligible.
The corresponding coefficients BH(kx), CH(kx), ooy FH(kx) for Ke(e,x) with
H-polarization are shown at the bottom in Fig., 119; higher—order coeffi-
cients are negligible. The coefficients EH(kx) and FH(kx) are largely in-
dependent of x except in the quarter wavelength near the open end where they
reduce to zero. The representation of the current on a cylinder with ka = 2

in an H-polarized field is significantly more complicated than when ka = 1,
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4, MEASUREMENTS ON SINGLE CYLINDER; E~POLARIZATION

In order to avoid the excitation of possible internal waveguide reso-
nances in crossed cylinders with ka = 2, it was deemed advisable to cap all
of the open ends. Actually, owing to the relatively thick walls (1/4 in.)
of the tubes, the inside electrical radius is kai = 1.83 when the outside

is ka = 2. Since the cut-off radius for the TE,. mode is kac = 1,84, the

inside radius kai of the cylinders used in the iiasurements is slightly be-
low cut—-off, while that in the theory (with its infinitely thin, perfectly
conducting tube) is well above cut-off. As a consequence, the inside wave-
guide currents and charges actually excited in the experiments with kai =
1.83 are quite small compared with those calculated theoretically with kai
= 2, In fact, just as in Section V for ka = 1, the effect of an end cap on
the measured current and charge densities is quite small. This is shown in
Fig., 120. At the top are the measured magnitudes of the current density
Kz(e,z) at © = 0°, 120° and 180° with open and capped ends; at the bottom
is the charge density |n(6,z)| at & = 0° and 180°. The differences between
the graphs for capped and open ends are minor. Note that the amplitude of
the current in the shadow (8 = 0°) is only about one quarter of that on the
illuminated side (8 = 180°) — a condition quite different from the corre-
sponding theoretical curves in Fig. 111, Note also that the outside cur-
rents at the end z = h are not zero. When the end is open, the outside ax-
ially directed current continues over the edge to become an equal and op-
posite inside current. This is rapidly attenuated when the radius kai is
below cut-off. When the end is capped, the outside axial current becomes a
radial current on the flat end cap. With the end open the inside currents

would be quite different if the TF mode could propagate in the tube with

11
kai > kaC as in the theoretical curves with ka = 2 shown in Fig. 111. The
close coupling between inside and outside charges at and near the open end
would lead to modified outside current and charge distributions. These do

not occur in the measurements because ka, < kac.

i
Figure 121 shows the measured axial distributions of the magnitude of
the outside charge density n(8,z) on a monopole cylinder with ka = 2, kh =
3.5m, and a capped end for values of 6 from 8 = 0° in the center of the
shadow to 6 = 180° in the center of the illuminated region. The associated
phase distributions are in Fig., 122. A comparison with the corresponding

theoretical distributions in Figs. 108 and 109 shows complete agreement in
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the shadow region, 0° < 6 < 80°, The axial distributions are also very
much like those with ka = 1 and kh = 3.57 given in Figs. 65 and 66, but the
amplitude of the standing-wave pattern when ka = 2 decreases to a minimum
near 0 = 90° which does not exist when ka = 1. In the illuminated region,
100° < 6 < 180°, the measured axial distributions in Figs. 121 and 122 dif-
fer substantially from the corresponding theoretical ones in Figs. 108 and
109. The three ideally almost uniformly spaced theoretical maxima and min-
ima are greatly distorted in the measured graphs with corresponding differ-
ences in the phases., Although the distortions from the ideal differ signi-
ficantly in shape from those for ka = 1 in Figs. 65 and 66, they are no
doubt also due to the spherical instead of planar wave front of the inci-
dent field. The incident electric field tangent to a spherical wave front
has a component perpendicular to the surface of the cylinder — which is ab-
sent with a normally incident plane wave — that distorts the normal stand-

ing~wave pattermn.

The measured distributions of the axial component of current on the
cylinder with ka = 2, kh = 3,57 are shown in Fig. 123, As expected, they
differ appreciably from the theoretical values shown in Fig., 111 since they
are not coupled to a large inside current in the TEll waveguide mode as are

the theoretically calculated currents.

The theoretical and measured graphs of the surface densities of charge
and current on a tubular cylinder with ka = 2 are not in as good agreement
as the corresponding graphs with ka = 1 because they are not strictly com-
parable, The fact that a large propagating inside current in the TE11 mode
is excited in the infinitely thin~-walled tubular cylinder to which the
theory applies, but is not excited in the cylinder used in the measurements,
necessarily involves major differences. In comparing currents and charges
on single cylinders with those on the vertical member of crossed cylinders,
reliance will have to be placed primarily on the measured values rather
than the theoretical ones, although the latter are useful in providing a

general overview.

5. MEASUREMENTS ON CROSSED CYLINDERS; THE VERTICAL MEMBER

The studies of crossed cylinders with ka = 1 were carried out on a

vertical cylinder with kh = 3.57 mounted on a ground plane., The horizontal
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member had equal arms with successive axial lengths of k& = w, 1.57 and 2%
and was located successively at kh1 = 27 and 2.57 (Section VI). The corre-
sponding measurements on crossed cylinders with ka = 2 and kh = 3.57 are
more limited owing to the larger electrical diameters of the tubes for
which the electrical diameter 2ka is 4 instead of 2. When the horizontal

arms are centered at kh, = 27, their bottom is only at the electrical dis-

tance (27 - 2) = 4.28 ridians or at an actual distance of 0.68\ from the
ground plane., This is rather close, and coupling to the image at 1.362 may
have significant effects. On the other hand, with kh1 = 2,57 the section of
the vertical cylinder above the cross is too short to permit meaningful
measurements on its surface except on the central illuminated and shadow
lines, respectively, at 6 = 180° and 6 = 0°., Since the behavior of the
charge density and current density near the open end is quite well under-
stood, this is not a serious difficulty. Accordingly, the measurements on
crossed cylinders with ka = 2 have been made with khl = 2.5m. The arms-
were chosen to have the longest length used with ka = 1, viz., k& = 2w,

The measured distributions of the magnitude of the axial component of
the current density Kz(e,z) on the lower part of the vertical cylinder are
shown in Fig. 124, They resemble the corresponding currents on the iso-
lated cylinder in Fig. 123 in general shape and magnitude. Note that both
with and without the horizontal arms, the magnitude is about three times

180°) as in the shadow (8 = 0°); the

1

as large on the illuminated side (©
standing-wave ratio is much greater in the shadow. An interesting differ-
ence is the appearance in Fig., 124 of current maxima instead of minima for
most values of 6 at kz = 0., This is a consequence of the presence of the
horizontal arms which effectively change the conditions of axial resonance
by providing large reflecting surfaces. In Fig. 124 the measured graphs
have been extrapolated to the junction with the horizontal member. The

parts of the graphs in broken lines are, therefore, estimates only.

The distribution of charge density on the vertical cylindeg_;s shown
in Fig. 125, Below the horizontal arms it is remarkably like tﬁgﬁiéeal
theoretical distribution shown in Fig. 108 in both shadowed and illuminated
regions. The distortion of the curves in the illuminated region — which is
observed in the measured curves in Fig. 121 for the cylinder without the

cross — is completely absent. A similar effect was noted for the crossed
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cylinders with ka = 1. Evidently, the contribution to the electric field
near the vertical cylinder by the adjacent currents and charges on the
horizontal arms cancels the effects of the spherical wave front and pro-
vides distributions substantially like those expected with an incident
plane wave (Fig. 108). The graphs in Fig. 125 have been extrapolated to
the junction lines between the horizontal and vertical cylinders, where the
charge density must vanish at the sharp inside corners. These exist all
along the junction lines except near 6 = 0° and 6 = 180°, A contour dia-
gram showing surfaces of constant charge density, constructed from Fig.
125, is shown in Fig. 126. Clearly visible are the ridges of the charge
density around the cylinder at kz = 0,57 and 1.57 with maxima in both the
shadow (6 = 0°) and the illuminated region (6 = 180°). The charges at 8§ = 0°
and 6 = 180° have opposite signs and there is a deep minimum (null) between

them at 6 = 90°,

6. MEASUREMENTS ON CROSSED CYLINDERS; THE HORIZONTAL ARMS

The measured surface density of charge on one of the symmetrical hori-
zontal arms is shown in Fig., 127; the associated contour diagram is in Fig.
128. Although the actual distance from the junction lines of the cross to
the nearest approach of the movable probes is the same as for ka = 1, the
electrical distance with ka = 2 is twice as great. The range over which
estimated curves are needed is, therefore, relatively much larger. It ex-
tends from the nearest measurements (at x = 17 cm) to the junction lines
(where the charge density vanishes) which are located between x = 0 and
about x = 8 cm. The broken-line parts of the graphs in Fig. 127 represent
the estimated locations which provide the consistent and smoothly varying

contours of constant charge shown in Fig., 128,

As in the theoretical graphs in Figs. 117 and 118 for an isolated cyl-
inder with ka = 2 in an H-polarized field, the measured charge density on
the horizontal member of the cross increases to maxima at the points ¢ =
60° and 300°, x = . Along the line & = 60° in Fig. 117 (and 6 = 300°) it
increases with a superimposed axial standing wave from kx = 0 to kx = k& =
3.5m, If the measured charge distributions in the electrical distance
within 1.5w of the open end in Fig. 127 are compared with the corresponding

theoretical distributions on the isolated cylinder in Fig, 117, they are
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seen to be in general agreement in the shadow region within the requirement
that the charge vanish at the junction line. However, in the illuminated
region there is a very significant difference in that in the measured data
for the cross the maxima of charge move from the lines 8 = 60° and 300°
near and at the open end toward the illuminated side as the cross is ap-
proached. Thus, as seen from Fig. 128, the maxima of the charge density
occur near 8 = 120° and 240° in the range 0.5m < kx < 1.57 and approach

to within 20° of 6 = 180° near kx = 0. The effect of the presence of the
vertical cylinder in moving the charge maxima from their normal positions
with ka = 2 near 6 = 60° and 300° toward the illuminated side is consistent
with the very similar effect for crosses with ka = 1., 1In this case the
maxima of the charge density are moved from their normal positions at 6 =

90° and 270° toward the illuminated side.

The measured current density on the horizontal arms of the cross is
shown in Figs. 129 and 130 for the two components, Ke(e,x) and Kx(e,x).
The magnitude of the larger, transverse component Ke(e,x) is shown in Fig.
129. As on the isolated cylinder (Fig. 115, bottom), this component of
current is quite constant in amplitude with respect to kx with only a small
oscillation until quite close to the open end where it rises somewhat. The
measured component IKX(e,x)l on the horizontal member of the cross is shown
in Fig. 130; it has an axial standing-wave pattern much like that on the
isolated cylinder (Fig. 115, top). This is associated with the related
axial standing wave of the surface density of charge shown in Figs. 127 and

128.

7. CONCLUSION

The study of crossed cylinders with ka = 2 is complicated by the ex-
istence of a propagating TE11 waveguide mode in the interior of the theo-
retically assumed infinitely thin-walled model and its absence in the ac-
tual cylinders with an inside radius slightly below cut-off. However, the
theoretically determined outside currents and charges have distributions
sufficiently like those that would obtain if there were no coupling to a
propagating interior mode to be useful in the interpretation of measured
distributions on single cylinders in both E- and H-polarized plane-wave

fields and on crossed cylinders with the vertical member in an E-polarized
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field, the horizontal arms in an H-polarized field. Except for changes in
the transverse distributions resulting from the larger circumference, the
current and charge densities on single cylinders and crosses with ka = 2
resemble those on the corresponding elements with ka = 1., The analytical
representation for single cylinders in terms of a sum of transverse Fourier
components is complicated by the requirement of several more terms in order
to achieve sufficient accuracy. The use in the measurements of an incident
field with a spherical instead of a planar wave front leads to differences
entirely comparable to those encountered with thinner cylinders. They are
limited essentially to the charge-density distribution on the illuminated
side of the cylinder where the ideal axial standing-wave pattern is dis-
torted significantly when monopole cylinders with electrical length of kh =
3.57 are used in a field originating 7.5 wavelengths away. This sensitivi-
ty of the charge density on the illuminated side to the nature of the inci-
dent wave front provides a useful tool for determining the degree to which

a given field approximates a plane-wave front.

Theoretical and measured currents and charges on cylinders and crosses
with ka = 1 and ka = 2 suggest that it should be possible to obtain a rough
general picture of the distributions of currents and charges on cylinders
with ka greater than 2, e.g., ka = 3 or ka = 4, from a study of the theo-
retical outside currents and charges on single cylinders with these values
of ka. However, a set of measurements on single cylinders with the same ka
and with capped ends should be made in order to determine the relative sig-
nificance of the coupling to inside propagating modes in the theory and of
the radial currents and associated charges on the experimentally used end

caps.
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SECTION VIII

ELECTRICALLY THICK CYLINDER CROSSED WITH A FLAT PLATE IN A NORMALLY INCIDENT,
PLANE-WAVE FIELD, MEASUREMENTS;
Cylinder Dimensions: ka = 1, kh = 3,5m, khl = 2,57
Plate Dimensions: k& = 1.57, kL = 0.57, kT = 0.054m

1. INTRODUCTION

A systematic study of the distributions of current and charge induced
on crossed metal structures was begun with electrically thin wires for
which complete analytical (refs. 3 and 5) and experimental (refs. 1 and 2)
solutions were obtained. The study was continued with crossed electrically
thick tubular cylinders for which no theoretical analysis is available so
that a primarily experimental investigation was carried out (Section VI),
However, theoretical distributions of the currents and charges on isolated
tubular cylinders with arbitrary lengths and radii were evaluated (Sections
IIT and V) with E- and H-polarized illuminations both for standardizing the
techniques of measurement (Section IV) and for interpreting the experiment-
al observations on crossed cylinders. The initial measurements were car-
ried out using cylinders and crossed cylinders with ka = 1, These were ex-
tended to cylinders and crossed cylinders with ka = 2 (Section VII) so that
a fairly complete description of the distributions of current and charge on

electrically thick crossed cylinders has been completed.

The next major step in an approach to a model of an aircraft is a
study of the currents and charges on the surfaces of an electrically thick
circular cylinder with a transverse member consisting of a flat plate as
shown in Fig. 131, The vertical cylinder has a radius a and a length h
above a large ground screen. The horizontal plate extends out equal dis-
tances £ from the surface of the cylinder. 1Its width is 2L and its thick-
ness T. The plate is centered at the height h1 above the ground plane. In
carrying out the measurements, dimensions corresponding to those used with
crossed cylinders were selected. Specifically, for the cylinder: ka =1,
kh = 3,57 and khl = 2,573 for the plate: k& = 1,57 so that k(2+a) = 1.82mw,
kL = 0.57 and kT = 0,0547. With the origin of coordinates on the ground
plane at the center of the cylinder, the cylinder extends from z = 0 to z =
h and the center line of the horizontal plate crosses the axis at z = hl'

The flat plate extends in the horizontal x-direction from x = -(2 + a) to
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x = ~-a and from x = a to x = £ + a; in the vertical direction it is bounded

by z =h, — L and z = h, + L. The incident plane electromagnetic wave

1 1
travels in the direction of the positive y—-axis with the electric field
Einc = ;E;nc and the magnetic vector ﬁinc = iB;nc. The propagation vector

k= yk. The angle 6 is measured around the z-axis from the positive y-axis
so that the line 8 = 0°, p = a, is at the center of the shadow; the line

@ = 180°, p = a, is at the center of the illuminated region.

2. MEASUREMENTS

The measurement of the two components of the current density and the
charge density on the crossed cylinder and plate were carried out in the
same general manner as with crossed cylinders and with the same apparatus
(Section VI). Slots with closed backs for the traveling current and charge
probes were cut at the angles 6 = 0°, 20°, 40°, 60°, 75°, 105°, 120°, 140°,
160° and 180° along the entire length of the vertical cylinder. Similar
slots in the horizontal element extended from kx = ka = 1 to kx = k(a + %)
=1+ 1.57m at kz - 2,571 = ~1.44, -1.22, -0.65, O, 0.65, 1.22 and 1l.44. All
slots were kept covered. Measurements were made on the illuminated side of
the horizontal plate when the slotted section pointed in the direction of
8 = 270°, on the shadow side when the slotted section pointed in the direc-

tion 6 = 90°.

3. MEASURFED DISTRIBUTIONS OF THE CHARGE DENSITY ON THE VERTICAL CYLINDER

The charge-density distribution measured along the vertical cylinder
is shown in its magnitude ln(e,z)l in Fig. 132, in its relative phase angle
9n in Fig. 133, both as a function of the distance z from the ground plane.
A contour diagram of the magnitude of half of the cylinder is shown in Fig.
134, In each figure the location of the horizontal plate is indicated
schematically. When compared with the corresponding distribution for the
isolated cylinder in Fig. 65 (Section V), it is seen that the presence of
the horizontal plate has a relatively very small effect in modifying the
amplitude [n(e,z)f except very close to the junction lines where the charge
density drops to zero. In particular, and as compared with the theory for
the isolated cylinder, the normal second maximum near kz = 1l.5m on the il-

luminated side (8 = 180°) is wvirtually absent with and without the horizontal
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plate. As shown in Section V in conjunction with Fig. 70, this is due

to the use of an incident spherical wave in the measurements instead of the
plane wave assumed in the theory. At moderate distances from the junction
the distribution of |n(6,z)| with a horizontal cylinder in place of the flat
plate, shown in Fig. 89 in Section VI, is also quite similar when k& = 1,5m,
For this length of the arms, the coupling between the charges on the hori-
zontal member and those on the vertical cylinder is quite small, so that the
dominant electric field acting along the illuminated side of the vertical

cylinder is simply the incident field.,

The relative phase angle en of n(6,z) shown in Fig. 133 differs from
that shown in Fig. 90 for the same cylinder with a horizontal tube instead
of a plate both on the illuminated side and on the shadow side especially
in the range 1.5m < kz < 3m. Much of this part of the vertical cylinder is
behind or in front of the horizontal member where the shielding and reflect-
ing effects of the tube with ka = 1 are understandably different from those
of the plate with kL = 0.5w. Illowever, this difference is sufficient only
to modify the relative phase without much effect on the distribution curves

of the relative amplitudes.

The features of the distribution of charge on the vertical cylinder
are particularly evident in the contour diagram in Fig. 134. This shows
the typical ridges of maximum charge at kz = 0.57, 1.57 and 2.57 with mini-
ma between them near kz = w, 27 and 3w. The main evidence of the presence
of the flat plate is the deep minimum all around the plate. The junction

line is, of course, a line of zero charge density.

4, DISTRIBUTION OF CHARGE ON THE HORIZONTAL FLAT PLATE

The measured distributions of the magnitude of the charge density
In(x,z)| on the illuminated and shadow sides of the horizontal flat plate
are shown in Fig. 135 as functions of the electrical distance k(x - a) from
the surface of the vertical cylinder; the corresponding phase angles en are
in Fig., 136. The phase angles as a function of the electrical distance
kz - 2.57 from the horizontal center line are in Fig. 137. They show that
in both amplitude and phase the standing-wave patterns on the illuminated
and shadow sides are almost identical. Horizontally along the plate the

magnitude of the charge density begins with zero along the junction line at
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kL = 0.5m, kT = 0,054mw.
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x = a, rises to a maximum at k(x - a) = 0.5wn, decreases to a minimum near
k(x - a) = 0.75%, and rises to a much higher maximum at the free end,

k(x - a) = k& = 1.57. In the vertical direction |n(x,z)| has a relative
maximum along the bottom edge at kz - 2.57 = -0.,57. It decreases to a min-
imum near the center at kz - 2,57 = 0 and increases to another maximum
along the top edge at kz = 2.5m = 0.5n. These distributions resemble those
in Fig. 97 for the crossed cylinders. The phase curves show that when the
two-dimensional standing-wave pattern has a positive maximum along the bot-
tom edge at kz -~ 2.57 = ~0.57, k(x - a) = 0.5m, it has a negative maximum
along the top edge at kz - 2,57 = 0.5n, k(x - a) = 0,57, Similarly, the
maximum at the bottom corner kz - 2.57 = ~0.57m, k(x - a) = 1.57 is positive,
that at the top corner kz - 2.5m = 0.57, k(x -~ a) = 1.57 is negative.

These standing-wave distributions are especially clear on the contour dia~
grams in Figs. 138 and 139. Note the large maxima at the corners on the
right and the much smaller ones at k(x = a) = 0.57 along the upper and
lower edges. MNote also the large areas with very little charge that extend
from the entire left side — the junction line with the vertical cylinder —
outward toward the free end. The actual minimum — shown in dashed lines —
is displaced downward from the horizontal center line, This is a conse-
quence of the asymmetry induced by the presence of the charges on the ver-
tical cylinder. These are, of course, not symmetric with respect to the

horizontal center line of the flat plate.

A complete picture of the distributions of charge magnitude on both
the vertical cylinder and the horizontal flat plate is provided by the full
scale contour diagrams of the illuminated and shadow sides in Figs. 140 and

141,

5. DISTRIBUTIONS OF CURRENT

As for both the isolated cylinder and the crossed cylinders, the cur-
rent density on the vertical member of the cylinder with crossed plate con-
sists essentially only of the axial component Kz(e,z) except near the open
end. The transverse component Ke(e,z) is negligibly small everywhere ex-
cept within a quarter wavelength of the open end where it rises steeply to
large values. The measured magnitude of the axial current on the cylinder
with the crossed flat plate is shown in Fig. 142 as a function of kz with ¢

as the parameter. The distributions resemble those for the isolated cylinder
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Fig. 140. Relief map of the magnitude of the charge densities n(8,z) and n(x,z)
on a vertical tubular cylinder (ka = 1, kh = 3,5mw, khl = 2.5mw)
crossed with a horizontal flat plate (k& = 1.5w, kL = 0.5w, kT =
0.0547), View of illuminated side. (|n| in arbitrary uwmits,)
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Fig. 1l41. Like Fig., 140 but viewed from shadowed side.
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in Fig. 64 in Section V and for the crossed cylinders in Fig. 98 in
Section VI. The range near the junction where this has a significant ef-

fect is, of course, much smaller with the thin horizontal plate than with

the horizontal cylinder.

The current density E(x,z) on the horizontal plate consists of two
components, the transverse part Kz(x,z) and the 1ongit?dina1 part Kx(x,z).
The former is excited directly by the incident field PG = EE;HC, the lat-
ter exists only because the horizontal member is finite in length with
charge concentrations at the open ends that excite longitudinal currents.
(On an infinitely long strip, Kx(x,z) = (0 when Einc = EEinc.) The magnitude
of Kz(x,z) depends on the magnitude of the incident field and on the elec-
trical width 2kL of the plate. In the measurements this was selected to be
2kL = 7 since the theory of the infinitely long strip (ref. 15) shows that
this width yields a transverse current with a maximum amplitude. This is
to be expected since in any resonant standing-wave pattern the distance be-

tween maxima of positive and negative charges is near a half wavelength.

The longitudinal distributions of the magnitude iKz(x,z)I of the
transverse currents on both the illuminated (8 = 180°) and shadowed (8 =
0°) sides of the plate are shown in Fig. 143 with k(x - a) as the variable
and kz - 2,57 as the parameter. Along the junction line on the left where
the charge density n(a,z) = 0, the current density Kz(a,z) = 0. With only
a very small superimposed oscillation, Kz(x,z) for each value of kz - 2,57
rises steadily with increasing x to a maximum near the open end. The dis-
tributions on both sides of the plate are similar, but the amplitude is sub-
stantially larger on the illuminated side. The associated phase angle ez
is shown in Fig., 144. The transverse currents on the two sides differ in
phase by an angle that decreases from the junction line at x = a to the
open end at x = a + £ where it approaches zero. The transverse distribu-
tion of Kz(x,z) at selected values of x is shown in Fig. 145 in both ampli-
tude and phase. It differs substantially from the ideal distribution on an
infinitely long strip with the same width (ref. 15) as a consequence of the
presence of longitudinal currents Kx(x,z), the amplitudes and phases of
which are shown, respectively, in Figs. 146 and 147. Although K (x,2z) has
a generally much smaller amplitude than Kz(x,z), it is very signzficant

near the edges at kz = 27 and 37 where it is comparable in magnitude to
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Kz(x,z). This is seen in Fig. 148 which shows the transverse distribution
of the longitudinal component Kx(x,z) in both amplitude and phase. The
former rises to quite large values at the edges. On the other hand, near
the horizontal center line Kx(x,z) is very small — so small that accurate
measurements of the phase were not possible. It is for this reason that

the curves for kz - 2.5m = 0 and 0.65 have been omitted in Fig. 147. Un-
like Kz(x,z), the currents Kx(x,z) on the two sides of the plate are almost
equal in magnitude and nearly in phase so that they individually go to zero
at the open end, i.e., KX(R + a,z) £ 0. Thus, there is a longitudinal
standing wave of the component Kx(x,z) primarily along and near the upper
and lower edges. In effect, these currents oscillate between the positive
and negative charge maxima at k(x - a) = 0.57 and 1.5w. Simultaneously and
partially superimposed on these maxima, there is a transverse standing wave of
Kz(x,z) across the width 2L of the plate. This is associated with the same
maxima of the charge density. The two overlapping distributions of the two
mutually perpendicular components of surface current combine to form a two-
dimensional standing-wave pattern in which the current density vector E(x,z)
changes in magnitude and direction. In general, it is elliptically polar-

ized.

6. CONCLUSION

The distributions of current and charge density on all of the surfaces
of a cross consisting of an electrically large tubular cylinder with a
transverse plate have been determined experimentally when the cross is
erected on a ground plane and illuminated by a normally incident, approxi-
mately plane wave. The observed distributions have heen compared with
those on crossed electrically thick cylinders and isolated cylinders. In
general, the currents and charges on a horizontal plate are less closely
coupled to the currents and charges on the vertical cylinder than are those
on a horizontal cylinder. The distributions are relatively simple and pro-
vide an interesting set of data for the development and testing of numeri-
cal methods. They are a useful approximation of the surface currents and

charges induced on an aircraft.
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