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I. INTRODUCTION

Over the past few years we have issued a number of reportsl-u
on the results of our investigations into the scattering characteris-
tics of axially slotted conducting circular cylinders subjJect to
irradiation by linearly polarized, plane, monochromatic electromagne-
tic waves. The only situation omitted from these reports is that
corresponding to the presence of a very narrow slot in the conducting
cylinder. We have in past publications declared that this case was
of sufficient interest to merit a report of its own. In this paper
we shall consider one phase of this problem and shall in the course
of these considerations demonstrate the significance of this particu-
lar problem. In the next section we develop the theory for the case
of arbi%rary incidence on the slotted conducting cylinder. At the
end of that development we shall point out a condition under which

we have a potentially hazardous degree of coupling of the incident
energy through the narrow slot. Following this we consider the

seemingly innocuous case of radlation polarized parallel to the

1. J. N. Bombardt & L. F. Libelo, "S.E.R.A. III.An Alternative
Integral Equation with Analytic Kernels For the Slotted Cylinder
Problem," HDL-TR-1588 Harry Diamond Labs., Washington, D.C.,
August 1972.

2. J. N. Bombardt & L. F. Libelo, "S.E.R.A. IV, Slotted Cylinders and
Cylindrical Strips In the Rayleigh Limit," HDLTR-1607 Harry
Diamond Labs., Washington, D.C., August 1972.

3. J. N. Bombardt & L. F. Libelo, "S.E.R.A. V. Surface Current, Tan=-
gential Aperture Electric Field and Back-Scattering Cross-Section
For the Axially Slotted Cylinder at Normal, Symmetric Incidence,”
NSWC/WOL/TR 75-39 April 1975.

4y, L. F. Libelo, A. G. Henney, J. N. Bombardt & F. S. Libelo,
"S.E.R.A. X.The Axially Slotted Infinite Cylinder-Internal and
Near Aperture Fields. Surface Current, Aperture Field and B.S.C.S.
FPor Intermediate Slot Angles," NSWC/WOL/TR 75-162 January 1976.

5
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cylinder axis and incident normal to that axis and symmetric with
respect to the narrow slot. We then proceed in part III to discuss
the experimental technique we followed to investlgate whether or not
this critical degree of coupling in the theoretilical case of an y
infinitely long cylinder also obtains for a real cylinder of finite
length but still possessing what appears to be characteristics of the
infinite cylinder. In part IV we compare our experimental results
with our theoretical predictions for the infinlte cylinder. We
further show experimental results obtained by varying the parameters
inherent in the diffraction problem. The filnal part of this report
is a discussion of the results obtained.

Before proceeding to the development of the formal expressions
we first present a brief review of the history of this particular .7

problem. This will help to cast the diffraction problem in its .

proper perspective. Sommerfeld5 was apparently the first person to
report on the diffraction of plane electromagnetic waves by a
perfectly conducting circular infinite cylinder containing a full
length axial slot. He formulated the solution for the internal and
the external fields in terms of series expansions. Only in the limit
where the slot arclength is small in coﬁparison to the wavelength of
the incident radiation did he attempt to actually evaluate the
coefficients in the series expansions for the fields. Using the

method of least squares he managed to derive analytic expressions

5. A. Sommerfeld, "Partial Differential Equations In Physics,"
pPp. 29, 159 Academic Press Inc. New York 1949.

et e et mm o wms e e . - - P VG o e AN S
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for the coefficients in this asymﬁtotic 1imit. Unfortunately he made
no attempt to actually evaluate numerically these series expansion
coefficients which explicitly give the diffracted fields. Morse and
Feshbach6 treated the same problem using approximate methods. They
also assumed series expansions for the fields. In their approach the
unknown series expansion coefficients were expressed 1in terms of an
integral of the unknown electric fileld over the slot. Approximate
sclution of this integral equation was achieved by their assuming
that the distribution of the electric field over the slot in the
axially slotted cylinder, is proportional to the electrostatic field
distribution over an infinite slot in an infinite plane. We have
shown that3’u this represents a rather good qualitative approxima-
tion to the slot electric field iﬁ the case of the incident radiation
polarized parallel to the cylinder axis. Morse and Feshbach were
able to derive an analytic result for the proportionality constant

at the midpoint of the slot. However, we are again unfortunate in
that they failed to furnish any numerical or experimental results

for the expansion coefficients which explicitly determine the

7,8

diffracted fields. Hayashi published another method for the

P. M. Morse and H. Feshbach, "Methods of Theoretical Physics,
Part II," p. 1387-1398 McGraw Hill Book Co. Inc., New York 1953.
S.E.R.A. V. J. N. Bombardt and L. F. Libelo, Ibid.

S.E.R.A. X. L. F. Libelo, A. G. Henney and F. 3. Libelo, Ibid.
Y. Hayashi, "Electromagnetic Field In a Domain Bounded by a
Coaxial Circular Cylinder With Slots," Proc. Japan Acad. 40,

305 (1964).

8. Y. Hayashi, "On Some Singular Integral Equations I," Proc.

Japan Acad. 40, 323 (1964).

~3 =W (@)
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formal solution of diffraction at a plane wave by a longitudinally
slotted infinite circular cylinder. Again he did not explicitly

9 restudiled

evaluate the flelds in the problem. Barakat and Levin
the problem at normal symmetric incidence of plane monochromatic
radiation polarized with the incident electric field parallel to the
cylinder axis. They used the least squares method of Sommerfeld.

For circumference to wavelength ratios of 0.25, 0.50, 0.75 and 1.00
they calculated the coefficients for three term electric field
expansions inside and outside the cylinder containing a 10° slot.

It should be noted that these circumference to wavelength ratios

are considerably beyond the cutoff of the lowest circular wavegulde
mode which lies at just beyond 2.404. They indicated that for values
of the ratio greater than about unity the Sommerfeld perturbation
method becomes numerically unreliable. They further concluded that
the method would yield reliable results only in the strictest Rayleigh
limit of very small slots and very long wavelength. Unfortunately
this prohibits applying the Sommerfeld least squares technique to the
study of narrow slot characteristlcs very close to the circular wave-

guide resonances. Applying the Riemann-Hilbert methodlo Koshparénok

and Shestopalovll appfoximately solved in analytic form the diffrac-

9. R. Barakat and E. Levin, "Diffraction of Plane Electromagnetic
Waves by a Perfectly Conducting Cylindrical Lamina," Jour. Opt.
Soc. Amer. 54, 1089 (1964).

10. V. P. Shestopalov, "The Method of the Riemann-Hilbert Problem
In the Theory of Diffraction Propagation of Electromagnetic
Waves,'" (Untranslated from the Russian) Izd. KhGU, Kharkov (1971).

11. V. N. Koshpar&nok and V. P. Shestopalov, "Diffraction of a Plane
Electromagnetic Wave by a Circular Cylinder with a Longitudinal
Slot," Zh. Vychisl. Mat.il Mat. Fiz. 11, 721 (1971).
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tion problem for a plane wave irradiating an infinite circular
cylinder containing a narrow full length axial slot. They considered
only the case where in the incident radiation the wave vector has
components only along the cylinder axis and in the plane through

that axis and parallel to the slot edges. The effect of radiation at
incidence off the cylinder axis was studied near the circular wave-
guide resonances. In the next section this property will be presented
in detail. They showed that even for a "non-resonant'" frequency for
the incident radiation resonant excitation could theoretically be
achileved by appropriately choosing the incident direction of the
electromagnetic wave. It should be noted that they did not perform
experiments to investigate these important theoretical predictions.

We finally cite another important study. Koshparénok et. al.12
extended the previous study to the same problem with emphasis now on
H-polarized radiation i.e. the incident H~field 1s polarized along
the slotted cylinder axis. In this investigation calculations were
carried out by the Riemann-Hilbert method for narrow slots. Further-
more, they experimentally investigated, using the 3.8-5.2mm band,

the excitation of the TE modes 1in a long circular cylinder with a
narrow slot. They were unable in their program of measurement to
investigate the TM modes for the slotted cylinder although they did
study the TE modes excited by incident E-polarized radiation. In

their paper we see the first empirical results obtained for the

12, V. N. Koshparé&nok, G. G. Polovnikov and V. P. Shestopalov, '
"Resonant Excitation of a Circular Cylinder with a Longitudinal
Slot By a Plane Wave," Sov. Phys.-Tech. Phys. 17, 1630 (1973).
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dependence of the resonant excitatlon in narrowly slotted clrcular

cylinders by off normal incidence of radiation at non-resonant

frequencies. In a subsequent paper we shall present detailed results
of our program of measurement of the effects of H-polarized incident
radiation on a narrow slotted cylinder.

One final introductory comment should be made. OQur theoretical
results near resonance that we present below were calculations made
by a high order method of moments application. In S.E.R.A. V.3 we
described this numerical method in adequate detall and shall not

explicitly repeat 1t here.

3. J. N. Bombardt and L. F. Libelo, S.E.R.A. V., Ibid. -

10
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II. THEORY s , : -
1. Arbitrary Incidence

Consider an infinitely long, perfectly conducting cylinder
of circular cross-section with radius a. Let the axis of this
cylinder coincide with the Z-axis of a reference coordinate system.
We assume that the cylinder has a longitudinal slot, running its
entire length, parallel to the axis. The angle this slot subtends
at the axis is denoted by ¢,. We shall assume alsco that the X-axils
of the reference rectangular coordinate system lies halfway between
the slot edges. Then the XZ-plane bisects the slot. Let us further
assume that a linearly polarized, monochromatic, plane electromag-
netic wave propagating in the arbitrary direction E<einc’¢inc) is
irradiating the slotted cylinder. The angle einc is the angle
between the unit vector n and the cylinder axls and, the angle ¢inc
is that between E and the XZ-plane. If the wavelength of the incident

radiation is A we have for the incident fields

'k+ -
> _ > -ikner
la) Einc(r) = eE, e
'k+ -
- > - .
1b) H,_ (r) = hHge ixner

inec
where the wave vector for the incident radiation is given by

-> ->
2) k kn

and

2T A

3) k

11
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Also the vectors & and h are respectively unit vectors in the dir-

ections of the incident electric and magﬁetic fields. We have
iwt

- assumed time dependence of the form e and shall suppress explicit
appearance of this harmonic exponential throughout this paper. We
show in figure 1 the corresponding geometry of the slotted cylinder
and the incident radiation. The angle, p, between the incildent
electric field and the line of intersection of the XY plane and the
plane of the wave front with unit normal vector n is called the
polarization angle. . By allowing this angle, p, to vary from 0 to 27
we can obtain any polarization of the 1ncident field propagated in
the direction of ;. In figufé 1 we illustrate the geometry for the

case of arbitrary incidence. If we consider the dependence on the

13
transverse coordinates we can write the expansion given by Stratton

«©

4 o~ikp sin einccos(¢-¢inc) =:z: (_i)meim(¢—¢inc) T _(kp sin @

m=—o

)

inec

In circular cylindrical coordinates we can then write for the

components of the incident filelds parallel to the Z-axis

i_
5) Ez = E, sin 0,

. .
. -ikz cosé m im(é=-¢, )
hoSinp e inc z (=1)"e inc Jm(kpsineinc)

m= =

13. J. Stratton, "Electromagnetic Theory," Sect. 6.10, McGraw-Hill
Book Co. New York, N.Y. 1941.

12
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Infinite Cylinder of Radius a
{ With Longitudinal Slot of

Angle ¢o. Cylinder axis is

coincident with Z-axis.

Incident
\Wave Vector

Portion of Incident Incident Electric
Plane Wave Front Field (contained
Within Slotted in Plane Wave
Cylinder ( g

2T=-¢ » Y

F-Tine of Intersection
| of Incident Plane
Wave Front and
XY¥-plane

AN
e
A

Figure 1. Geometry of Arbitrary Inclident Linearly Polarized
Plane Wave Irradiating Longitudinally Slotted
{ Circular Cylinder
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i_ ~ikz cos@, cm Im(¢=¢, ) .
6) HZ = Ho sinein cos p e 1no}£:(-1) e ine Jm(kp51nein )

C C

M= =

The remaining incident field components may then be found using egs 2
(5) and (6) and the Maxwell equations. As a result of scattering of
the incident radiation by the slotted cylinder we obtaln outside the

cylinder the total longitudinal fields

7) E<i)(r) = Ei (r) + E:(l) 0>a
8) H(;)(r) = Hi (r) + H§<l) p>a

where we have used the superscript (1) to denote the region exterior

@

to the slotted cylinder. Also E; and H; are the scattered field
contributions. Similarly interior to the slotted cylinder we have

the total longitudinal fields

9) 82 (r) =5l () + 8P (r) p<a
10) H2) @) = ul @) + 8P <a

where the superscript (2) has been appended to denote the region
inside the slotted cylinder. Now the scattered fields must vary
with the coordinate z in the same manner as the incident field.

They must be periodic in ¢ with period 2m and we can therefore

14
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expand them in Fouriler series as follows

[+

11) Ez (r)=E°e_lkZ cos einc 2 : Ezm(p)elm(¢'¢inc)
MS —co

12) HY (r)=Hee™tK® °08 84, Z Hzm(p)eim<¢-¢inc)

M= =00

The fields in{(l1l) and (12) must also satisfy the Maxwell equations.
Similar expansions hold for the remaining field components. Inside

the cylinder the fields are non-singular hence we can readily write

Jm(kp sin ein0>

13) £582) (o) = Aéz) sin 6,

si
zm St P

n .
Jm(ka sin einc)

J (kp sin 6, )
14) HS(Z) (p) = B(2> sin e.nccos p n L0C
Zm m * g (ka sin 6, )

inc

where the Aéz) and Bé2) are expansion cocefficients that still must
be determined. In the region exterior to the slotted cylinder the
fields must have Fourier radial parts of the same form as in egs (13)
and (14). Also we must have an outgoing cylindrical scattered wave

as p»», Then we have

15
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(1)
Hm (kg sin einc)

(1)
=Am sln einc sin p

15) E:£1)<o)

(1)
Hm (ka sin @ )

inc

(1)
H (kp sin o
16) H:él)(p) = Bél) sin 8 cos p I ine

ine -
Hél) (ka sin 8

)

inc)

where again the Aél) and B<l)

m are expansion coefficients that have %o

be determined. The expansion coefficients must be determined from
the boundary conditlons at the p=a cylinder. Now in the slot we must
have the same longitudinal component of field whether we approach the

slot from the inside or from the outside. Thus

17) 853 (a,4)

51 (a,)

Hs<2)(a

s(2)
18) H (a,9) 2

59)

for all values of ¢ in the slot. Consequently we have

(2) (1)

19) Am = Am

(2) (1)

20) Bm = Bm

for all values of m. We shall simply drop the superscripts and

henceforth merely write the expansion coefficients as Am and Bm.

16
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On the conductor we must have the radial component of magnetic field
vanishing. This is also true for the longitudinal component of the
gradient of the azimuthal component of electric field. We then have

at p=a using eqgs (9) and (13) and the Maxwell equations for gxg,

21) 2 m [Am+ (i)™ 3, (ka sin e, ) ] eimlo=b, 00 o

1/264 <¢<=1/2¢,

To facilitate the determination of the additional relations
generated by the boundary conditions at the slot or on the conductor
we shall merely enumerate the explicit forms for the remaining field
components. Their derivation is somewhat tedious and the details are

omitted. For the incident transverse electric and magnetic fields

we have
. . cose cos p
22) Hé(r) = Hoe_lkzcoseinc ne E (—1)Meim(d=d, o).
me(kpSiﬂeino) + Eoe-lkzcoseinc = sin p E (-1)"e im(o- =% ) .

m==x

(kp51neino),

17
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© . A
i -ikzcosé, . m im(¢- Y. )
23) H]p'(r) = -Hye inec (1coseinccos p)z (=i)"e ¢ %ine ‘
M= =
T
I (kpsin®, ) + E e tKZC0s8y o sin p Z( —1ymeimlo=b,, 0 |
m inc
pwi sine -

me(kpsineinc),

i ~-ikzcosH ad 1m( )
24) Ep(l") = -Eye inc icos8, sin pZ(-i)melm =93 ne

Y]

) - He~lkzcose, . 1 cos p E (—1yPeim(o=o, )

J_(kpsin®
m pwe sind. . no

inc

me(kpsineinc),

. coto, il \
25) Ei(r) = Eoe—lkzcoseinc ——EEEQQ sin p :2: (—i)%elm(¢"¢inc) )
m:—w

Jm(kpsineinc) - Hoe—ikzcosein03££2§i1 E: L(-i)meim<¢—¢inc) '

Jm(kpsineinc).

The transverse components of the scattered fields inside and outside

the slotted cylinder of radius a are

18
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' . . . cotb, sin p >
26) ESUI)(F)=p,etKZCOS8 0, ine :z: Ameim(¢—¢inc)m ‘

¢ kp =
(3) . ©
Z (kpsin8._ ) s o
m inc “Hge 1kzcoseinC ikecosp E B eim(¢—¢inc) .
we o

(3) .
Zm (ka51neinc)

3y .
Zm (kp51neinc)

(3)- .
Zm (ka51neinc)

o
s(3) 2y s -ikzcos#, . im(¢=¢, )
27) Ep (r) iEse€ inc cosein051n p E Ame inc
m:-co
(3~ .
yA (kpsin6,_ ) . ®
T Lnc - Hoe—lkzcoseinc cos P :E: Bmeim(¢_¢inc)m .
3) . . 4
Z, (ka31neinc) Wwe Slneinc —-c0

(3) .
Zm (kp51n6inc)

Z<j) (kasin®., )
m inc

. o cotb, cos p =z . _
28) Hz(J)(§)= Hoe Tkzeosd, o =1C E Bmelm(¢ Yine'm
kp

ms—cw

Zéj)(kpsine )

inc + iEoe-ikzcoseinc ksin p }E: Amelm(¢—¢inc) .
7830 (kasine, ) wi T
m inc

19
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)

(3)-
Zm (kpsineinc ’

(J)
Zm (kasineinc)

hd -

29) Hz(j)(§)= -iHoe-ikzcoseinc cosB, ,COS P :z: Bmeim(¢-¢inc) .

M=

(3
z " (kpsing )

ine + Eoe-ikzcoseinc sin p 1 }E:Ameim<¢'¢inc>m-

- ing
(3 S inc
Zm (kasineinc) o

(J)
Zm (kpsineinc)

(J)
Zm (kasinﬁinc)

In eqs (26) through (29) we have the interior components if J=2 and

the exterior components if j=1. For j=2 one has to repiace Zm( )
by the Bessel function Jm( ), whereas for j=1 the function Zm( )
must be replaced by the Hankel function Hél)( ).

Now the radlal component of the magnetic field is continuous

across the cylindrical surface, at p=a, over the slot. Then we have

e8¢ _ 2e8(2) _ a8t amE(L)
oz 9p 3z 3p

After some manipulation, substitution from egs (13), (14) and their
equivalents outside the cylinder, and eq (27) for j=1 and j=2 yields

the additional relation for the expansion coefficients Am
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[oe)

im(¢=¢,. )
30) Z Am e inc - &

M= =0 . (1) \
Jm(ka51n6inc) Hm (ka31n6inc)

To obtain eg (30) we had to make use of the Wronskian for Jm(X) and
Hél)(x). In much the same manner we obtain another relation for the

expansion coefficients Am by applying boundary conditions on the slot.

30 3 1" [y ¢ (<0 g (kasiney, )] e e = o

===

The detaills of the derivation of eq (31) are straightforward and
we have omitted them here. Similarly we can obtaln three relations

that the expansion coefficients Bm satisfy. These are

o]

32) :E: [Bm+(—i)m Jé(kasineinc) ]eim<¢‘¢inc> =0

m:—w

im(¢=~d.,
33) m3 o) o =0
e J_(kasin®, JH ~’ (kasin®, )
N B e 1% ne
34) :E: m =0

m=—c - (1)~ \
Jm(kasineinc)Hm (ka51neinc)
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Eq (32) is obtained from the boundary conditions applied at the
metal on the inside. Eq (33) and (34) are obtained at the slot by
applying boundary conditions. Agaln we have omitted the details of
the derivation.

Let us focus our attention on egs (21), (30) and (31) which
represent simultaneous relations that the infinite set of expansion
coefficients Am must satisfy. It is more productive to introduce

new forms for the unknown quantities. Thus we define

35) X

_sylm ~im¢,
n =M [Am+( i) Jm(kasineinc)](e inc for m¥o

36) X, [A°+Jo (kasine, _ )]

For additional convenience we also Introduce the quantity

1

37) g =1 -

m ﬂi|m|Jm(kasineinc)Hél)(kasine )

inc

It should be noted that g goes to zero like 1/[m{2 as mool? We can

then write, after some rearranging, in place of eqgs (21), (30) and

(31)

@K,

38) :E: Xmeim¢ = 0 for %¢°<[¢|gn

m=-—-x

14, A, Erdélyi, Ed. "California Institute of Technology, Bateman
Manuscript Project. Higher Transcendental Functions Vol. II,"
egs. (13) and (14) p. 87, McGraw-H1ll Book Co. Inc. New York

NY 1953.
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Xo

m¢ i
X e = = +
2 : m m 2 . (1)
K Jo(ka31neinc)Ho (kasineinc)
Zm -imq; .
Z Xm m om e M % <(B = e
= m=— (kasine C)
for I¢[<%¢o

X v/

m X
400 3 Tl ror |9]<3to

m=~

In egs (38), (39) and (H0) the prime on the summation sign indicates
that the summation index does not take on the value zero. Agranovich
et.al:.L5 have shown that egs (38), (39) and (40) are in standard form
for application of the Riemann-Hilbert method of solutlon for the
set of unknowns X, and Xm

By this procedure we can cast eqs (38), (39) and (40) in the
following form i.e. an infinite system of linear, inhomogeneous,

simultaneous equations.

15. Z. 8. Agranovich, V. A, Marchenko and V. P. Shestopalov,
"Diffraction of Electromagnetic Waves By Plane Metallic Gratings,"
Zh. tekn. Piz. 32, No. 4, 381 (1962).
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o u
Jo(kasineinc)Ho (kasinein ) .

c M= ™

~imd m
2 : e ineV. (u)
L (_i)m e + 2X_1Rn(u),

et (1)
m=- He (kasineinc)

o
AoVo(u)

ol 4
42) o0 = % + xm%‘”fli g Vo (u) -

(1)
Jo(kasineinc)Ho (kasineinc)

==

i " e-im¢inc\f§(u)
(-1i)

— (1) :
= Hm (ka51neinc)

+ 2X_ Ro(u),

o]
AoV _(u) ® *
g [m] m
+ § : X m ngG(u) -

inc) n==

i
“3) _A =
' Jo (kasing, )Hgl)(kasine

-im¢ m
Z e ineV_(u)
M= =00 H (kasineinc)

where the coefficients introduced into these equations are, for future

reference, the following
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1

44) R_(u) = -3 2 i
n‘4 = r do — :
J<el¢_el¢o/2)(ei¢_e—l¢o/2)
4
0,
= 521w = 2P (u)
m (n+l)
45) VR = —— [Pn(u)Pm+l(u)-Pm_l(u)Pm(u)] for n f m
- 1 1+u
}46) Rg(u) = —-Z—ln(-‘é-'-)

1+u

(u)—Zqu(u)+Pm_l(u)] ln<—§—> +

i
!
-
v
=
¥
| md

1
+ o [Pm(u)—Pm_l(u)] form > 1

o}

47y Vm(u)J E<l+u 1n<li5) for m=o

Hi
A~
[t
eI
g
N
—
]
TN
et
r\)|+
[t
N
+
TN
lC
ol
-
N——”
]
(@]
=
3
I}
f
s

1

< P_m(u)-ZuP_m_l(u)+P_m‘_2(u)] 1n (—1—‘;—2>

—5= [P_m(u)-P_m_l(u)] for m<-1
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In eqs (44) through (47) the functions Pn(u) are Legendre polynomials.

and the variable we have been using is

- 1
48) wu = cos(§¢o)

For the system of equations (32), (33) and (34) which determine the
remaining unknown expansion coefficients, Bm,a similar transforma-

tion can be effected by introducing new definitions. Thus if we

define
(-l)mmBme_im¢inc
49) Y = —/— Ty
Jm(ka31neinc)Hm (kasineinc)
and
i 2.° (1)~
50) Gm = 1 TET(kaSineinc) Jm(kasineinc)Hm (kasineinc)

where Gm+o like l/lm[2 as m+» we can obtain another infinite system
of linear, 1lnhomogeneocus, simultaneous equations. These are as
follows:

with the additional definition

51) Y. = BO/Jo(kasineinc)H§l) (kasine, )
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52) Yn = inY,(kasin® )2 J;(kasine. )H(l) (kasine )V (=u) +

inc

:z: Y l—i-G V (-u)-im(kasin®, )2 :E: (-1)"e1MPy e

1= == OO
m=—cw

-3, (kasing, )V (-w)+2Y_ R (-u),

[o]
53) 0 = -iﬂYo(kasine ) Jo(kas1ne )Ho(ka51ne c)Vo(-u) +

:E: Y L—l G V (=u)- 1ﬁ(ka51n6 2 :E: (-i)meim¢inc .

M| M= e

-Jm(kasineinc)v?(-u)+2y_lRo(—u>,

= o5 2.7 ; (1)~ . °
54) =Y, 1ﬂYo(kasineinc) Jo(ka31neinc)Ho (ka81neinc)vo(-u) +

oo / [e0] .
:z: leﬁl G V (=u)=- 1ﬁ(ka51ne 2 :E: (-i)melm¢inc

M= - m= =

-» ) m
I (kasinb, IV _(-u)+2Y_,R_(-u),

where the coefficients Rn(—u), Vg(—u), RG(-u), V?(—u) are defined
in equations (44) through (47). Now, however, we have the argument

- 1
~U==CO05%¢, in the expressions.
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For arbitrary values of the cylinder parameters and for an

arbitrary ilncident plane wave solution of the two systems embodied

in egs (38), (39) and (40) and also egs (52), (53) and (54) will =
yleld complete knowledge of the interior and exterior fields.

2. E-polarization and Arbitrary Incidence in Plane of
Symmetry Through the Slot.

In their study of the narrow slotted circular cylinder

Morse and Feshbach6 showed that resonance phenomena were not affected
by the choilce of ¢inc for the incident plane wave. They did not
investigate the effect on the resonances of the choice of einc'
Koshparénok and Shestopalov did look into this property and we shall
proceed to expound on this subject now.

We shall assume ¢inc=“ and p = 7/2. This results in setting

all z-components of the magnetlc field identically to zero everywhere.

This situation we refer to, in the more general sense, as E-
polarization. Thus we find that for an E-polarized incident wave the
scattered fields are determined solely by the expansion coefficients
Am. Note that we are now considering the plane wave to be incident

on the slotted cylinder toward the slot. We first note that from

eq (35) we have for ¢, =T

55} X m m
—%‘= (=1) [Am+(—i) Jm(kasineincﬂ

6. P. M. Morse and H. Feshbach, Ibid.
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Then since J_m(a)=(-l)me(a) we obtain upon replacing m by -m

X-m _ m ] .
- == (-1) [A_m+(—1) Jm(ka51neinc)]

Then we have

-m = ~¥p

56) X

57) A = A

-m m

To tidy up the appearance of some relations we introduce some new

notation,

58) OLm m

Then the total field components interior to the slotted cylinder

may be rewritten as

e J (kps:me:.L )

(2) =, _ . -ikzcos®, m ne’ .
59) E) (r)—EoSlneince inc E A 7_(¥asing, ) cos mo

m=0

x

to, . J_(kpsin® )
2) > COt%ine -ikzcoss, m inc .
60) E( (r)=2iE, —————— ¢ inc mo - sin m¢
¢ kp ~ m Jm(ka51neinc)
(2) = _ . -ikzcos8, Jé(kQSineinc)
61) Ep (r)= 1Eocoseinc e ine Z,knpm.J ISR cos mo
m=o m inc
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62) Hég)(F)s 0

)

J - : s
. m(kp81n8

2),> -ikzcos® ine
63) H< (r)y=1iHge inc z :a o cosme

b &ed"mm Jm(kasineinc)

. o J (kpsiné, )
21H, - m inc .
64) Hé2)<£~’)= o= ihe e ikzcoseincz :mm T _(kasing, ) " me
inc m=1
where we have
1 if m=0

65) e = )2 if m=0

and we have also used the relation
k ”e -1
66) Ho = H EQ = EEO = Zo EQ

where Z, 1s the free space impedance. Upon examination of eq (37)

we observe that

then we can write the following compact set of relations in place of

eqs (41), (42) and (43)

0

67) X, = :E: %omm * B

m=o0

where it can be shown
28

68) % m = _é_r_n_ ium_j(u) [Pj—n(u)_P3+n<u)] for n, m;éo

J=0

30
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-1
.V (u)
69) ¢ 5 = % n-1 : D for nto
Jo(kas1neinC)H° (kaSlneinc)
. In | (1+u)/2
70) Goo = -= [ ]

T . (1) .
Jo(ka31neinc)Ho (ka51neinc)

71)

Q
o]
I

g
n -—%[Pmm)-Pm_l(u)] mfo

We have in the above introduced the notation
1 for j=o
72) uj(u) ={-u for J=1
) Pj(u)—2tu_l(u)+Pj_2(u) for j>2

Of course P,(u) 1s still a Legendre polynomial of argument u=cos%¢o.

J

Furthermore the Bn in eq (67) are defined as follows

=) 1 m

i m
73) & T E f’i) o .(u) [P, _(w)-P.., (w)
- " & Hr(nl)(kasineinc) Z = [J-n j+n ]

d=0

; 1n [(1+u)/2] @ € [Pm(u>’Pm_1(u>]

1 oo m
+ bES (-1) T

T4) Bo =

Hél>(kasinein )

T (1)
He (kasinein ) °

c m=1

Although we have set up the general problem for arbitrary incidence

in the preceding subsection and reduced it to the case of ¢inc=ﬂ

31



NSWC/WOL/TR 76-39

and p=7/2 in this subsection we will nevertheless not proceed to
process the equations further toward the general solution in even
thls restricted situation. This is left as the subject of a future
paper. What we shall however consider is interior electric fields

in the significant case in which the longitudinal slot is very
narrow. We shall focus our attention for this situation on two cases
in succession. The first is when the values of kaSineinc are not too

close to the roots of the zero order ordinary Bessel function, J,o.

The second case we consider is when the values of kasin® are in

inc
fact close to the roots of J,. Let us proceed to these cases. We

begin with the observation that for kasin®d ~y_, where the v

inc sh sn

are the roots of the Bessel function Js(kasineinc), certain of the
coefficients A in eq (67) may blow up without bounds. For the

purposes of this paper we consider the specific case where:

kasin® and Jo,(kasinb

-> >0,
ine von inc)

Now the coefficients %o do not become infinite in all instances.

This is due to the fact that their numerators may go to zero at least

as fast as thelr denominators. Consider then a.., as given in eq (70).

We have to examine only

ln[%(1+u)] /Jo(kasineinc)

32
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For & narrow slot

2
75) 1n| 5(1+u)| = 1n£(1+005£¢o) = 1ncos?(Foo )+ Po/16
2 2 2 I

which for a 10° slot is about 0.002 in value. Left us write

ka51neinc=von + 8. Then we have for small 6

76) Jo(kasineinc) = Jo(von+6)erJl(von)

In turn we have

1ln %(l+u) - ¢§

77) ~
Jo(kasineinc) 166J1(von)

In the same way we can ilnvestigate SR from eq (69) for kasinGinc

. -1 .
values near Von. We merely need to consider Vn_l(u)/Jo(ka51neinc).

It is an easy matter to show from the definition of the Legendre

polynomial thatl6

n-1
- (3-u)
78) B (w-p_(w) = G=w 3]

(23+1)P, (u)
J=o ’

It can be shown readily enough that a good estimate for the Legendre

polynomials leads to

-1 n-1 5
v = B2 20 a5e1)p (w) £7%9/16
j=o

2n

16. I. S. Gradshteyn and I. W. Ryzhik, "Tables of Integrals Series
and Products," Sect. 8.91, Academic Press, N.Y., N.Y., 1965.
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and consequently

-1 2
Vn_:L(u) n¢o s

79) =
Jo(kasing, ) 1667, (v, )

Near the roots of Jo(kasineinc) the remalining oom coefficients are
well behaved.
Now let us conslder explicitly the case where the longitudinal

slot in the conducting cylinder is very narrow and kasin® takes

ine
on values that are not toc close to the roots of the zero-order
Bessel function of the first kind. That i1s we are considering the

situation for which

80) 45 <<8J (v ) i

For this situation all the coefficients On decrease rather rapildly

and eq (67) can be solved by successive approximation. We can
achlieve a good qualitative analysis of the fields interior to the
narrowly slotted cylinder by constraining ourselves to the following

approximatlion

«© (_i>m m_

L
81) an Bn = -7

Mg (W) [Pj_n(u)-PjJ,n(u)]

m=o Hél)(kasine ) Jj=o

inc

for n#o
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ln[%(l+uﬂ
H§1)(kasineinc

i ® e_ |P_(u)-P_ _(u)
82) Xo® By = 7%' ) + Z_iEZ(_i)m _m [m m-1 l
m=1

m (1) .
Hm (ka81n6inc)

It follows easily enough from eqs (81) and (82) that

¢ = In (m+l)
i 2f 7° m
83) X, <-= sin (7T>;g;("i) H<1>(kasine ) for nfo
m ine
and
. 3o \ m
84) X, < = sinz( ) e (-1)™
m K ;Z; m Hél)(kasineinc)

The series appearing in eqs (83) and (84) converge nicely and we

then have
2 2
85) X < constant x ¢5, X, < constant x ¢g

where the constants in eq (85) are finite and well behaved. We thus
have established analytically what we have seen earlier by numerical
calculation3’u namely far from certain values called resonance values
when the longitudinal slot in the circular conducting cylinder is very
narrow the electric field in the slot is very small. Simultaneously
the penetration of the field through the slot into the interior is

very strongly inhibited. We can also observe that analytically

3. J. N. Bombardt and L. F. Libelo, S.E.R.A. V. op.cit.
4. L. F. Livbelo, A.G. Henney, J.N. Bombardt and F.S.Libelo,3.E.R.A.X.
op.cit. '
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as the slot increases in slze the aperture fileld tends to increase.

The leakage field inside the slotted cylinder is stlll very small
but does increase wilth increasing slot angle. We also demonstraéé% 2
this by numerical means earlier.

We can now emphasize a very interesting characteristic that has
emerged from the theoretical manipulations. This 1s the fact that
even for frequencles of the incident field which do not coincide with
the circular wavegulde frequencies (which for narrow slotted cylinders
lie Qery close to the slotted cylinder resonances) by appropriately

choosing the angle of incidence 6 values of kasineinC can be

ine
attained such that resonant excitation of the slotted cylinder
results. For such cholces of the direction of incidence we have

¢§ >>6Jl(von). This situation in fact brings us to the second case

we wish to consider. We next proceed to investigate thls case in

‘II'k_/

some detail i.e. for kasin® near the roots of the Bessel functions,

£3
Jn( }, and the slot in the conducting cylinder is still a narrow one.

)

we can have coefflclents aij in eq (47) that are very large compared

inec

When kasin® is close to the wvalue of a root of Jn(kasine

inec inec

to unity. In this case the method of successive approximations no
longer can be safely relied upon to solve for the expansion coeffi-
cients in the series representations of the flelds. We shall
investigate this case in a different manner. For purposes of con-

venlence and emphasis we rewrite eq (47) as -

©

86) Xn = anoXo + :E; anmxm + Bn
m=
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Now we recall that the longitudinal slot in the conducting cylinder
is a narrow one. Then all the coefficients oo for n,m%o are small.
Consequently the system of equations with these % removed can be
solved by successive approximation. Writing the first approximation

in the form

88) X =a_ X + 8 for n # o

and substituting this into eg (87) we obtain an approximate expression

for XO.

fee]
(=)

89) X = Z o B+ B 1 - Goo T Zaomamo

om m ]
m=1 m=1

If we reexamine egs (59) through (64), the ekpressions for the com-
ponents of the electric and magnetic fields inside the slotted
conducting circular cylinder, we find that each non-vanishing one

contains the quantities

90) a, = ocm/Jm(kasineinc)

We can evaluate the leading terms in an expansion of a, in eq (90)
in powers of the narrow slot angle ¢o. In doing so we shall drop

all terms beyond ¢§. This essentially will be an expansion of the
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unknowns Xn, and 1n turn the field components themselves. First
consider X. By the definition of B, in eq (74) and egs (75) and

(78) we have

o«

(-1)7
91) Boz{ L - —31-2 /erEll)(kasineinc)}qbg

16785 (kasine, ) 87 4t

X constant - ¢§

Examination of Bn as defined in eq (73) and considering eqgs (78) and
(72) we note that for n%o the leading term in the Bn expansion will

be linear in ¢, and the next term will be of order ¢§. Thus

92) Snz constant ¢« d¢o

By eqs (37) for &y and (71) for Com and also egs (69) for S and

(79) we observe that

Nr 'Y u
93) aomamoa.constant bo

Hence we can drop the summations on aomamo and on aomsm'

examine ST We found that by egs (70) and (77) this goes as

Next we

2 2

i ¢O ¢O

94) 5% {- 8) } — = constant + —
l6nJl(von)Ho (ka31neinc) 8 §

Thus to second order in the narrow slot angle ¢, we have

0o = Xo ® Bo/(l=0g0)
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and hence

o B

a_ = r

Jo(kasinein ) [Jo(kasineinc)—aooJo(ka51neinc)]

)

c

or to second order in the slot angle ¢,

1 =)
. ( In|=(1+u) sy [P (u)-P__.(uw]
95) aoz}_{ [2 ] >+_J2._zl:(1;€m m m-1 }
m:

u (1) , (1)
HO (ka51neinc Hm (kasineinc)

5 ln[%(l+uﬂ
{Jo(kaSineinc) + Py ) =
HO (kas1neinc)
Note that if &<¢° we have
2 ‘ 2
constant -« ¢g 1 constant * ¢,
96) aO‘v - —l 2 = - 2
1 - constant” « 8 ~¢gq éJl(von) Jl(von)fé-constant cdgs ]
constant
= 3 ” X constant
Jl(von)<g§ - constant )
o]

Thus as ¢+0 and ¢, becomes very small but remains non-zero we find
that the quantity a, remains finite. This corresponds physically
to the infinitely sharp circular waveguide resonance near Von
becoming an ever so slightly broadened line with a relatively large
but finite amplitude when a very narrow slot is present in the

conducting circular cylinder. This i1s essentially a manifestation
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of what we had found for larger slot angles occurring as it should

)
@

in the limit of narrow slot angles. There is a fundamental differ-
ence here though. For the previous analyses for larger slot angles
we considered normal, symmetric incldence whereas here for the very
narrow slots we are still considering symmetric but not necessarily
normal 1lncidence on the slotted cylinder.

We still have to conslder the remaining factors

%m Xm
a = = for m # o
Jm(kasineinc) me(kasineinc)
By eq (88) we have
o X +8 1 a vl (w)
a x__MO O "m - ( o m-1 + 8 }
m (1) . m
me(kasineinc) me(kasineinc)i Ho (ka51neinc)

The last relation follows from eq (69) and the definition of a,-

Using the definition of Bm in eq (73) we obtain

-1 e n

i 1 {aovm_lm) (-1

T (1) -
me(kasineinc) HO (kasiné

)  n=o Hgl)(kasine )

inc inc

n
wp_g () + [By_ () - Pj+m<u)3}
i=

ko
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Now for small ¢., a, becomes approximately the constant of eq (96),
V;El(u) as we indicated just above eq (79) becomes approximately

proportional to ¢§ and the quantity

n

:E: My (W IRy (W) =Py ()]

J=0

expands into a term proportional to ¢, and successive terms of
higher order in ¢,. Consequently for all m>o, for narrow slot

angles and very small values of & we have

98) a_ << o

m o

We then can write for values of kasineinC near the roots of the
zero-order Bessel functions that the components of the fields interior

to the slot circular conducting cylinder are from egs (59) through

(64)

(2) )2\~ . ikzcosH, .
99) EZ () E a,sinb, e inec Jo(kp51n9

)

ine

(2) ¢2y & _s ikzcos®
100) Ep (r) -iE a ne® )

cosei inc Jo(kpsine

o inc

101) Eéz)(§>zc>
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102) Héz)(?) = o

103) HéZ) (%) = o

-ikzcosb

104) 12 )= 18 o e )

6 inc Jo(kpsine

ine

We can now draw some conclusions for arbitrary angle of

incidence 6 of an E-polarized plane electromagnetic wave on a

inc
circular conducting cylinder with a narrow longitudinal slot. The
fields will only weakly penetrate into the cylinder except at certain
frequencies and values of the angle einc These frequencies of the

incident radiation correspond to those values of kaSineinc which

are very close to the roots of the zero order Bessel function JO( )R

At these frequenciles interior flelds of rather substantial, but
finite, amplitude as given by egs (99),(100) and (104) may penetrate
into the slotted cylinder. The results and conclusions we have
presented here are in essentlal agreement with similar theoretical

17

considerations reported on by Cliner and Clarricoats earlier. In
thelr study they considered a slotted circular cylindrical waveguilde
containing a dielectric rod along i1ts axis. They also chose incidence

normal to the cylinder axis, 6 nc=ﬁ/2, and ¢inc¢° for a plane incident

1
wave and approximated the actual problem by assuming 1t to be a

gquasi-static problem.

17. A. A, Oliner and P. B. Clarricoats, "Transverse Equivalent
Networks for Slotted Inhomogeneocus Circular Waveguldes,"
Proc. of Inst. Of Electrical Engin. 114, 171 (1967).
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The effect of resonance excitation of the slotted cylinder also
occurs when kaSineinc takes on values that are close to the roots
of the n-th order Bessel functions Jn( ). This then indicates that
the higher order TM modes of the circular waveguide can be excited
by incident radiation that has a non-resonant frequency but is
incident at an appropriately chosen angle einc'

One important point that we have not explicitly developed in
detail is the question of the electric field in the aperture itself
for kasineinC Just beyond cutoff of the resonances of the slotted
conducting cylinder. Further detailed consideration of the coef-
ficients &, for n=0, 1, 2 as a function of slot angle ¢, and the
parameter § which describes the deviation of kasineinc from the
actual roots of JO( ) reveals that the EZ field in the aperture
can become appreciable in amplitude. Further it can be shown that
as a function of frequency, for example, the amplitude of the
z-component of electric field at the center of the aperture reveals
a very narrow linewidth centered about some frequency which is quite
close to the waveguide resonance for no slot. The maximum amplitude
of E, at the slot center, the linewidth and the central frequency
are strongly dependent on the slot angle ¢,.

3. Symmetric, Normal Incidence of E~polarized Radiation.

We have calculated by a high order method of moments approach
the tangential electric field amplitude at the center of a $o=6°
full length longitudinal slot in a circular cylindrical tube of

infinite length. This was done for the direction of incident
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radiation corresponding to ¢inc=ﬁ and Sinc=ﬂ/2. Thus we are talking
about the case of normal symmetric incidence towards the slot. For
this situation we have only a z-componené of electric field inside
and outside of the slotted cylinder and all fields are independent
of the z-coordlnate.

The results obtained as a function of circumference to wave-
length ratio, y, in the neighborhood of the lowest two modes are
shown in flgure 2. In the method of moments calculation the
conductor was assumed to be approximately descrilbed by a roughly
equivalent system of L=200 conducting strips each carrying its own
uniform current. The ratio of each such strip to the half-slot

angle 1t should be noted is

6o . _(180-3)/100 o 4.¢
00 3

which is not a small quantity. On the other hand the ratio of the
arclength of each such strip to the wavelength of the incident

radiation is

ad¢ _ 2ma A _ . A% o 0p5y
A A 2m 2w

which for the two lowest circular wavegulde TM modes 1s a rather
small quantity.

It should be recalled at this point that we have been discussing
the ideal situation of an infinitely long, perfectly conducting,

infinitesimally thin, slotted clrcular cylinder. The rather striking
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aperture fields of figure 2 correspond to that ideal two dimensional
diffraction problem. The questlion very naturally arises as to
whether a real three dimensional case of a narrowly slotted thin
walled conducting circular cylinder exhibits pretty much the same
rather extreme response to similar radlation. To attempt to resolve
this question we carried out an experimental program on long, slotted
cylinders and investigated the effects of varying the parameters
pertinent to the problem. The experimental method will be presented
next. After that we shall consider the results obtained in the

course of the measurement program.
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IIT. THE EXPERIMENTAL METHOD

For the study presented in this report measurements were made
with the target cylinder, properly aligned, just outside the large
opening of a tapered anechoic chamber. The advantages inherent in
using just such a chamber have been adequately described elsewhere18
and consequently we shall omit the corresponding details from the
present discussion. In figure 3 we present a block diagram to
illustrate the set-up for the system of measurements. A General
Radio Type 1218-B triode oscillator with frequency range from 900
to 2000MHz was utilized as the source of the microwave radiation.
From the source the outgoing signal was fed to a dipole antenna
which was resonant over the small range of frequency used in this
study. This antenna was properly positioned at the small end of
the tapered anechoic chamber. In addition to feeding the antenna
a small portion of the signal was tapped off to feed a bolometer
through a Hewlett-Packard Model 536A frequency meter. By means of
this arrangement we were able to‘obtain measurements of the freguen-
cy to five significant figures. Since the resonance peaks involved
in the study were generally 1MHz or less in width this degree of
resolution for the freguency was reguired.

The irradiated target cylinders were constructed in a rather

19

convenient and simple manner. A five foot length of Textolite

18. R. 0. Dell, C. R. Carpenter and C. L. Andrews, "Optical Design
of Anechoic Chambers," Jour. Opt. Soc. of America, 902, 62 (1972)

19, Textolite is the trade name of glued fibreboard rolled into .
cylinders. The cylinders are obtainable from General Electric
Co., Schenectady, New York.
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BLOCK DIAGRAM OF SYSTEM

DECADE PREAMPLIFIER

MODULATOR

GENERAL RADIO TRIODE OSCILLATOR (.80-2.0 GHz)
FREQUENCY METER

POWER METER

DIPOLE ANTENNA SOURCE

TAPERED ANECHOIC CHAMBER LINED WITH ABSORBER
SLOTTED CYLINDER

SHOTTKY ELECTRIC PROBE

LOCK - IN AMPLIFIER

X-Y RECORDER

TILTED ABSORBER SCREEN

)
®

OO ~NO P WN —

=S

Figure 3. Principal Components of Measuring System
And Their Interconnections
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circular tubing with an outside diameter of 6 1/8 inches (7.779 cm
in radius) was used as a form for the metal surface of the required
conducting cylinders to be irradiated in the experiment. These
cylinder forms are highly transparent to the microwave radiation.
Fine lines were inscribed on the Textolifte cylinders parallel to
one another and to the axis. These lines correspond to various
slots which are to be parallel to the axis and subtend slot angles
of various sizes from 1° on up. The conducting slotted cylinders
were then fabricated by laying down lengthwise strips of aluminum

foil scotch tape.zo

A small overlap of these strips was allowed.
This results in a very thin-walled conducting circular cylinder
with, effectively, quite sharp slot edges. These slotted cylinders
are of corsiderable length and should closely approximate in the
laboratory the infinitesimally thin, infinitely long, longitudinally
slotted conducting cylinder described by theory.

The question of the effects of wall thickness were, 1in fact,
addressed by Koshparenok et. alj.‘2 They developed a criterion for
the wall thickness of the slotted cylinder based on the ratio of the
thickness of the wall, A, to the width of the slot &. Their cri-
terion states that the ratio A/§ should be less than 0.2 to
preserve the stipulation of thin walls given by theory. Now the

aluminum foil tape is 0.005 cm in thickness. Then for the smallest

slot angle used in the experimental study $o=1° the value of the

20. Aluminum Foil Scotch Tape is a standard commercial product
available from 3M Company, St. Paul, Minnesota.

12. V. N. Koshparenok, G. G. Polovnikoff, and V. V. Shestopalov
Ipid.
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ratio A/S8 is 0.018 which gquite clearly falls well within the re-
gquirements of the thin-wall criterion.

Further comment is in order on the convenience resulting from
the use of the foil backed tape. It should be clear that the slot
angles, slot lengths and the length of the conducting cylinder
itself could be very easily and quite quickly changed as desired
merely by adding or removing strips of the metal foll backed tape.

The final part of the experimental set-up to describe i1s the
detector system. An electric field probe consisting of a very small
Shottky 5845 diode with copper antenna leads was used to detect the
squared amplitude of the electric field component parallel to the
detector. The E-field probe is illustrated in figure 4. Extremely
high impedance leads from the E-field probe carries the signal to a
lock-in amplifier which in turn has ocutput on an X-Y recorder.
Because of the small physical size of the electric field probe it
has only a minimal perturbing effect on the slot field. An added
desirable feature of these probes resides in the important fact that
the design is such as to make 1t possible to manufacture many probes
with very nearly identical characteristics. It must also be polnted
out that the low internal noise of such an E-field probe makes 1t an
excellent detector for the type of measufement performed in this
study. To make a measurement after the desired slotted cylindéf
is fabricated and carefully aligned with respect to the incident
radiation the small electric-field-probe is fixed and aligned at
the center of slot in the conducting cylinder and at each frequency

IEZIZ/[EO[2 is recorded at that position.
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Figure 4. Detailed  Illustration of The Electric Field Probe
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IV, EXPERIMENTAL RESULTS IN THE TMOl REGION I;

In figure 5 we show the measured amplitude of the longitudinal
component of the electric field at the center of a narrow full length
slot in a five foot long (152.4cm) thin walled conducting circular -
cylinder. The incident radiation 1s polarized with 1ts electric
field parallel to the cylinder axis and also to the slot edges.
Measured results are shown as a function of circumference to wave-
length ratio, vy, or, equivalently, as a function of frequency for
several narrow slot angles. The range of frequency represented is a

small band in the neighborhood of the TM mode for the circular

01l
cylindrical waveguide in the absence of a slot. This, the lowest
mode for the cilrcular cylindrical waveguide, corresponds to the

value y=2.4049 and coincides with the first root of the zero order

ordinary Bessel function of the first kind i.e. JO(Y01)=O. Also

included in figure 5 1s the corresponding theoretical frequency
dependence calculated for the infinitely long axially slotted circular
cylinder for a slot angle ¢,=6°. The theoretical curve is merely

that shown earlier in figure 2 and is included in figure 5 to
facilitate comparison of the experimental curve for ¢,=6° with
infinite c¢ylinder theory. Let us now examine the data displayed in
figure 5. A number of features are quite visible. First we observe
that the peak heights increase as the slot angle increases and second
the value of y or frequency decreases simultaneously at the peak
value. Further detailed Inspection reveals that for all the narrow

slcts the peak in the electric field at the slot center always occurs
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Peak at IEZ[/]EO[— 14

Experimental Cylinder Length
L=5ft(152.4¢cm)

g/¢0= 6° (theoretical)
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Figure 5. Measured Amplitude of Electric Field at Slot Center
Versus y For Various Slob Angles. The Theoretical
Prediction For ¢,=6° Is Shown For Comparison with
the Infinite Cylinder
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below the natural TMOl mode of the unslotted circular cylindrical

waveguide. Thus 1t appears as a result of the experiments that in .

the presence of a long axial slof in the circular cyllnder the lowest
natural mode 1s shifted to lower frequency. Also as the slot ié
widened this shift downward in frequency 1s more pronounced. We
noted that the theoryu earlier predicted such reduction in frequency
at all the lower modes for larger slots in the infinite cylinder case.
In figures 2 and 5 for narrow slots we observe the theory predicts a
down shift for ¢.,=6° consistent with the large slot behaviour for an
infinite slotted cylinder. A further characteristic property that
appears in figure 5 is the increase in line width around the peak as
the narrow sloft increases. It thus would appear that we have three

primary parameters at hand to describe this resonance effect. These

are the vy at the peak height of the line which we shall denote by

Yp , the width of the line centered about the peak which we denote

by Av, and the maximum amplitude or the peak height denoted by
([EZ[/[EO])p. Note that the line.width is defined as the width in
megahertz at 0.707 times the height at maximum amplitude. All the
remaining measurements discussed or described below are restricted

to only these parameters in order to more compactly and more effi-
ciently obtain the relevant characteristics associated with the
experimentally observed resonance lines. After the detectilon of such

a line by sweeplng over the frequencles the central frequency and ~

its corresponding amplitude could be measured simultaneously.

4. L. F. Libelo, A. G. Henney, J. N. Bombardt and F. S. Libelo.
S.E.R.A., X op.cift.
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Then, since the recorder indicated the measured intensity for the
field, the frequency could be adjusted until the recorder read half
of the intensity at maximum. The corresponding frequencies could

then be recorded for such points on either side of the peak or cen-

tral frequency. The difference between these two frequencles gives

the peak width Av we have Just defined. Results obtained from

measurements taken at the maximum amplitude for additional values of

slot angle in the full length slotted 5 ft (152.4cm) cylinder are

shown in figure 6. 1In this figure we can quite clearly discern a

well behaved monotonic decrease 1in yp or central frequency as the

slot angle is allowed to wilden out. This characteristic behaviour

persists up until the slot angle becomes about equal to ¢,=20°.

Further increase in ¢, results in considerable difficulty in clearly

establishing the location of the peak amplitude. It would appear

that at this point we have experienced a transition of sorts from

narrow slots to intermediate slot angles. This 1s consistent wilth

our earlier experience with the theory for the infinite axlally

slotted cylinderu and with measurements obtained on finite axially

slotted cylinders.

21,22 Evidently the line for TM has broadened

0l

sufficiently and dropped substantially in amplitude to become rather

poorly defined for our finite system. Filgure 7 glves the experi-

mentally obtained behaviour of the linewidth for TMOl as a function

4y, L. F. Libelo, A. G. Henney, J. N. Bombardt. S.E.R.A. X. op. cit.

21. L. F. Libelo, J. P. Heckl, C. L. Andrews, D. P. Margolis. 1975
IEEE International EMC Symposium Record, Oct 1975, San Antonilo,Tx.

22. D. P. Margolis. Ph.D. Dissertation Department of Physics, State

University of New York at Albany, N. Y. 1976.
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Figure 6. The Measured Value of y At Peak Maximum versus Slot Angle
Using the Five-Foot (152.4cm) Long Slotted Cylinder
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Cylinder Length L=5 ft. (152.4cm)
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Measured Linewidth of the Amplitude of the Longitudinal
Electric Field at the Center of the Slot as a Function
of Slot Angle
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of slot angle. We see quite plainly that from about ¢,23° a smooth

but rapid increase in Av occurs as ¢, increases to about 20°. Ve

have merely extrapolated the empirical curve beyond ¢,220°. The
apparent minimum at ¢, = 3° is basically the result of experimental
uncertainty at the very small slot angles. Consistent with what we
have just seen displayed as the behaviour of Yp and Av we find in
figure 8 that the measured maximum amplitude (|E_|/[E_|)p near

TMOl increases with increasing slot angle to a substantial maximum
at about ¢, 10°. Further increasing the slot angle results in a
decrease in peak height at the slot center. This behaviour continues
until a slot angle size of about 20° is attained. Collectively
figures 6, 7 and 8 strongly suggest, on empirical grounds, the
occurrence of a more or less well defined bound on what size slot
can be safely considered as a narrow slot. For TM at least this

01
is established. Since the difference between small and large depends

upon the wavelength this transition property still remains to be
investigated in appropriate detail for the higher corder modes.
Before proceeding with the discussion we pause temporarily to
point out the degree of complexity of the problem at hand. We have
in the laboratory the following situation to investigate; namely,
a system characterized by, 2ma/i, a parameter giving the circum-
ference to incident wavelength ratio, LO/A, a parameter fixing the
cylinder length to wavelength ratio, a¢o,/A, a parameter giving us
the slot arc length to wavelength ratio-which we are constraining

to be small-and what would seem to be the last parameter LS/A
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As a function of Slot Angle For 5ft(152.4cm) Long Cylinder
‘ With Full Length Axial Slot.
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which gives the slot length to wavelength ratio. O0Of course thus far
we have only seen empirical results for LS/)\=LO/>\. It should be kept ‘
in mind that for normal symmetric incidence on the slot of E- s
polarization there are at least three possible cases to consider;
namely, the slotted finite cylinder is fully open at both ends, fully
open at only one end, or fully closed at both ends. We are, of course,
considering here only the situation for both ends fully open. OFf the
vast number of possibilities we are severely restricting our specific
study to encompass a highly selective combination of the parameter
ranges. The measurements obtained and presented in this report are
the first such empirical data. Consequently, we shall discover, not
surprisingly, some new and qulte interesting properties and many
familiar characteristics revealed by the experimental investigation.
With these comments in mind let us again return to the presentation ‘
of the results of the measurements.

Before we comment on comparison of the theoretical prediction
of the infinite axially slotted cylinder characteristics to those
measured for the finite but fully slotted cylinder for the same
slot angle we first present results obtained experimentally as a
function of slot length. In figure 9 we present the measured results
for the peak value of y as a function of the length Ls of the finite
axial rectangular slot scaled in units of the wavelength at maximum
amplitude Ap. Results are displayed for three slot angles $o=6°, -
10° and 15°., We find, not unexpectedly, that as the scaled slot

length decreases all three curves for Yp approach the conslstent
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Figure 9. Measured Value of Y At Peak Versus Slot Length In Units

of Wavelength At Peak For Various Slot Angles
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common value Yo1 for the lowest mode of the infinite circular wave
gulde without a slot. Also as we should expect for larger slot
lengths the larger the slot angle the lower the measured line peak
occurs. It should be noted that Ap varies in figure 9 by only about
1 to 2% as can be seen from figure 6. Proceeding in the other
direction we should expect that as the slot length increases Yp
should asymptotlically approach the corresponding inflnite slotted
cylinder value. This is certainly the case for ¢,=6°. Although the
theoretical results are not explicitly shown for ¢,=10° for the
infinite cylinder this also happens to be the case. For ¢,=15° we
can only speculate that this again holds true in the asymptotic
limit. It should be kept in mind that even though the slot length
LS is being varied in figure 9 the actual cylinder length is being
maintained at LO= 5 ft(l52.4em). For this reason we cannot realis-
tically continue to increase LS to obtain a clearer picture of the
asymptotic behaviocur of Yp versus LS for the larger slot angles.

At $o=15° this is already evident in figure 9. Figure 10 shows the
line width as a function of slot length, scaled in units of wave-
length at peak, as measured for the slots with ¢,=6°, 10° and 15°¥
Note that the vertical scale is logarithmic. For the larger slot
angles we have a nearly linear behaviour for the line width as a
function of LS/Ap with a decrease in Av showing up as LS decreases.
The larger slot angle at fixed LS/Ap has as expected the larger

line width. Also the larger slot angle gives rise to the larger

slope for Av versus Ls/kp. Although the behaviour for the smallest
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Experimental Cylinder Length L=5 ft. (152.k4cm)
100+ With Axial Slot of Length L
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Figure 10. Measured Linewidth Versus Slot Length In Units of Wavelength
( at the Peak Value of Slot Field For Various Slot Angles.
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slot angle ¢,=6° 1s consistent with the larger ¢, cases we unfor-

tunately have too large an experimental uncertainty to clearly see
the behaviour of very small slot lengths in the cylinder of fixed
length LO. Except for very short rectangular slots of very small
slot angle we have a straightforward technlque of determining the
line width. We are now considerably improving the instrumentation
to rectify this limiting characteristic. The variation of the peak
height ([EZI/[EOI)p as a function of axial slot length in units of
wavelength at peak amplitude is shown in figure 11 for slot angles
$o=6°, 10° and 15°. Within the limits inherent in the fixed length
of the slotted cylinder we observe that for the longer axlal slots
the peak height is larger for the narrower slots. As the scaled

slot length decreases the measured peak height decreases for all

three slot angles. An interesting feature is evident in figure 11.

We obserﬁe that as LS decreases the peak height for ¢,=6° decreases
most rapidly and eventually lies below that for 10° and 15°. Further
decrease in slot length then indicates that the peak height for

$o=10° rapidly attenuates and eventually lies below that for $o=15°.
Thus for small slot lengths we appear to have an inversion. Whereas
for long slots the narrower slot angle leads to a higher peak in

the slot field at slot center, we observe that at very short élot
lengths the peak heilght is lower for the larger slot angle. Note

that the general peak height is lower at short slot lengths than for
the longer slots. The long slot behaviour observed is consistent with

that for the infinite slotted cylinder with full length slot as
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Experimental Cylinder of Length L=5 ft. (152.4¢cm)
15— With Axial Slot of Length L_
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Figure 11. Measured Peak Amplitude of Electric Field at Slot Center

Versus Slot Length In Units of Peak Wavelength For
Various Slot Angles
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predicted by the theory. This is an essential point to note. From
examination of figure 11 1t can be seen that the measured peak height ‘
for ¢,=6° 1s still increasing at a substantial rate at the larger v
slot lengths. Very likely increasing the basic length of the cylinder
i.e. LO and then Ls In turn will eventually cause the peak helght to
turn and level off and come into better agreement with the ideal
theoretical prediction.
The effect of cylinder lengths, Lc, shorter than the reference
length, LO= 5 ft(152.4cm), as determined by measurement i1s next con-
sidered. Figure 12 shows the measured value of y at peak helght as
a function of cylinder length Lc in units of the reference length
LO for several slot angles. The slot length i1s now LS=Lc again.
We immediately observe upon inspection that for a given slot angle
¢, decreasing the length of the fully slotted cylinder very plainly ‘
shifts the y at peak height or, equivalently, the central frequency
of the resonance line to higher values. This increase is more rapid
the shorter the slotted cylinder. We further observe that yp for a
fixed length is larger the smaller the slot angle ¢,. Then as far
as establishing the central frequency of the resonance line 1is
concerned we note that we can either keeép the length fixed and
decrease the slot angle or alternatively keep the slot angle fixed
and decrease the length and produce the same Yp‘ For the range of
LC/Lo and ¢, in figure 12 these variations are essentially equlvalent -
means of tuning to a given Yp' We also note in figure 12 that, for

all the narrow slot angles considered,increasing the cylinder length
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( beyond Lo,the reference length,will eventually cause the rate of
‘ change of Yp to slow down and yp will then asymptotically approach
some definite fixed value a different one for each slot angle ¢,.

It should be clear that as we decreése the cylinder length Lc we
should not expect the exact infinite cylinder resonances %to remain

as characteristic of the finite cylinder modes. This is reflected

in the rapid change in yp as LC decreases significantly. Ramo,
Whinnery and Van Duzer,23 for example, point cut that as far as the
distribution of the internal fields and internal side wall surface
currents are concerned the infinitely long circular cylindrical ideal
waveguide at TMOl is identical with the circular cylindrical ideal
cavity, of length LC, resonating in the TMOll mode. This 1s true
providing the radii are equal. They further give the expression for
cavity resonance wavelength i.e. for yp in terms of the cavity height
and the wavelength at cutoff, kc, for the mode. This relation is
precisely

105) A = o —

Poyo.25 + (L /2 )f

where AC = 2ma/2.4049. The corresponding value of yp for eq (105)
has been calculated as a function of cavity height and the results
are shown in figure 12 and labeled the "Theoretical Curve" corres-

ponding to the slot angle ¢,=0°. Because of the very close

23. S. Ramo, J. R. Whinnery and T. VanDuzer, "Fields and Waves In
Communication Electronics," Section 10.08, J. Wiley & Sons,
( Inc., New York, 1965.
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resemblance the internal fields to be expected in the very narrow
slotted cylinder, far from the ends, bear to the corresponding
internal fields in the closed cavity the analytic relation in eq
(105) provides a convenient bound on the experimental curves of the
type displayed in figure 12, In figure 13 we present the results
obtained for the line widths as a function of cylinder length (in
units of the reference length LO) for several full length slots of
small angle. Although the behaviour exhibited is somewhat compli-
cated we nevertheless can discern some systematic characteristics.
We observe for example that except for the very short fully slotted
cylinders the larger the slot angle the broader the line is for
fixed cylinder length. Also we see that as the cylinder length,
LC, decreases the line width increases. This is not surprising
since the resonance lines become considerably less distinct as the
cylinder i1tself becomes less infinite-like. The peak amplitude of
the electric field at the center of the slot is shown in figure 14
as a function of the length of the cylinder (normalized to the
reference length Lo). Results obtained for several slot angles are
shown. The behaviour of the curves is much more complex than any-
thing we have found thus far. What we observe for all slot angles
studied 1s an increase in peak height at slot center as the cylinder
length decreases. Continued shortening of the slotted cylinder then
results, at about the same value of Lc’ in a sharp decline in the
peak field at the center of the slot. At about LC/L013.03 the

peaks become inecreasingly difficult to resolve. We can make one
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Figure 13. Measured Linewldth As a Function of Cylinder Length LO

In Units of the Reference Cylinder Length L_ =5 ft(l52.%em)
For Various Slot Angles
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important point concerning the question as to how well the field at ‘
the slot center can be represented by the infinite cylinder field
there. The reference length chosen in the experimental study LO is
about 75 wavelengths long compared to the Y01=2.MOM9 wavelength. -
Then to achieve agreement to five slgnificant figures with the
infinite cylinder theoretical predictions at the slot center we must
have a finite cylinder of length LO at least 100 wavelengths long and
the slot must be Just as long.

Figure 15 gives us another view of the central frequency or vy
at peak amplitude as a function of slot angle ¢o. The measured
results are shown for several slot lengths (in units of the reference
cylinder length LO) in the reference cylinder. Here we see quite
clearly that for a given slot angle the central frequency of the
resonance line shifts down in frequency more for a longer slot. In ‘
all three cases of sloft length we find that as the slot angle
decreases the central frequency approaches the same limiting value.
We again note that somewhere in the neighborhood of the value ¢, ®20°
we [ind characteristics of a transition between small and intermediate
slot angles. For such values of ¢, and larger the curves in figure
15 will flatten out with increasing slot angle ¢o,. Where this
turning point occurs depends on the slot length Ls.

In figure 16 we have displayed the actual measured values of y
at the central frequency of the resonance line as a function of the
slot angle ¢,., The data is shown for several values of slotted

cylinder length LC {(in units of LO). In each case the experimental
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Figure 15. Measured Values of y At Peak Aperture Field Versus
Slot Angle For Various Slot Lengths LS in Units of

Reference Length LO=5 ft(1l52.4cm)
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Figure 16. Measured Values of y At Peak Slot Fleld Versus
Slot Angle For Various Cylinder Lengths Lc in ‘

Units of Reference Cylinder Length LO=5ft(152.Mcm)
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curve was extrapolated to the ¢o,=0° limit. If however we use eq
(105) to calculate a yp for each LC and assume 1t corresponds to the
case ¢,=0° we find the measured data extrapolated to ¢,=0° do not
coincide with the corresponding value calculated via eq (105). These
discrepancies were found to be rectified by correcting for a slight
variation in the angle of incidence in the experiment. The ratio
of the extrapolated data at ¢,=0° for the cylinder lengths Lc to
the calculated values using eq (105) gave a resulting factor sineinc
such that einc=82.664° to within a tenth of a percent. When

this error is corrected for we find that the infinite length y

agrees with Y01=2.M049 to five significant figures. After this was
first taken into account the previous experimental curves of figures
5 through 15 were plotted. Also it should be noted that the dashed
line in figure 16 for LO/LO=O.27 is the estimation for the corres-
ponding curve for a relatively short cylinder and has been drawn
through one experimental point taken for ¢,=2°.

One further point must be emphasized here. This is the question
of the effect that the physical sige, although it i1s quite small, of
the electric field probe sitting in the center of the slot has on the
reading of the amplitude of the field at the slot center. Because
of its size it is reading an average of the fleld over a small but
finite area of the slot which of course does include the slot center.
This tends to reduce the amplitude measured there. For narrow slots
this effect may not be negligible. It could account for an appre-

ciable amount of the difference seen in figure 5 between what we
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have called the measured line at the slot center and the theoretical

line we calculate at the center of an infinite system. Measurements
are belng planned to investigate thls experimental limitation by ¢
reducing the sensor in silze and also by changing its position to

see the effect 1t has on the actual field at the center of the slot

in a finite length cylinder. Furthermore we are planning to consider

longer finite cylinders to assure convergence toward the infinite

system limit.
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V. SUMMARY
We have analytilically investigated the case for a narrow angle,
full length, axial slot in an infinite, circular, thin walled,
ideally conducting cylinder. For E-polarized radiation and incidence

at arbitrary angle 6 relative to the cylinder axis of symmetry we

inc
have shown that a potentially hazardous energy density can builld up
in the central region of the narrow slot for effective frequencies -
in the incident radiation that correspond tQ natural wavegulde modes
for the slot-less circular cylindrical waveguide. Since a buildup

of this type can be readily dumped into the interior of the slotted
cylinder it implies the likelihood of the coupling to enclosed com-
ponents, in the broad sense, of an undesirably large amount of energy.
The concomitant consequences of coupling large quantities of radiant
energy at long wavelength through a narrow opening in what should
have been a good shield at such wavelengths are manifold. Clearly
these consequences are predominantly unpleasant and indeed this
problem 1s somewhat a surprising one. It should be emphasized that

a sudden perturbation of the situation at high energy bulldup in the
narrow slot can serve as the mechanism for dumping the energy into
the interior where it can interact with whatever is available for it
to couple with. We have in fact experienced in the laboratory, for
finite length cylinders of course, Just such perturbations which do
indeed result in a sudden penetration of the electromagnetic energy
into the cylinder through the narrow aperture. It should be recalled
that the theoretical development above has also revealed that even

for incident radlation at frequencles not coincldent with the
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natural modes of the circular waveguilide 1t is possible to excite
those modes. Thls we saw can be achieved by arranging for the
direction of incldence to assume the appropriate value for einc'
As a result of this property we find agailn a somewhat unexpected
situation in which a possible hazardous situation can result in a
narrow slotted cylindrical shield. The amplitude of the electric
field at the center of the narrow slot for ¢,=6° was explicitly
calculated for normal symmetric incidence on the slot so as to obtain
the frequency, or y, dependence in the neighborhood of the lowest

two circular wavegulde modes, TMOl and TM under the best symmetry

11
conditions. These r;éﬁlts were obtained utilizing the STEPS program,
described in S.E.R.A. V3, in a high order mode of the Method-of-
Moments calculation. The large fleld at the central frequencies and
the narrow line widths that were obtained make manifest the analytic
predictions for the field bulldup at the slot center.

To establish the extent to which the large field or high energy
density bulldup in a narrow angle rectangular axial slot occurs in
the three dimensional problem of a finlte but long cylinder we have
pursued an experimental program to investigate the situation.
Although the measurements were restricted to the case of E-polarization
of normal symmetric incidence on the slot the effects of varying the

slot angle ¢,, the slot length LS and the cylinder length Lc on the

linewidth, peak height and central frequency (or Yp) were obtained

3. J. N. Bombardt, L. F. Libelo, S.E.R.A. V. op. cit.
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but only near the TM mode for the circular wavegulde.

01

The sum total of the experimental results seems to support the
anxiety raised by the theoretical predictions for narrow slots in
infinite cylinders. Although we find upon inspection of figure 5
that the measured peak field seems to be about half that of the
predicted field in the ideal case it must be kept in mind that the
probe used in the measurement 1s probably masking the true amplitude
and indeed the real field in the real system may be quite large and
qgite close in distribution to the ideal case.

In closing we point out that we have presented the first exten-
sive set of emplrical data for narrow slotted finite cylinders. The
information giving the effects of slot angle, slot width and cylinder
length on the slot field helps to fill another gap in'knowledge for
finite three dimensional systems.

A final point to injJect is that we have limited this paper to
the discussions and measurements for E-polarized situations. A
subsequent report on H-polarized radiation coupling to a narrow
slotted cylinder will be issued shortly and in it many rather

interesting properties will be presented.
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