INTERACTION NOTES
Note 190
July 1970

COMPUTATION OF GREEN'S FUNCTIONS
FOR BODIES OF REVOLUTION

by

Roger F. Harrington
Joseph R. Mautz

Electrical Engineering Department
Syracuse University
Syracuse, New York

ABSTRACT

Computer programs are developed to calculate the elec-
tric field intensity at one point in space due to an electric
dipole at another point in space, in the vicinity of a con-
ducting body of revolution. The programs are valid both
external and internal to the cohducting surface. Hence, they
may be used to compute not only radiated and scattered fields,
but also fields internal to resonant cavities. The current
on the conducting body is computed as an intermediary step in
the program. The solution is obtained by the method of mo-
ments applied to the potential integral equation, and involves
~inversion of the generalized impedance matrix. The principal
limitations to the solution are due to the matrix computation
and inversion, which requires that the generating contour be
at most several wavelengths long. Some examples of computa-
tions for spheres, disks, and cone-spheres are given to
illustrate the programs.. '
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I, INTRODUCTION

For this report, we define the Green's function to be the electric
field intensity at one point in space due to an electric current element
at another point, subject to specified boundary conditions on a surface
of revolution. This Green's function 1s in general a dyadic, requiring
nine components to specify it completely [l]. We compute one component
at a time by specifying the field component desired and the current ele-
ment orientation. The boundary conditions are usually taken to be vanish-
ing tangential electric field on the surface of revolution (perfect electric
conductor), but any other impedance boundary condition can be treated by

considering the surface to be a loaded body [2].

A solution is effected by applying the method of moments to the
potential integral equation for the problem [3]. The solution is ex-
pressed in terms of generalized network parameters, for which computer
programs are available [4]. The free-space field from the current element
is taken as the impressed field over the body of revolution, and the cur-
rent on the body is computed as in a scattering problem. The electric
field component at another point in space is computed by reciprocity. This
involves placing a second current element at the field point and evaluating

its reaction with the current on the body of revolution [5].

The computer programs of this report are valid for current elements
both outside and inside of closed bodies of revolution. Hence, they are
valid for -both radiation problems and electromagnetic resonators. They
can be used to compute the behavior of more complicated sources, such ds
antenna elements and arrays, by superimposing the contributions due to
all elements of the source. They can be used to rigorously solve such
problems as wire antennas on bodies of revolution, by using the Green's
function as the kernel of the integral equation which treats the body of

revolution as part of the environment.



II, METHOD OF SOLUTION

Figure 1 represents the geometry of the general problem. At L. there
exists a current element I% in the direction 4.5 producing a free-space
"incident" field E}. Over the surface S there exists a current J which pro-
duces a free-space "scattered" field g?. A general impedance boundary con-
dition at the surface S can be represented by

i s _
Etan + Etan - 3(5) 1)

where a,is an impedance function and the subscripts "tan" denote tangential
components. A perfect conductor over S is represented by the case §.= 0.
It is desired to obtain the component in the direction Ye of the total elec-
tric field E = E} + E? at the point Lee

The incident field E} can be calculated for the source 1%, and hence
is the known quantity in (1). The scattered field E? can be related to the
current J on § by the potential integral solution, a linear operation which
we represent by

S
- B = LD (2)

Substituting (2) into (1) and rearranging, we have
L(J) + I = EF 3)
'~ 9’ A ~tan

The solution for the unknown current J on § is represented by

I=w+ptE (4)

~tan

where (L + %)_l is the operator inverse to the L +-a-of (3).
Instead of the current J, we ultimately want the field component
_ . i s
Eg =3¢+ E +ED (5)
at r.. The term u. - E} is easily calculated because it is the free-

. s .
space field due to I at L. To evaluate Y o E" we use the reciprocity
relationship [3]



Figure 1. Geometry and coordinate system.



s i
ue - E = K(rf) Jf E; - J ds (6)
S
where
—jkrf
= Lpne
K(rf) jam rf (7

and E; is the incident field produced by a current element I&i placed at
Le in the direction uc and of amplitude such that it produces a unit field
at the origin. The surface integral in (6) is a bilinear functional which

we denote by
<A,B> = [I A - Bds : (8)
S

Substituting from (4) and (8) into (6), we now have

v

s _ i ' -1°_1
ue * E = K(rp) <Eg, (L +9.) E,

~f 9)

where El = Ei .
~c ~tan

that E; and Ec are similar quantities, differing only in the position of

This last change in notation is introduced to emphasize

the current element.

' The inverse operator (L + 3)_1 is usually not known exactly, and
we employ the method of moments to obtain an approximate solution [3].
The details of this are given in previous reports [2,4], and we here
give only the results. Let {gi Ii =1,2,..., N} represent a set of
current expansion functions, and {Ei |i =1,2,..., N} represent a set

of testing functions. A matrix solution which approximates (9) is then

e - B = R(rp) (V102 + 21701V ) (10)

where [Vf] and [VC] are the column matrices

[Vl = [<Ef, J_>] (11)
[V ] = [<W_, E->] (12)



and [Z] and [ZL] are the square matrices
[2] = [<W_, LJ_>] (13)

[z, 1= [<V,, 33.>] (14)

A computer program is available for (13) for bodies of revolution [4].
If g'is a simple function of position on S, then (14) is easily calcu-
lated. For tbe remainder of this report, we assume S to be a perfect
conductor, in'which case [ZL] = 0. The computation of [Vc] and [Vf]
can be effected by the programs of this report. The mathematical de-
tails of the solution are given in Section V. The computer programs

and instructions for running them are given in Sections VI and VII.

III. REPRESENTATIVE COMPUTATIONS

Some representative computatiops made with the programs of Section
VII are given here both to-demonstrate the accuracy obtainable and to
illustrate the types of problems that can be run. The first checks were
made by comparing the general program computations with the exact modal
solutions for spheres.‘ Figure 2 shows the results of one such computa-
tion. It consists of plots of the radiation gain patterns* for incre-
mental electric dipoles adjacent to a conducting sphere. Each graph
shows the three cases (1) r-directed dipole, (2) 6-directed dipole and
(3) ¢-directed dipole. The sphere is A/2 in diameter and the dipole is
A/4 from the sphere's surface. Three cases are shown, (a) dipole posi-
tioned on the z-axis, (b) dipole positioned along an axis rotated 45°
from the z-axis, and (c) dipole positioned on the equatorial plane. The
results using the general program and those using the exact solution were
so close that no differences show in Figure 2. Computation of the error in

gain (exact minus computed) was in all cases less than *0.02, and oscillated

*
All radiation patterns are in the ¢=0 plane.
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Figure 2. Radiation gain patterns for electric dipoles adjacent to a

conducting sphere. Modes m=0,1,2,3 were used in the computer
program. '
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about the zero axis. Note that Figures 2 (a), (b), and (c) are related to
each other by a simple rotation in 6, although this fact was not used in

the computations.

A second check was made by using the fact that the scattered field
pattern is the dipole radiation pattern whenever the current element 12

is inside of S. (This must be so, since Ei + E? = 0 external to S when-

ever I% is internal to S.) This check can be applied to bodies of any
shape. The accuracy with which the scattered field approximated the
dipole field was highest when I was near the center of the body, but
remained relatively good even for positions close to the surface. If the
orientation of If is tangential to S, the transition to a dipole field

is smooth as I% passes from a point external to a point internal. If the
orientation of I{ is normal to S, there is an abrupt change in the scat-
tered field as I crosses S. These characteristics are illustrated by
Figure 3 for the case of a conducting sphere. The sphere is of radius

a = A4, and the dipole is located at 6 = 90°, ¢ = 0, p variable. Figure
3(a) shows |ES!2 for a p-directed dipole (normal to S) for the positions
p/a = 1.1, 1.01, 0.99. Note the rapid change to the dipole pattern as
p/a changes from 1.01 to 0.99. Figure 3(b) shows [Es|2 for a ¢-directed
dipole (tangential to S) for the positions p/a = 2.0, 1.1, 1.0. Note that
the change to a dipole pattern (perfect circle through 1) is relatively
slow, and is complete when p/a = 1.0. Figure 3(c) shows IES|2 for a z-
directed dipole (tangential to S) for the positions p/a = 2.0, 1.1, 1.0.
Again the change to a dipole pattern (figure eight through 1) is rela-

tively slow, and is complete when p/a = 1.0.

As a final check, we can compare the radiation patterns for normal
dipoles on the surface with those for annular slots. The two should be
the same according to the equivalence principle. The patterns for annular
slots can be calcuiated by the aperture programs of previous reports [2,4].
Figure 4 shows some computations for a cone-sphere. Figure 4(a) compares
the radiation gain pattern if If axially directed and A/16 in front of the
tip (position 1) with the radiation pattern of an annular slot (dashed) at
the tip. Figure 4(b) compares the radiation pattern of IL axially directed

10
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Figure 4. Radiation gain patterns for a cone-sphere excited by an
axially-directed electric dipole (solid) and by an annular
slot (dashed). (a) Dipole A/ié from, and slot at, cone tip.
(b) Dipole A/16 from, and slot at, micdle of sphere end.
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Figure 5. Radiation gain patterns for electric dipoles adjacent
to a conducting disk. (a) x-directed dipoles, (b) y-
directed dipoles, (c) z-directed dipoles.
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Figure 6. Radiation gain patterns for electric dipoles A4
from the tip end of a conducting cone-sphere.
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and A/16 in front of the sphere (position 2) with the radiation pattern of
an annular slot (dashed) at the sphere end. The agreement should not be

exact in these cases because I{ 1s A/16 from S, not exactly on the surface.

Figure 5 shows a typical probleﬁ that can be run with the programs of
this report. It shows the radiation patterns of dipoles located in front
of a conducting disk. This is the finite ground plane problem of interest
to many investigators. Figure 5(a) shows the radiation patterns for x-
directed dipoles located a distance d = A/8, A/4, 3\/8, and A/2 in front of
the disk. Figure 5(b) shows the radiation patterns for y-directed dipoles
at the same positions d. Figures 5(a) and 5(b) correspond to the same
physical problem, rotated 90° in space. The patterns of 5(a) are populquy'
called the E-plane patterns of I, and those of 5(b) the H-plane patterns.
Figure 5(c) shows the radiation patterns for z-directed dipoles at the same

positions d in front of the disk.

The final sets of patterns, Figures 6 to 9, show radiation gain patterns
for dipoles at various positions adjacent to a cone sphere. All patterns are
in the ¢=0 plane. They are adequately explained by the figure captions, and

will not be further discussed here.

IV. DISCUSSION

The computer programs are written explicitly to handle only perfectly
conducting bodies, but can be easily modified to handle loaded bodies accord-
ing to the concepts of Section II. Imperfectly conducting bodies, and bodies
thinly coated by dielectric or magnetic materials, can be treated by consider-
ing the body to be continuously loaded with the proper surface impedance. A
detailed treatment of loaded bodies with computer programs is given in Report
No. 4 [2].

The general program of this report apparently gives good accuracy for
far-field quantities so long as the number of current expansion functions is
about ten per wavelength of the contour. Near-field quantities, such as

current on the body, are less accurate. Accuracy also depends on such things

17




as body shape and closeness of the current element to the body. For example,
if If is very near the surface the current becomes nearly singular. Better
accuracy for specific problems can be obtained by mathematically introducing

the proper singularity, but this cannot be done for a general program,

-

As emphasized earlier, the programs of this report are valid for both
external and internal problems. They should therefore be useful for the
design of resonant cavities with feed systems, as well as for external
antenna and scatterer problems. The principal limitation to the usefulness
of the solution is that imposed by matrix inversion. To keep computer time
and storage within reasonable bounds, we are limited to bodies whose gener-

ating contours are a few wavelengths long.

V. DETAILS OF THE SOLUTION

This section gives the details of the moment solution evaluated for
perfectly conducfing bodies‘of revolution. The notation is that used in
previous reports [2,4,6]. The coordinates are as defined in Figure 1; a
point in space is specified in terms of cylindfical coordinates (p,¢,2),

and a point on S in terms of surface coordinates (t,¢).

, If a perfectly conducting body of revolution is immersed in an
incident electric field Ei, the induced electric current J on the surface

S of the body can be approximated by

M N
t t
DI AP SRR A A (13)

m=-M i=]1

where It and I¢ are constants to be determined and Jt and J¢ are
mi mi ~mi ~mi
expansion functions of the type
t _ jm¢
Imi = B £y (B)e

(16)

o _ jmé
Ini = 8y £5(D)e

18
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Here ¥, and g¢ are the unit vectors of the orthogonal coordinate system
(t,9) on S and fi(t) is a real triangular function divided by the distance
p from the axis of the body of revolution. The constants I;i and Iii are

obtained from

t tt to t
[Im] [Ym ] [Ym ] [Vm]
= aa7)
) ¢t ¢ ¢
[Im] [Ym ] [Ym ] [Vm]”
where
, t t .t t
[Im] = [Iml Im2 . . . ImN]
(18)
by _ % ¢ ¢
[Im] = [Iml Im2 . e ImN]
t, _ ot ot t
[Vm] = [le sz e VmN]
(19)
o7 o vd u? )
AAS I VACTR ACRINININE A%
t i t
Vmi = Jf £E Emi ds
S (20)
¢ _ i, ¢
Vmt = ” E 7 Nyy s
S
t -jm¢
Yni = % £ (B)e
(21)
W¢ = f (t)e_jm¢

~mi 3@ i

The Y matrix of (17) is the generalized admittance matrix for the body
of revolution. The V matrix of (17) is the generalized voltage matrix for

the excitation.

19



The matrix elements V;i and Vii will be obtained for a current ele-
ment I% located at ¢=0 either inside or outside the surface S of the body
of revolution. Equation (20) may be integrated by parts to obtain

Vmi = - jw II (A - gmi + ¢oi)ds (22)
t S t ¢ ¢
where Vmi,and Emi are either Vmi and Emi or Vmi and Eﬁi' A and ¢ are
respectively the magnetic vector potential and electric scalar potential

associated with the electric field g} of the dipole I%. Also, ci is the

electric charge associated with Emi' The potentials A and ¢ are given by

=:j-1§-y- (2) R |
A== 18 h 7 (k[-r'])
(23)
= L . (2) et
o=+ 1g - ¥ heP kfr-r'])
(2) e Ix
where ho (x) = 3% is a spherical Bessel function of the third kind

and |£—£‘| is the distance from the dipole at r' to a point r on S. The
gradient operation Z is with respect to unprimed coordinates. The current

function W . may be either
~mni

t _ -jm¢
Wng = 8¢ £4(B)e
(24)
t _-1_ d ~-jm¢
i~ jwp dt (pfi)e
or
o _ ~jm¢
W i = B¢ fi(t)e
(25)

¢ _ m =jmé
gf = " fi(t)e

Equations (23), (24) and (25) are introduced into equation (22).

20



Vt _n_ [ _kz J dt pfi(t) [ dé (I’& . u~t) h(z) ‘e—jm¢

mi = 4m ° (26)
+ J dt %; (p£,) f d¢ (Qg . Zhéz)) e~Iné ]
V:;i - %? [ _k2 f dt Ofi(t) J d¢(1& o%) h(()Z) e—jm¢
@27)

. on(2)y -imé
-im J dt £, (t) J d¢ (1% * Yh ") e ]

Equations (26) and (27) may be integrated numerically in both ¢ and t, but
spherical wave functions are introduced instead. If the spherical Bessel

function and Legendre polynomials are expanded [5],

BB ezt = ] ¢ ™ (28)
where
] Bl y B ety 3, (k) P(cos 0) Pi(eos 6') x>
n=m .
G =G =
m -m o
'nzm ;22%%%é%f221' héz)(kr) jn(kr') P:(cos 8) P:(cos ') r'<r
(29)

In (29), m=0,1,2,... . The angle ¢' does not appear in (28) because the
dipole is located such that ¢' = 0. For the ¢ integrations in (26) and

(27), an origin (fixed with respect to ¢ but variable with respect to t)
is chosen on the axis of the body of revolution so that r - u = 0. If

;& has x, y, and z components,

u =u sin v cos ¢ +u sin v sin ¢ +u_ cos v
~t ~X ~y ~Z



is needed for the I - ¥, term in (26). For the 1% - g¢ term in (27)

u = - Exsin ¢ + Eycos ¢.

¢

For the I% - Zh(z) term in (26) and (27), If can be expressed in terms of

o

the unit vectors u , u, and u, instead of u , u and u .
AT A~ XD My ~Z

~0 ¢
4 =u.cos ¢ - 3¢ sin ¢
Ey = grsin ¢ + 3¢ cos ¢
Rz = 7 2
An x-directed dipole o le leads to‘
nlg G ., +G
t _ X 2 mt1l m-1
Vmi =3 [—k I dt pfi(t) sin vV
oG aG
mtl m-1
dc Pt/ 2 20
nIg G -G
¢ .2 mtl m-1
Vi = T2 l: k J dt pfi(t) 23
oG 3G
m+1 m-1
-jm | dt £, (t) ( r " e, )Gy ~ @Dy
J i 2 2p

A y-directed dipole u I _leads to
Y

22
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)

)]



- y 12 ' - . m+l m~1
Vmi 5 [ ik f dat pfi(t)-sin v -—-———-—-f'

3G 3G
a‘:_}"'l - a‘;‘“l- @G, + (@-1)G,_
+jfdt—(pfi)( 2 r + - 2 )

(31)
nig G + G
v = Yy | 2 mbl . m-1
LAY 2 [ k J dt pfi(t) DI S
G G
! ( L a‘:'l (@H)Gyyy + (-1C, ) )]
*m | de £ (¢) 3 + ~2p
A z-directed dipoc.ie 8, 12, yiel&s
niz, [ ; | G, T ‘
t d 1 m oyt
Vi -1r- L s de Dfi(t) coslv Gm.- f dt dt,(pfi) b 30 (32)
n12 GG
¢ . r 1
Vi (Jm) j ot £, 3 ae

Because the origin is ac E'-'gz = 0 on the axis of the body of revolution,
(29) becomes .

[ - { Dome ./\ —m
P AsEecnm ”(u" 5 (ko) PP(0) P™(cos 8') r'>p
a n=a ﬁn-lh} . vy n h n
)
Cp=C =4
S (et (2)
i Lichay i=iil  A2) e L s gy oAy pd ' 1<
5n£m e &g (&p)Jn(xr )} Pn(O) Pn(cos 0') r'<p



3G oG
where m = 0,1,2 ... . The quantities 5;m'and ggm'are obtained by dif-
ferentiating (29) term by term then setting r = p and cos 6 = 0. If
the dipole I is rotated from its briginal position at ¢' = 0 to ¢' # 0,

c--' '
expressions (30) to (32) must be multiplied by e jmé .

The current J induced on S by the dipole I% located at ¢' = 0 gives
rise to a scattered electric field g?. The scattered electric field in

the direction of a receiving dipole I&T is given by

E° « 1L = DZ/I v 15[y 1v 1t ™ (34)
~ ~r oy o m' " m
. [v,]
where [Vm] is the matrix [V¢] calculated using the incident electric
m
(v
field of the transmitting dipole IZ. The [Vm]r e—jmdl is [[Vz] calculated
tm

L]

using the field of the receiving dipole ;&r' Notice that [Vm]r is the
generalized voltége matrix that would result if I&r were located at

¢ = 0. Because
1) [Y;t] and [Ym¢¢] are even in m

- 2) [Y;¢] and [Ym¢t] are odd in m

3) V;i of (30) and‘(32) are even in m

4) Vii of (30) and (32) are odd in m

.t . '
5) Vmi of (31) 1s‘odd in m

6) Vii of (31) is even in m,

the +m and -m terms appearing in (15) and (34) may be combined if the
directions of If and Igr are restricted. Recall that IL is located in

the ¢' = 0 plane. Define four different polarizations

24



1) 1Ig - g, = 0 and L. - 2¢ =0 |
2) I - g, =0 and I‘&r'gp=.1’&r‘-pz=0
3) 18- u, = Ig - g, = 0 andA I&r . 2¢ =}0
4) 18 - B = IL-u =0 and‘,;&r t oy = Ip - w, = 0
For polarizations #1 and #2
Mo . Mo A
J = Z [f(t)][Im]gtsm cos m¢ + Z [f(t)][Im] Sy 2j sin m¢
m=0 m=1
where
[f(t)] = [fl(t) L fN(t)]
and .
{1 m=0
€n =9
| L_Z m>0
For polarizations #3 and #4,
M — £ M ~ ¢
J = m£1 [f(t)][Im] 4, 2j sin m¢ + mZO [f(t)][Im] B4p 08 mé

For polarizations #1 and #4

M Lo d
g = ] V070N, 10V,0%, cos mo

£
m=0
. For polarizations #2 and #3
s M r t
E - Ig = m§=1 (V_p 1 (Y 1[V 1" 23 sin mo

(35)

(36)

(37)

(38)

(39)

(40)

The [Vm]r in (39) and (40) are calculated from the electric field which
would vresult if I&T were located at ¢=0. Arbitrarily directed dipoles

I and I&r may be obtained as a superposition of the four polarizationms. 5

Location of IZ in the ¢'=0 plane is not a severe restriction because J

and gs for Ig at ¢'=¢0 can be obtained by rotating J and E? for If at

¢'=0 through an angle L

25



For distant dipoles I&r, equation (34) becomes

‘ -jkr M V
R LS A S M SR [0 M

~ ~8 - 47r —
(41)
-jkr M
s ~jwue ¢ t _jmé
E 8 = ~or m_§M R IPIY 1V, 1" e
where
8 _ to ¢
(R1° = (RE°1 (RYY)
(42)

¢ t¢ ¢
(& 1% = [RE*1 (R%4)

in which [R;B], [Rzel, [R;¢], and [R$¢] are row matrices whose elements
are given by equations (77) and (81) of a previous report [6]. The +m
and -m terms appearing in (41) may be combined in the same manner as -those

appearing in (34).

The gains G, and G¢ of a far field pattern E are given by
4rr?|g + ugl?
G. =
0 nP
(43)
4wr2|E *u |2
G = ~ ~¢
¢ nP

where E - J o and E.- Yy are evaluatedvin the far zone and P is the total
power radiated. The total electric field E of a dipole I% radiating near
a perfectly conducting body of revolution is a superposition of the dipole
field Eé and the field Ef of the current induced on the surface of the body

of revolution.

E=E + g4 (44)

~ ~

The far field of a dipole located at r' is given by

26



Ed . o “lupe - ejkr'cos G1g -

~ 3@ 4ar ~ 249
. (45)
-jkr
Ed ey = —jupe 7 ejkr'cos 12 ¢+ u
~ ~¢ 4rr . LA M

where o is the angle between r and r'.

If there are no losses, the power P radiated is equal to the power
required to maintain the electric current sources of E. This power P is

given by

_Ef . (;&)* ]
(46)

*
P = - Real J ed - aap)” + |m|2 Real [ 2
~ ~
| |12
In (46), the term -Real j gd . d(I&)* is recognized as the power of the

isolated dipole I which can be more conveniently calculated by inte-
| " -E8 - (1)
~ A

grating the field pattern (45). The complex number | |2
’ ' IL
is defined as the "mutual impedance" Z ot between the dipole and the body

of revolution. 2 .. is obtained by.setting If = I{ in (34).

' 2
P = |IIL|2 (Jg-::—+ Real Z_ .) (47)

VI. PROGRAM INSTRUCTIONS

The first computer program calculates the genéralized voltage matrices
whose elements are given by (30), (31) and (32). Punched card data is read
early in the main program according to |

50 READ(1,51,END=52) KV,NP,BK
51 FORMAT(2I3,E14.7)
READ(1,53) (RH(I) ,I=1,NP)
READ(1,53) (ZH(I) ,I=1,NP)
53° FORMAT (10F8.4)
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A voltage matrix is calculated for each of KV dipoles. RH(I) and ZH(I) are
respectively the distance p from the axis of the body of revolution and the
z coordinate measured along the axis for the Ith data point on the generat-
ing curve of the body of revolution. There should be a data point at both
extremities of the generating curve. NP must be odd. BK is the propaga-
tion constant k = w/jie. More punched card data is read later in the main

program according to

DO 200 K=1,KV
Kl = K+1
READ (1,201) M1(K1),N1 (K1) ,XR(K1) ,XP (K1) ,XZ (K1),
UR (K1) ,UP (K1) ,UZ (K1)
201  FORMAT (213,6F9.4)
200  CONTINUE

The index K indicates the Kth

dipole. For the moment, Ml(l),Nl(l),...UZ(l)
are left undefined. The voltage matrix [Vm]t appearing in (34) will be
calculated for m = M1, The infinite series (33) is truncated such that

m < n < Nl. The dipole I% is located at (p,¢,z) = (XR,XP,XZ). XP is in
degrees. The p,¢ and z components of I{ are given by

I2 = URu + UPu, + UZu
~ ~P ¢ ~z

If several dipoles have the same XR and XZ, it is more efficient to group

them together, putting a dipole which has simultaneously the largest

Ml and N1 first. In this way the spherical Bessel functions and associated
Legendre polynomials need to be computed only once for the whole group. If
several dipoles have the same M1 and N1 as well as the same XR and XZ, it is
more efficient to group them together. The program calculates (30), (31),

and (32) and stores them when it encounters the first dipole. All the dipoles
in the group are thén obtained by weighting (30), (31), and (32) by UR, UP, and
UZ. The coordinate XP is obtained by multiplying the net result by e_j(Ml)'(XP).

The sample data for the first program is that for one dipole outside a

cone-sphere of total cone angle 20° and sphere radius 0.2 wavelength. The
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sphere and cone surfaces are tangent to each other at the cone to sphere
junction. The data RH and ZH were computed by a short auxiliary computer
program not listed here. The total length of the generating curve is arbi-
trarily taken to be 20 meters, The data points are taken every half meter
along the generating curve. The dipole is located in the ¢=0 plane 0.25
wavelength from the 13th data point

RH

1.0419

ZH = 5.9088

The 0.25 wavelength is measured in the ¢=0 plane perpendicular to the

cone surface. The dipole is of unit amplitude in the p direction.

IL =u
~ ~p

At the end of the program, the voltage is printed according to

WRITE(3,228) (V(J),J=1,NM2)
228  FORMAT (1X,10G11.4)
and punched according to
WRITE (2,241) (V(J),J=1,NM2)
241 FORMAT (7E11.4)

Here, E%& corresponds to the N of equation (19) and

t

le’

¢
m M2 * Vm1’ Vm2

2 2
reside in that order in the complex variable V. -

t
sz, e V

If the first and last data points on the generating curve of the body
of revolution are the same, the six statements following statement 126 set
KL=0 and overlap the second and third data points. If the first and last
data points are different, KL remains at one. In Do loop 57 where I2=I-1,
DH(I2) is the distance between the IZth and fth data points on the generat-
ing curve. Do loop 57 also calculates R(I2), ZS(I2), SV(I2) and CV(I2)
respectively p, z, sin v and cos v midway between the 12th and Ith data
points on the generating curve. Here, v is the angle between 4, and the

z axis.
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In.Do loop 74, T(4*(J-1)+I), I=1,2,3, 4 is the pf (t) appearing in
(30) sampled midway between the [2x(J- l)+I] and [2x(J- l)+I+l]th data
p01nts on the generating curve and multiplied by DH(2x(J-1)+I). TP repre-
sents ——-(pf (t)) times DH If KL=0, TR is the same as T. The T represents
f (t) associated with J i in (16) and the TR represents fi(t) associated
w1th J¢ I1f KL=1 and RH(l) # 0, the logic between statements 77 and 23
changes pfl(t) from a triangular function to a piecewise linear function
which is 2 at the first data point, 1 at the third and O at the fifth.
Similarly, the logic between statements 79 and 78 modifies the last func-

tion prM(t). Do loop 231 puts n! in PS(ntl).

In Do loop 200, K refers to the Kth‘dipole. In statement 246, the
complex number U4 is %-efjm¢. If Ml, N1, XR and XZ are unchanged from the
previous dipole, execution proceeds to statement 235 where Do loop 237 cal-
culates V from the previously computed V1, V2, and V3. If at least one of
the variables M1, N1, XR and XZ is different from that of the previous dipole,
execution proceeds to statement;236. The spherical Bessel functions and their
derivatives of argument kr and order 0;1,2,...N2-l have been previously cal-
culated. If N1 is larger than N2-1, the spherical Bessel functions and their
derivatives are calculated by the subroutine BES in Do loop 208. The sub-
routine BES(L,LD,ID,NJ,XJ,BJ,BJP,BY,8YP) puts j (XJ), n=0,1,2,...(NJ-1) in
BJ(L1+1) through BJ(L1+NJ) and yn(XJ), n=0,1,2...(NJ-1) in BY(L1l+l) through
BY(LI+NJ). If ID is not 2, j'(XJ), is put in BJP(L3+l) through BJP(L3+NJ)
and yé(XJ) in BYP(L3+1l) through BYP(L3+NJ). As in BES, L1 = (L-1)*NJ and

(LD 1)*NJ. The associated Legendre polynomials Pz(cos 8) and their
derlvatlves %E-Pz(cos 8) have been previously calculated for m=0,1,2,...M2-1
and n—m ,m1l,...N2-1, If either N1 > N2-1 or Ml > M2-2 or both, PE(cos 8)

~and < de P (cos 8) are calculated by statement 244, The subroutine
LEG(L, LD ID,NJ,M,XP,P,PP) puts p" (cos 8) in P(L2+m-NJ- (m—l)-m/2+n—m+1) and
dPn(cos 8)

10 in PP (L4+m+NJ-(m-1) -m/2+n-mt+1l) where
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L2 = (L-1) x L5

L4 = (LD-1) x L5

L5 = M*NJ-M*(M-1)/2
0 <mz< M-1

m < n < N-1

In the main program, the nested Do loops 232 and 233 multiply Pz(cos 8)

d _m (n-m)!
and ‘35 Pn(cos 8) by the factor (2n+l) (o) ! appearing in (33).

The logic between statements 234 and 210 calculates spherical
Bessel functions jn(kr')‘and yn(kr') and the associated Legendre
polynomials P:(cos 8') if necessary. The spherical Bessel functions
jn(kr') and-yn(kr') have been previously calculated for n=0,1,2...N3-1
and the aésociated Legendre functions P:(cos ') for m=0,1,2...M3-1 and
n=m,m+1,...N3-1,

The integrations (30), (31) and (32) are done by sampling at
KG=NP-1 points of which the Jth is located midway between the Jth and
(J+l)th data point on the generating curve. This J is the index of
Do loop 212. In Do loop 213,

By (o) r' >0
vL(T) = |
o hPa)s et <o

dp

d j_(kp) '
Dy 100D
U2(1I) =

4@

4o Mn (kp)jn(kr') r' <p

where n = I-1., In Do loop 212,

- -
6l =G, G4 = == G
3
G2 =3=G 65 =6,
- =
63 =6 G6 = 5= Gy

where Gm is defined by (33). In Do loop 226,
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Vi(J) =

=R

t
VmJ
4 9
V1(J2) n VmJ
where Vt and Vij are given by (30) with le = 1, Similarly, V2 and V3 are given

mJ
by (31) with Ily = 1 and by (32) with Imén= 1.

1f

KV > 90
NP > 41
ML > 4

N1 > 14

some variables may require more space. These variables are listed along

with their minimum dimensions. 1In the subroutine LEG,
DIMENSION PC(M1+4),PS(N1+1)

In the main program,

COMPLEX  GL(KG),G2(KG),G3(KG) ,G4 (KG),G5(KG) ,G6 (KG) ,UL (N1+1),
U2 (N1+1),V(NM2),V1 (NM2) ,V2 (NM2) ,V3 (NM2)

DIMENSION RH(NP),ZH(NP) ,DH(KG),R(KG),ZS(KG),SV(KG),CV(KG)
T (4xNM) , TP (4xNM) ,TR (4xNM) ,M1 (KV) ,N1 (KV) ,XR (KV) ,XP (KV),
XZ (KV) ,UR(KV) ,UP (KV),UZ (KV) ,BJ1(L1),BJ2(L1),
BJ3(L1),BY1(L1),BY2(L1),BY3(L1l),P1(L2),P3(L1*KG),
PS(N1+M142),P2(L2)

where

KG = NP-1
NM2 = NP-3
L1 KGX(N1+1)
L2 = (M1+2)*(N1+1)-(M1+2)* (M1+1)/2

If N14M1>20, statement 245 must changed so that J1 is at least as large as
the maximum value of N1+M1+1.
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The subroutine BES(L,LD,ID,NJ,XJ,BJ,BJP,BY,BYP) puts j (XJ) in
BJ(L1+1) through BJ(L1+NJ) where n = 0,1,2,...NJ-1 and Ll=(L-1)xNJ. If
XJ < .001, jn(XJ) is approximated by

1 n=0
J (&I =
0 n=1,2,3,...NJ-1

before returning to the main program. If XJ > .001, yn(XJ) is put in
BY(L1+1l) through BY(L1+NJ). If both XJ > .001 and ID # 2, j;(XJ) and
y;(XJ) are put in BJP(L3+1) through BJP(L34NJ) and BYP(L3+1l) through
BYP (L3+NJ) respectively where n=0,1,2...NJ-1 and L3=(LD-1)*NJ.

If XJ > 15, jn(XJ) is computed from

sin 2z
jo(z) - 2
i (2) sin z COS 2
I 2 z

jn+1(z) = SZlel.jn(z) - jn_l(z), n=1l,2,...NJ-2

where z = XJ., If XJ < 15, statement 11 sets NBJ=XJ+22 and jn(XJ) is

computed from

iy(2) =0
Jgop(2) =1
3p-1(2) = %ﬁ-l-jn(z) - 341(2), n=N-1,N-2,...1
and normalized according to either jo(z) = 51%—1 or jl(z) = sinzz - co: 2

k4
whichever is largest in magnitude. Here, N=NBJ-1. When statement 15 is

reached, the spherical Bessel function of the second kind yn(z) is computed

from
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COs Z
V4

YO(Z) =

(z) = - cos_z _ sin 2z
1 z2 z

2n+1
z

Y412 = ¥,(2) -y _,(2), n=1,2,3,...NJ-2

If ID # 2, j;(z) and y;(z) are computed from

152 = - (=)

2n+l

, n=1,2,... NJ-1

LY

iy (@)
which is also valid for y&(z).

The subroutine LEG(L,LD,ID,NJ,M,XP,P,PP) calculates associated

Legendre polynomials

o m = 0,1,2,,..M-1
Pn(XP) N
n=m, ml, ... NJ-1
By definition,
mn
2,2 mrin
m (1-u’) é 2 n
P (u) = (u” - 1)
n 2 at ™™
so that m
Pl(w) = [1.3.5 .. (2n-1)] (1-u®)?
m
Pl () = [1.3.5 ... (2mD)] u-uD)? .

Do loop 7 puts [1.3.5 .. (2n-1)] in PC(n+l). By definition PC(1) = 1. Do
loop 3 calculates Pz(u) for m=J-1. Pz(u) occupies first the dimensioned

variable PS but is later transferred to P(J2) where

J2 = (L—l)*(M*NJ - M*(M-1)/2) + m*NJ -~ ES%:;L + n-mt+l .
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When n > mt2, P: is calculated from

|
™y = mo W Qm-1) mo_ pm
Pn(u) = 2u Pn--l - Pn—2 * Them (u Pn--l Pn—2)
If ID # 2, Do loop 5 calculates the derivative of the associated Legendre
polynomials
m=0,1,2,... M=1
; %E-Pz(cos 8),
i : n=m, m+l, ... NJ-1
i When n > mtl,
m=0
d _m o _ pitl
de Pn (gos %) Pn
4™ (cos 8) = I (ntm) (n-m+1)P™ L - P™
do 'n 2 n n
m=1,2,...
and when n = m,
d _m ‘
40 Pm (cos 6) =0 : n=0
N—
d .m | ‘= m-1 -
T Pm (cos 0) um m=1,2,...
ar? y |
The quantity e (cos 6) for cos 8 = XP is stored in PP(J2) where
J2 = (LD-1)*(M*NJ - M*(M-1)/2) + M*NJ - Hﬁ%:ll_+ n-M+l .
The second program uses the generalized admittance matrices [Ym]
| and voltage matrices [Vm]t to compute the induced current J and gain
; pattern for a dipole I{ radiating near albody of revolution. The
program which calculates [Ym] is listed in Appendix A of a previous
report [4].
Punched card data is read early in the main program according to
h
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88 READ(1,51,END=52)KV,NP,NMAX,NT,BK

51 FORMAT (413,E14.7)
READ(1,53) (RH(I),I=1,NP)
READ(1,53) (ZH(I) ,I=1,NP)

The variables KV,NP,BK,RH, and ZH have the same meaning as in the first
program. NMAX is one more than the maximum value of M encountered in
equation.(34). The gain is computed at 6 = (L-1) ET%I s L =1,2,...NT
in radians in both the ¢ = 0 and ¢ = v planes. The admittance matrices
are read from direct access data set 6 according to

REWIND 6

DO 61 J=1, NMAX

J2 = (J-1)*Nz+1

J3 = J2 + NZ-1

READ (6) (Y(I),I=J2,J3)

61 CONTINUE

where NZ = (NP-3) x (NP-3).

More punched card data is read according to

DO 62 K=1,KV
READ (1,63)NX, (KK1(I),I=1,NX)
63 FORMAT (101I3)
READ(1,64)XR,XZ ,UR,UP,UZ
64 FORMAT (5F9.4)
62 CONTINUE

For the Kth dipole, the Ith term to be treated in (34) is for m = (KK1(I).
The -m terms of (34) are combined with the +m terms so that KK1(I) > 0.

If the m=0 term is conéidered, it must be treated first so that KK1(1l) is
the only KK1 that can ever be zero. The variables XR,XZ,UR,UP, and UZ
correspond to the dimensioned variables of the same name in the first
program. The variable XP is missing because only dipoles in the ¢ = 0
plane are considered. The data UR, UP, and UZ is restricted such that
either UP = 0 or UR = UZ = 0. The samp}e data for the second program is

for the same dipole outside the same cohe—sphere as in the first program.

36



For UP = 0, equation (15) becomes

11 I 1 o
J=u € I £f,(t) cosmp +u 23I__ £ (t) sin m¢
¥ s 1= ™ ey 4= MR

For UR = UZ = 0, equation (15) becomes

M M N
J=u I Z 2915 £, (6) stnmptu, ] ) e 1 £, (t) cos mo
m=1 1i=1 ‘ m=0 i=1
For UP = 0, the current printed immediately after statement 256 is the
matrix

t
[emI

¢
mi] [2jImi]

For UR = UZ = 0, the current printed is the matrix
t ¢
(231 ,1] [e L4l

The mutual impedance printed is Z appearing in (47). The scattered far
mut —quue-Jkr
—j—p—"—-wr in the

electric field printed is either E? * u, normalized to

~0
plane ¢ = O,m when UP = 0 or Ef . g¢ in the plane ¢ = 0,7 normalized to
_ -jkr |
—19%%;———-when UR = UP = 0. The write statements following‘statement
258 are for E? * uvwhen ¢ = 0, E? * uwhen ¢ = m, |§? . 2,|when ¢ =0 and

(L-1)*m

]g? . gj when ¢ = m. In all four write statements, L indicates 86 = NT-1 "
The write statements following statement 259 are for the gain when ¢ = 0, m.

The gain, defined by (43), is also plotted at the end of the main program.

The variables DH, R, ZS, SV, CV, T and TR appearing early in the main
program are the same as those in the first program. Statement 263 inside
Do loop 61 puts [R ] of equation (42) in VR(J1) through VR(J1 + NM2-1) and
[R ]¢ in VR(J1+NM2) through VR(J1+NM4~-1) where

m= J-1

J1L = 1 + NM4 x NT*(J-1)
NM2 = NP-3
NM4 = NM2#2
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The subroutine PLANE (VVR, THR, NT) is described in Section V of a previous
report [4].

The index K of Do loop 62 indicates the Kth dipole. In Do loop 68,

the index J obtains m = KK1(J) in equation (15). Do loop 70 puts the I

matrix on the left hand side of (17) in TI(l) through TI(NM2). In Do

loop 84, E(L) is proportional to E? * u for ¢ = 0 and E(L2) is proportional

to E? * u for ¢ = m where L2 = L + NT and y = ug or u, depending on whether
: ~ . (L=1)*m

UP = 0 or UR = UZ = 0. The index L indicates 6 = NT-1 . Do loop 243

facilitates calculation of U2 which is the negative of the right hand side

of (34) with I&r replaced by I%. In statement 264

= 1/ N
P2 k 47P

where P is the total power radiated. P2 is required to normalize the gain.

The logic between statements 92 and 94 computes the dipole far electric

i ~jkr
field normalized to _lﬁﬁf;___ . Eﬁ * wof (45) for ¢ = 0 resides in E1(J)
and E? * u for ¢ = m resides in E1(J+NT). Here, u = Y, or 2¢ depending on

whether UP = 0 or UR = UZ = 0. Upon exit from Do loop 96, the gain for

¢ = 0 and 0= 1%%%%i1 is stored in E3(J). The gain for ¢ = m and 6 = L%%%%:l
is stored in E3(J+NT). The gain is plotted after it is printed. 1In Do loop
244, E3(J) and E4(J) are respectively the abscissa x and ordinate y of the
gain pattern for ¢ = 0. E3(J+NT) and E4(JHNT) are for ¢ = m, Statements

265 and 266 plot the gain for ¢ = 0 and ¢ = m respectively. Statements 267
and 268 draw the x and y axes. Do loop 245 puts tick marks on the x axis

and Do loop 246 puts tick marks on the y axis. Do loop 253 labels the x

axis from 1 to 5.

If the data NP, NMAX, or NT is changed, some dimensioned variables
may require more space. These variables are listed along with their mini-

mum dimensions.
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COMPLEX VR (NTXNMAX*NM4) , Y (NZ) ,E (NT2) ,E1 (NT2) ,V(NM2) , .
TI(NM2)

DIMENSION RH(NP),ZH(NP),DH(NP-1),TH(NT),KK1 (NMAX),
S6(NT),S7(NT) ,E3(NT2) ,E4(NT2)

COMMON R(NP-1) ,ZS (NP-1),SV(NP-1) ,CV(NP-1),T (NM4),
TR (NM4)
where NM2 = NP-3
NM4 = 2x(NP-3)
NZ = (NP-3)*(NP-3)
NT2 = NTx2

The common statement in the subroutine PLANE must remain exactly the same

as in the main program.
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VII. COMPUTER PROGRAMS AND SAMPLE OUTPUT

A. Program for Voltage Excitation

/7 {0034 4EE1442,44) 4 'MAUTZ, JOE® yMSGLEVEL=1
// EXEC FORTGCLG,yPARM.FORT='MAP?
//FORT.SYSIN DD =%
SUBROUTINE BES(L+LDyIDyNJIyXJyBIyBJIP,BY,RYP)
DIMENSION BJ(1)yBJP(1)4BY(1)4BYP(1)yRS(40)
Ll=(L=-1)%NJ
L3=(LD=1)%NJ
IF(XJ-1.FE=-3) 3,3,4
Jl=L1+1
J2=L1+NJ
DO 5 J=Jl,J2
RJ(J)=0.
5 CONTINUE
BJ(l)=1.
RETURN
4 SN=SIN(XJ)
CS=CUS(XJ)
IF(XJ=15.) 11412412
12 RJILLI+1)=SN/XJ
BJ(L142)=(RJ(L1+1)~-CS)/XJ
DO 14 [=3,NJ
13=L1+1
12=13-1
11=13-2
BJ(I3)=FLOAT(2%I=3)/XJ%BJ(12)-BI(I])
14 CUNTINUE
B3=FLOAT(2%NJ=1)/XJ*BJ(I13)-BJI(12)
GO TO 15
11 NBJ=XJ+22.
BS(NRJ) =0,
BS(NRJ-1)=1.
NBJ2=NR})-2
DO 193 I=1,NRJ2
12=NBJ~-1
[3=12+1
I1=12-1
FI=FLOAT(2%]1+1)/XJ
BS(I1)=RS(I2)*FI-BRS{13)
193 CONTINUE
Bl1=SN/XJ
R2=8B1/XJ-CS/X.}
IF(ABRS(RL1)=-ABS(B2))1,2,2
2 BB=RB1/BS(1)
GO TO 9
1 BB=R2/BS(2)
9 DO 194 I=1,NJ
I1=L1+1
RJCTI1)=RS(T)*RR
194 CONTINUE
B3=RS(NJ+1)*RA
15 BY(L1+1)=-CS/XJ)
BY(L1+2)=(RY(L1+1)-SN)/XJ
DO 64 1=3,NJ
13=L1+1
[2=13-1
11=13-2
BY(I3)=FLOAT(2%]1=3)/XJ%BY(12)-BY(I1)
64 CONTINUE
Ba=FLOAT(2%NJ=1)/XJI%BY(I13)-RY(]I2)
TF(ID.EO0,2) RETURN

[Sthge )
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NJ1=NJ=-1
J1=0L3+1
J2=L1+2
BIP(I1)==-BJI(J2)
BYP(J1)==BY(J2)
DO 65 J=2,NJ1
J2=L3+J
Jl=L1+J-1
J3=J1+2
FJ=2%(2%J-1)
HJP(JZ)=.5*(RJ(J1)“HJ(J3))-(BJ(J1)+3J(J3))/F‘J
RYP(J2)=.5*(RY(JI)—BV(J3))-(ﬁV(Jl)*BY(J3))/FJ
65 CONTINUE
Fd=FJ+4,
J2=42+1
Jl=J1+1
RIP(J2)=e5%(BJ(JL1)=-B3)=(RJI(JL)I+B3)/FJ
3YP(J2)=.5%(RY(J1)=-B4)=(RY(J1)+B4a)/FJ
RETURN ’
END
SUBROUTINE LEG(LsLDyIDyNJyMyXP4PyPP)
DIMENSTON PC(RB)4P(1),PP(1),pPS(20)
PC(1)=1.
Ml=M+1
DO 7 J=1,M1
PCIJ+1)=PC(J)RFLOAT(2%*J-1)
7 COUNTINUE
L5=M*NJ=~M*(M=1)/2
L2=(L=-1)%L5
La=(LD=-1)%L5
X2=ARS(1.=XPxXP)
X1=SORT(X2)
DIy 3 J=1,M1
M2=L2+(J=1)%NJ=-(J=2)%(J-1)/2
X3=1.
IF(JeNELY) X3=X1x%x{J-1)
PS(1)=PC(J)*X3
PS(2)=PCLJ+1)%xXP%X3
IF(JeEQeMY) GO TO 14
P(M2+1)=PS(1)
P(M2+2)=PS(2)
14 NJ1=NJ=J+1
DO 4 I=3,NJ1
11=1-2
12=1-1 .
PS(I)=2.*XP*PS(12)‘pS(Il)*FLﬂAT(Z*J‘3)/FLUAT(lZ)*(XP*pS(12|—pS(]l)
1)
IF(J.EQ.M1) GO TO &
J2=M2+1
P(J2)=PS(1)
4 CUNTINUE
3 CONTINUE
IF(ID.EQ.2) RETURN
N 5 J=1,M
M2=L4+(J=-1)%xNJ-(J=-2)1%(J~-1)/2
M3=M2+L2-L4
NJ1=NJ=J+1
NO 6 1=24NJ1
J2=M2+1
J1=M3+1-NJ+J-1
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J3=M3+T+NJ~-J

TF{JeNEL1«ANDJJoNE M) GIH TO 8

TF(JoNELL) GU TO 12

PPEY2)==P(3)

Gty TH 6
PRPUIZ2Y=o5%(FLOAT (T3 (25)4T1=3))%P(J1)=-PS({1~1))
GU Tu A
PPLI2)=5%(FLOAT (I %(2%J+1=-3))%P(J1)=-P(J3))

6 CONTIEMUE

53
16
54
5%
46

b A

126

HR

J2=M2+1

J1=M3=-NJ+J

TH(J.NELL)Y GO TO 13

PP(J2)=0,

GO TO 5

PPLJ2)=o5%FLOAT(2%J=2)%P(J]1)

CONTINUFE

RETUHRN

F Nt

CUMPLEX UyGl(40)4+6G2(40)4,G3(40)+64(40),G5(40),66(40),U1(17),U2(17)
CIMPLEX U3,C14C2+C34U4,U5,Ub64U7,UB4UU9,V(38),V1(38),V2(38),V3(38)
DIMENSTON RH{41)3ZH{41)4DH{40)4R(40)472S(40)4SVI(40)4CVI40),T(76)
DIMENSTON TP(76)3TRITA) ¢MI(90) ¢N1(90) ¢XR{90) 4 XPI90) +XZ(90) UR(90)
DBIVEMSTON UP(9G),UZ(90)4BJLI600),4,BI2(600),8J3(600),RY1(600)
DIMAENSTON BY2{600)4,BY3(E00)4PLIBT7)4P2(BT)4P3(3000),PS5(22)
FTA=376,730

P1=3,141593

U=(0.41.)

PR=PT/1RO,

) READ(T4514END=52) KV,NP,RK

FURMAT(2T13,E14,7)
READ(1453)(RH(T)yI=1,NP)
READ(Ly53)(ZH(T) 41=14NP)
FORMAT(10FR.4)
WRTITE(3,454) KVyNP,RK
FORMAT(1X//" KV=',13,' NP=1,]13,!' BK='yE1l4.7)
WRITE(3,55)

FORMAT(1X/* RH')
WRTITE(3,4,46)(RH{T),I=1,NP)
FORMAT(1X,10F8.4)
WRITE(3,56)

FORMAT(1X/Y 7H')
WRITE(3,46)Y(7ZH(T),41=1,NP)
KL=1
TFOIRHEL1)=RH(INP) ) eNE+Oe UR,(ZH{1)=ZH(NP)).NE.O.) GO TO 5R
KL=0

RHINP+1)=RH(2)
7HINP+1)=Z2H(?)
RH(NP+2)=RH(3)
THINP+2)=ZH(3)

NP=NMP+2

M) ST 1=2,NP

12=1-1

RRI=RH(I)=RH(T2)
RR2=7H(T)=ZH(1?)
PH(T12)=SORT(RR1I*RRL+RR2#*RR?)
R{I2) =45 (RH(TI)+RH(I2))
7SCIZ2) =55 {ZH(T)+ZH(I2))
SVIIZ2)=RR1/DH(12)
CV(I2)=RR2/DH(1?)

CONT IMUE
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14

75

115

7

23
79

78

245

231

201

203

NM=(NP=3)/2

NMZ=NMx* 2

NM4& =NM=4

KG=NP~-1

BK2=BK*BK

DO 74 J=1,NM

J2=2%(J-1)1+1

J3=J2+1

Ja=J43+1

J5=J4+1

Je=6%({J=1)+1

JT=J6+1

JR=JT+1

Jo=J8+1

DELI=DHIJ2)+DH(J3)
DELZ2=DH(J&)+DHJ5)
T(J6)=UH(J2)%DH(J2)/2./DELL
T(JTI=DH(J3)=(DH(J2)+DH{J3)/2.)/DEL]
T(JR)=DH(J4)*(DH(JS)+DH(Q4)/2.)/DELZ
T(J9)=DH{J5) xDH(J5)/2./DEL2
TP{J6)=DH{J2)/DELL
TPLIT)Y=NH(J3)/DELL
TP{JR)==DH(J4)/DEL2

1P LJ9)==DH(JD)/DEL?

CONTINUE

N 75 J=1,NM4

TREJI=T(J)

CONTINUE

[F(KL.ENLO) GO TO 78

ITF(RH(L)) TT7423,77

DELL1=DH(1)+DH(2)
TR(1)=DH(1)* (1. +(DH{2)+DH(1)/2.)/DELL)
TR(2)=DH(2)%(1.+DH(2)/2./DEL])
IF(RH(NP)) 79,78,79

Jl1={(NM=1)%4+3

J2=J1+1

DFL2=NDHINP=2)+DH(NP~1)
TR{J1)=DH(NP=2)%(1.,+DH(NP=2)/2./DEL2)
TR(J?)=DH(NP—1)*(1.+(DH(NP—2)+DH(NP—1)/2.)/DEL2)

M2=-1 v
N2==1

M3=-1

N3=-1

M1(1)==1
N1(1)=-1

XR{1)=1.E+10

X7 {1)=XR (1)

J1=21

PS(1)=1.

DO 231 J=1,J1

J2=J+1

PSIJ2)1=PS(J)*J

CONTINUE

DO 200 K=14KV

K1=K+1
REAH(1,201)Ml!K1)vN1(K1)qXR(Kl)'XP(Kl),Xi(Kl)'UR(Kl).UP(Kl)vU7(Kl)
FORMAT(213,6F9.4)

WRITF(3,203)

FORMAT('0 M1 Nl',4X"XR"7X,'XP'.?X.‘XZ"7X"UR’,7X"UP'.7X"U7')
WRITE(3,202) Ml(Kl)'NI(KI).XR(KI).XP(KI)vX7(Kl)oUR(K1)vUP(K1)vU7‘K
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11)
202 FORMAT(1Xy213,6F9.4)
X4=M]L(KL)®*XP(K1)*PR
246 VG=ETA/G.x(COSIX4)=U%SIN(X4))
Cl=UR(K]1)*U4
C2=UP(K1)*U4
C3=UZ{K]1)*U4s
X5=ABSIXR(K1)=XR(K))+ABRS(XZ (K1)=XZ(K))
TF{TABS(MI(K1)=-M1(K))+TABS{NL(K1)=NL(K))+X5) 235,235,236
23/ Ng=MN1(K1)+1
M4=mM1 (K1)
M5=M4+1
M6=M5+1]
TFIINLI(KL)+1-N2).,LE.O) GO TO 204
N2=N1(K1l)}+1
U 208 J=1,4,KG
XJ=BK*R(J)
CALL BES(JsJelyN2yXJyBJ1,BI2,BY1,BY2)
208 CUNTINUE
GO TO 238
204 TF((M1{K1)+2-M2).LE.O) GO TO 234
23H M2=M1(Kl)+2
244 CALL LEG(141y14N2yM2,0,4P1,4P2)
My 232 J=1,M2
J2=(J=1)%N2-J*x(J-1)/2
DO 233 I=4d4N2
Jl1=J2+1
X6={2%1=1)%PS(1-J+1)/PS(I+J-1)
P10J1)=PY(d1)*X6
P2(J1)=P2(J1)*X6
233 CONTINUE
232 CONTINUE
234 TF(X5) 206,2064240
240 M3=-1
NEEDS!
206 TF((N1(K1)+1-N3),.,LE.O) GO TO 207
N3=N1(K1l)+1
M3=M1(K1l)+2
DO 229 J=14KG
71=X2(K1)=ZS(J)
XJ=SORT(Z1*%Z1+XR{K1)*XR(KL1)}))
XJl=BK*XJ
CALL BES(JyJs?2yN3,XJ14BJ3,BJ2,BY3,BY2)
¥Ji1=71/xJ
CALL LEG(JyJ924N3,M3,XJ1,P3,P2)
229 CONTINUE
GO TO 210
207 1F((MYI(K1)+2-M3) . LE.O) GO TO 210
MA=M1(KL)+2
DO 211 J=1,KG
71=XZ(K1)=-Z2S(J)
XJ=Z1/SORT(Z1*Z1+XR(KL)*XR(K1})
CALL LEG{(JsJs2¢N34M3,XJ4P3,P2)
211 CONTINUE
210 J5=-M5%(M5-1)/2
DO 212 J=1,KG
J3=(M3EN3-M3%(M3=-1)/2)*(J=-1)
G1(J)=0.
G2(J)=0,
6G3(J)=0.
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G4(J)=0.
G5(J)=0.
G6(J)=0.
21=X2(K1)-25(J)
X2=SQRT(Z1*Z1+XR(K1)*XR(K1))
NO 213 I=1,N4
J1=1+(J=1)*%N2
J2=1+(J-1)*%N3
TE(REJI=X2) 215,214,214
214 X3=8J01(J1)
X4=HJ2(J1)
IF(ABS{X3)+ARS(Xa)=1.,E-15) 216,217,217
216 X3=0,
X4=0, ,

217 UL(T1)=BJ3(J2)*(X3-U*BY1(J1))
U2(1)=893(J2)*BKx(X4-UxBY2(J1))
GO TO 213

215 X3=BJ3(J42)

IF(ABS(X3)-1.E~15) 218,219,219

218 x3=0.

219 U3=x3-UxBY3(J2)
Ul1(1)=8J1(J1)*U3
U2€¢1)1=8J2(J1)*BK*U3

213 CONTINUE
Ja=(M5-1)%N2+J5
J6=J03+(M5~-1)%N3+J45
D 220 1=M5,N4
Jl=Ja+l
J2=J6+1
G3(JI=PLEIL)*P3(J2)*UN(T1)+G3(J)
G&(J)=P2(J1)*P3(J2)%UL(1)+G4(J)

220 CONTINUE
J4=J4+N2-M5
Je6=JA+N3~-M5
DO 221 I=M6,N4
Jl=Js+l .
J2=J6+1 :
GS(J1=P1(J1)*P3(J2)*U1(})+G5(J)
GA(J)I=PL(JL)*P3(J2)%U2(1)+G6(J)

221 CONTINUE
IF(M&4) 222,223,222

223 G1(J4)1=G5(J)

G2(J)=6G61J)
GN TO 212

222 J4=J4=-2%(N2-M5)-1
J6=JH6=2%(N3~-M5)~-1
NO 225 1=M44N4
Jl=J4+1
J2=J6b+1
Gl(J)=PLIJLI*P3(J2)%UL(]1)+G1(J)
G2(J)=PL(JL)*P3(J2)*U2(1)+G2(J)

225 CONTINUE

212 CONTINUE
DO 226 J=1,NM
J2=J+NM
V1i(J)=0.

V2(J)=0.
V3(J)=0.
V1itJ2)=0.
v2(J2)=0.
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v3(J2)=0.

DO 227 T=1,4
Jo=(J=-1)%4+1
Ja=(J=-1)%x2+1
X4=(M&-1)/R(J4)
XH=M4 /R (J4)
X6=M5/R(J4)
U4a=BK2%(G5(J4)-G1(J44))
U5=BK2*(G5(J4)1+G1(J4))
U6=G6(J4)-G2(J4)
UT=66(J4)+G2(J4)
UR=XA%G5(J4)-X4%G1l(J4)

CUI=X6*G5(J4)+X4%xG1( J4)

227

226
235

237
243
228

241
200

52

/%
7/G0.S
004041
0.0
0.86
1.73
2460
-0.00
0.0
4,97
9. R4
164,77
18,22
003014
000014
001014
002014
/%

V1) ==T(JI5) %SV (JI4)*US+TP(J5) %= (UT+U8B)+V1(J)
V2(J)=(=T(J5)*SVIJ4)*xU4+TP(J5)*(U6+U9) )*U+V2(J)
V3{J)==BK2*T (J5)*CVIJI4)%G3(J4)~-TP(JIS5)/R(J&4)*G4(J4)+V3(J)
V10J2)=(Us=X5%(UT+UBR) }*U%TR(JI5)+V1(J2)

V2(J21=(=US+X5*(U6+U9) ) %2TR(JI5)+V2(J2)
V3(J2)=X5/R{(J4)%TRJI5)*G4(JI4)*U+V3{J42)
CONTINUE

V3(J)=2.%V3(J)
V3(J2)=2.%V3(J2)

CUNTINUE

Do 237 J=1,NM2
VIJ)=C1*V1(J)+C2%V2(J)+C3%V3(J)
CONT INUE

WRITE(3,243)

FORMAT( *OVOLTAGE MATRIX')
WRITF(3422R8)(V(J)yJd=14NM2)
FORMAT(1X,10G11.4)
WRITE(2,241)(V(J)yd=14NM2)
FORMAT(TEL1l.4)

CONTINUE

Gy T 50

stoe

FND

YSIN DD *
0.4659995E+00

0.0868 0.1736 0.2605 0.3473 0.4341 0.5209 0.6078
B2 09551 1.0419 1.1287 1.2155 143024 1.3892 1.,4760
65 1.8233  1.9101 1.9970 2.0838 2,170 2.2574 2.3442
47 2.6B37 2.6863 2.,5969 2,41R84 2.1570 1.8216 1.4238

on

044924 049848 144772 149696 2.4620 249544 3,4468
40 5.4164 5,9088 66,4013 6.8937 7.386)1 7T.R7R5 8.3709
#1 10.3405 10,8329 11.3253 11,8177 12.3101 12.8025 13.2949
21 15,2657 15.7650 16.2562 16,7225 17,1478 17.5177 17.8195

60
44,3615 0.0000 5.3235 1.,0000 0.0000 0.0000
4.3615 0.0000 5.3235 1.0000 0.0000 0.0000
443615 0.0000 5.3235 1.0000 0.0000 0.0000
443615 0.,0000 5.3235 1.0000 0.0000 0.0000

46

0.6946 0,7814
15628 1.6497
2.4311 2.5179
0.9772 044971

3.9392 4.4316
8.8633 99,3557
13.7873 14,2797
18.0427 18,1798



B. Sample Output

KV= 4 NP= 41 BK= 0.4659995E 00

RH
0s 0 0.0868 0.1736 0.2605 0.3473 0.4341 0.5209 0,5078 0.6946
0.8632 0,9551 1.0419 1.1287 142155 143024 1.3892 1.4760 1.5628
1.7365 148233 1.9101 1.9970 2.0838 2.1706 242574 243442 2.4311
2.6047 2.6837 2,6863 2,5969 2.4184 2.1570 1.8216 1.4238 0.9772
Ce

IH ’
0.0 0.4924 00,9848 1.6772 149696 244620 2.9544 3.4468 3.9392
4.9240 S5.4164 5,.9088 6.,4013 6.8937 7.386) 7.8785 B8,3709 8,8633
9.8431 10.3405 10.R8329 11,3253 1148177 1243101 12,8025 13,2949 13,7873
1447721 1562657 15,7650 16,2562 1647225 17,1478 175177 178195 18.0427
1842260
M1 N1 XR Xp X7 UR up 124
3 14 4c3615 0.0 543235 140000 0,0 0.0

VOUL TAGF MATRIX

0.7814
1.6497
2.5179
0. 4971

4e4316
9.3557
14.2797
18.1798

-0.3105E~03-Ne7578F~03-0.1201E-02~0,7585E-02~0,2892E-02-0, 431 TE~01-0.5463E-02~0,1431

-N.1305E~-01-0.1274

~0.1762E-01 0.6862E~01-D,2223E-01 0.1018

-0 B912E-02-0.2367

=0,2645E~01 0.3994F-01-042983E-01~C4644RAF-02
~043199€=01-0.2235E=01~-043263E-01-042171E-01-0.3162E~01~0s 1489E~01-0, 2901€-01-0.6747E-D2~0,2488E~01-0.16630-0C2
~0.21076-01-0s1251E=01-0¢ 1997E=01-042046E-01~0,1507E-01-0.1421E=-01-0,5823E-02~-0.4817€-02 0.3772€-02-0.178RF-02

0.31126-01-0.71326-02 0.1535 -0e1723E-01 0.5114 -0.3226€-01 1.108 -0.5146E-01 1,481 -0.73CTF-C1
1. 241 ~0e9452E-01 0.7248 -0.1128 0. 3403 -0.1251 0. 1362 -0.1289 0.3754E-01-0.1228
-0.2587€-01-0, 1068 ~0,6156E-01-0,B8211E~01-0.8178E~01-045145E-01-0.8812E-01-0.183T7E~-01-0 TGHRE-Q1 N.1055¢-01
~(u4842E-01 N.237208-01-0.2127E-01 0,1775E~01-0.549T7E~02 0.63686-02
41 N1 XR xp z UR up uz
0 L4 4.3615 .0 5.3235 1.0000 0.0 0.0
VOLTAGH MATRIX
-5.83i -6.227 ~54165 ~8.167 —4,043 -9.0149 ~2.5664 ~T.668 -0.8667 -3 104
0.8818 3,428 2.510 8 135 3.861 9.170 4.815 T 664 54300 5.3%0
54307 3.052 4.854 1-071 4,053 -0.4773 3.016 -1l.548 l1.847 -2.151
J. 4689 -2.277 -0. 6028 -1. 766 ~0. 9095 -0.9956 -0, 6002 -0.3912 0.0 0.0
2.0 o € 0,0 0.0 2.0 0.0 0.0 0.0 0.0 0.0
000 f.0 0.0 040 0.0 0.0 2.0 0.0 0.0 CeC
3.0 Va0 0.0 0.0 0.0 0.0 0.0 c.0 0.C c.0
090 0.0 0.0 0.0 0.0 0.0
M1 N1 XR XP xZ UR upP uz
1 14 4.3615 CaN 5.32135 1.0000 0.0 0.0
VOLTAGZ MATRIX
-0.363, 0a3747 -0. 7094 -0.73021 -1.030 -le.361 -1.288 -2- 2R9 ~1.053 -1.851
-1.50% N.2609 ~la434 2.391 -1.254 3.052 -0 9794 2 764 -0.6430 2.299
~0. 2827 1.903 0.6261E-01 1.563 0.3577 1.238 0.575% 0.9081 0.6301 De6217
0.1839 0.8129 -0.1351 1.507 0.2153F-01 2.204 2, 3355 2. 642 -3.390 -2.297
-1.787 ~446455 0.8802 -6,35%% 4,015 =7.719 6. 202 ~8. 351 ha 021 -8 158
3,271 ~-7.168 0e4026E-03 -5,529 =2.443 -3.479 =3.637 -1.311 =3, 707 De 6757
-2.934 2,224 -l 646 3,199 =0.1624 3.408 1.213° 3,014 24031 2:-1a7
2.76% 1.122 24900 0.2504 24855 -0.2988
Ml N1 XR xp xZ ur up uz
2 14 4.3615 Ca 543235 1.000C 0.0 Ga 0
VILTAGT MATRIX
0. 2604E-01-0,1175E~01-0.5851€-1-0,8933F-01-0.1C31 ~-0.3228 -0. 1544 -0.7218 ~0.2.78 “0e9Nn31
-0.25717 -0.40°7 =0.2995 0.2419 -N.3273 0. 3980 -0.3383 02594 -0.3302 Ve 1377
~0.3034 N1a9T742E-01-042608 Ue1062 -0, 2058 0. 1305 -0,1442 G.15U8 ~0. 9R0SE-01 N, l4t0
=0, 1ALY NeT7648F=-N1-0.29438 Ceb018E-01~0.2H94 0.9151E-01-0, 1704 Ca7544F =01 0.4761F-01-Nsl4N4
002324 -Ne 3597 1.098 -0.6309 24504 -0.9261 4.105 -1. 204 44701 -1.423
3. 757 -1.545 2o 166 -1.546 0.,8333 ~le4i7 -0 43932E-01 -1l. 168 -0 5+35 -0.8291
-0, R224 -0.4407 -0,.8812 ~0.5229€-01-0. 7814 0.2877 ~0. 5664 0.5365 -0.2864 Ne A9
~0,3454£-01 0.5691 0.8371E-C1 043899 0. 1892

0.7771€E-C1
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C. Program for Gain Patterns

//

// MSG

(0034 4EE+6924942) 4y "MAUTZ,HJOE? yREGION=370K
Ty PLEASE RUN WITH BLACK INK IN THE CALCOMP PLOTTER PEN

// EXEC FORTGCLG,PARM,FORT="'MAP?
//FORTLSYSIN DD *

153

304

303

155
306
305
302
308

309
307

SURROUTINE PLANE (VVR,THR ,NT)
COMPLEX VVR(1),A5,A6,U
COMMUN U4R(42)425(42)4SVI(42)4CV(42)4BKyNPyNN,T{RO),TR(80D)
DIMENSTON BJ(126)4THR{1),FK(20)
KG=NP=-1

MNM=KG/2~1

M?=NMN+2

Ao=2 %3, 14159331 %a(NM+ 1)
NV =NM4L

FK(l)=1.

DO 153 J=1,M2

Jl=J+1

FKOJIY=FK{J)*J
CONTINUE

DO 156 L=1,NT
L1=(L-1)%NV

CS=COS{THR (L))
SN=SIN(THR(L))
RCS=BK*CS

DO 302 J=1,K06
X=R(J)*BK*SN

Jl=J

I1=NN

IF(I1) 303,304,303
I1=11+1

J1=J1+KG

DO 305 JJ=11,M2
IF(X-1.E=-5) 1,1,2
IF(JJ=1) 343,4
BJtJdl)=1.

GO TO 306

BJ(J1)=0.

GO TO 306

RH=X/2.

RHZ2=RH*RH
RH3=RH*%x(JJ-1)
BJ(JIL)I=RH3/FK(JJ)
SS=8J(J1)

SST=8S*1.E-7

DO 155 K=1,20
SS$==SS%RH2/K/(K+JJ~1)
BJ(J1)=BJ(J1)+SS
IF(ARS(SS)~-SST) 306,306,155
CONTINUE

STOP 155

J1=J1+KG

CONTINUE

CONTINUE

IF(NN) 307,308,307

DO 309 J=1,KG
J1=J+2%KG6
BJ(J)I==BJ(J1)

CONTINUE

DO 300 J=14,NM

Ji=J+L1

J2=J1+NM
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301
300
156

88
51

54

53
55
46

56

126

58

J3=J2+NM

Ja=J34NM

VVR{J1)=0.

VVR(J2)=0.

VVR(J3)=0.

VVR(J41=0.

DO 301 I=1,4

I1=2%(J-1)+I

T4=4%(J-1)+1

12=11+KG

13=124KG

A6=(COSIZS(I1)*BCS)+UXSIN(ZS(IL1)I*RCS))*A5
BJ1=(BJ(I3)+BJ(I1))I*.5

B8J2=(BJ(I3)-BJ(I1))}*.5
VVR(J1)=VVR(J1)+A6%(CSHSV{T1)#BI2+SNRCV(T1L)*BI(T2)*U)*T(14)
VVR(J2)1=VVR{J2)+A6%CS*BJIL*U*TR{T14)
VVR(J3)=VVR{J3)=A6%SV(T1)*BJILxU*T (14}

VVR (J4)=VVR(J&)+A6XBI2%TR(14)

CONTINUE

CONTINUE

CONT INUE

RETURN

END
COMPLEXUsUL2U2,U3,U4,YR(22192),Y(5776),E(146),E1(146),V(38),T1(38)
DIMENSION RH(43),ZH(43),DH(42)4TH(145),KK1(10),56(145),5S7(145)
DIMENSION E3({146),E4(146),AREA(400)

COMMON UsR{42)425(42)4SV(42)4CV(42),BKNPyNN,T(80),TR(BO)
ETA=376.730

PI=3.141593

U=‘00'10)

CALL PLOTS(AREA,400)

REWIND 6

READ(1,51,END=52) KV NP NMAX,NT4BK

FORMAT(413,E14,.7)

WRITE(3,54) KV,NP,NMAX,NT4BK

FORMAT(L1X//' KV=0,13,% NP=',13,% NMAX=1,13,' NT=4,13,' BK=',E14.7)
READ(1,53) (RH(I),1=1,NP)

READ(1,53)(ZH{1),1=14NP)

FORMAT(10FB.4)

WRITE(3,55)

FORMAT(1X/% RH')

WRITE(3,46)(RH(T)yI=14NP)

FORMAT(1X,10F8.4)

WRITE(3,56)

FORMAT(1X/* ZHY) .

WRITE(3,46)(ZH(T1),1=1,NP)

KL=1

IF((RH(1)=RH(NP)) eNE.OeeOR{ZH(1)=ZH(NP)).NE,O.) GO TH 58
KL=0

RH(NP+1)=RH(2)

ZH(NP+1)=ZH(2)

RH(NP+2)=RH(3)

ZHINP+2)=ZH(3)

NP=NP+2

DO 57 [=2,NP

12=1-1

RR1=RH{T)-RH(12)

RR2=ZH(I)=2H(12)

DH(12)=SORT(RR1*RR1+RR2%*RRZ)

R(I2)=.5%(RH(T)+RH(I2))
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57

T4

75

115

77

23

79

78

60

263

254

25
61

7S(12)=.5%(7ZH(L1)+2H(12))
SVII2)=RR1/DH(T2)

CVI12)=RR2/DH(IT2)

CONTINUE

NM={(NP-3)/2

NM?2 =NM*2

NM&4=NMx4

N7 =NM2 %NM2

NT?2=NT%?

NI3=NT+1

DO 74 J=14NM

J2=2%(J-1)+1

J3=J2+1

Ja=J3+1

J5=J4+1

Jhzax(J-11+1

JT=J6+1

JA=J7+1

J9=J8+1

NELL1=DH(J2)+DH{J3)

DEL2=DH(J4)+DH(J5)
T(J6)=DH(J2)%DH(J2)/2./DEL]
TEIT)=DH(JI3)x(DH(J2)+DH(J3)/2.)/DEL]
TIJB)=DH{J4)*(DH(JS5)+DH(J4)/2.)/DEL2
T(J9)=DH(JS5)*DH(I5)/2./DEL2

CONTINUE

DO 75 J=1,NM4

TRIUI=T(J)

CONTINUE

TF(KL.EQ.OQ) GO TU 78

TF(RHIL1)) T7423,77

DELI=DH(1)+DH(2)
TRE1)=DH(1)*(1.+(DH(2)+DH(1)/2.)/DEL])
TR(2)=DH(2)*{1.+DH(2)/2./DEL])
IF(RH(NP)) 79,78,79

JI1=(NM=1)%4+3

J2=J1+1

DEL?2=DH(NP=2)+DH(NP=-1)
TRIJ1I=DH(NP=2)% (1., +DH(NP=-2)/2./DEL2)
TR(J2)=UH(NP=-1)*( 1. +(DH(NP~2)+DH(NP-1)/2.)/DEL2)
DEL=PT/{NT-1)

DU 60 J=1,NT

TH(J)={J=-1)*DEL

S6(J)=COS(TH(J)) !
ST(J)=SIN(TH(J))

CONTINUE

D0 61 J=1,NMAX

NN=J-1

J1=1+NM4=NT%(J=-1)

CALL PLANE(VR(J1)4THyNT)
J2=(J=-1)%NZ+1

J3=J2+NZ2-1

READ(6Y(Y(T) 41=U2,443)

WRITE(3,254)

FORMAT{'OFIRST TWO ELEMENTS OF ADMITTANCE MATRIX')
WRITE(3,25) Y(J2),Y(J2+1) )
FORMAT(1X410611.4)

CONTINUE .

DO 62 K=1,KV

READ(1963) NXy(KKL(T)9I=14NX)

50



63

64

65
66

67

69

72
73

255

83

248

71
70

85

47

48

45

FORMAT(1013)

READ(1464) XRyXZ,UR,UP4UZ
FORMAT(5F9.4)
PIL=UR*UR+UZ*UZ+UP®UP
P=BK*BK*ETA/6./PI*PIL
P4=HK*SQRT(ETA/4,./P1)
WRITE(3,65) NXy(KKLIT)sI=1oNX)
FORMAT (*ONX=',13,' KK1=',813)
WRITE(3,66)

FORMAT (10! 44Xy P XRY 4 TXg VX2 g TXy "UR 3 TX9tUPY,7Xy'UZ")
WRITE(3,67) XRyXZsUR,UP,UZ
FORMAT(1X,5F9.4)

J7=0

IF(UP.NE.O.) JT7=NM2

DO 69 J=1,NT2

E(J)=0.

CONT INUE

uz2=0.

DO 68 J=1.NX
READ(1,72)(V(1)4sI=14NM2)
FORMAT(T7E11.4)

WRITE(3,73) KK1(J) :
FORMAT( 'OVOLTAGE MATRIX FOR THE EXP(J',12,'0) MODE')
WRITE(34255)
FORMAT( '+ ,30X,y'/")
WRITE(3,83)(V(I),1=1,NM2)
FORMAT(1Xy7E11.4)
NN=KK1(J)

S=(-1.)*%NN

J3=NN*NZ

DO 70 I=1yNM2

TI(I)=0.

DO 71 L=14NM2
L1=J3+(L-1)*NM2+1

T =TI(I)+Y(LL)®V(L)
CONTINUE

CONTINUE

DD 84 L=1,NT

L2=L+NT

DO 85 I=1,NM2
L1=NN*NMGENT+(L-1) *NM4+JT+]
Ul=VR({L1)I*TI(])
E(L)Y=E(L)+U1
E(L2)=E(L2)+S5*U1

CONTINUE

CONTINUE

IF(UP) 48,47,48

U3=2.

Us=2 %l

Sl=1.

GO TO 45

U3=2.%U

U4s=2.

Sl=-1.

IF(NN.NE.O) GO TO 50
U3=,5%U3

U4=,5%U4

S1=.5%*S1

DO 86 L=1,NT2

E(L)=o5%E(L)

51



R6 CONTINUE

50 DN 40 L=1,NM
L1=L+NM
E1(L)=TI(L)*U3
FL(LL)Y=TI(L1)*Us
E3(L)=CABS{ELI(L))
E3(L1)=CABS(E1(L1))

40 CONTINUE
WRITE(3,256)

25¢ FORMAT('OCURRENT!'")
WRITE(3,425)(EYX(L)4L=14NM2)
WRITE(3,257)

257 FORMAT('OMAGNITUDE OF CURRENT!')
WRITE(3425)(E3(L)yL=14NM2)
U1=0.

U3=0.

DO 243 L=1,NM
U1=U1+VIL)I*TI(L)
L2=L+NM
U3=U3+4V(L2)*=TI(L2)

243 CONTINUE
U2=U2=-S1*%(U1-U3)

68 CONTINUE
uUz2=U2%*2,

264 P?2=P4/SORT(P+REAL(U2))
Uz2=uy2/P1L
P=p/PIL
WRITE(3,260) PsU2

260 FORMAT('ORADIATION RESISTANCE OF ISOLATED DIPOLE=',E11.4/"' MUTUAL
1IMPEDANCE="',2E114.4)

DO 90 L=1,NT2
E(L)I=E(L)*2,
E3(L)=CABS{E(L))
90 CUNTINUE
WRITE(3,254)

258 FORMAT('OSCATTERED FAR ELECTRIC FIELD')
WRITE(3,25)(E(L)yL=14,NT,8)
WRITE(3,25)(E(L)sL=NT3,NT2,8)
WRITE(3,25)(E3(L)sL=14NT,8)
WRITE(3425)(F3(L),L=NT3,NT2,8)
S3=SORT(XZ*XI+XR*XR)
S=ARCOS(X7/S3)

IF(UP) 93,92,93
G2 DO 87T J=14NT
J2=J+NT
S2=UR*SHK(J)-UZ*%ST7(J)
S1=COS(CTH(J)=-S)*S3%BK
EL(J)=S2%(CUS(S1)+U*SIN(S1))
S5==UR%XSH(J)~UZ%ST(J)
S4=COS(TH(J)+S)*%S3%BK
E1(J2)=S5*(COS(S&4)+U%SIN{(S4))
B7 CONTINUE
GO TO 94
93 DO 95 J=1,4NT
J?2=J+NT
S1=COS(TH(J)=S)*S3%BK
EL(J)=(COSIS1)Y+U*SIN(S1))*UP
S4=COS(TH{J)+S)*S3%BK
E1(J2)={(~-COS(S4)-U%SIN(S4))=up
95 CONTINUE
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94

250
96

259

244
265
266

267
268

244

2hb
257

253
261
6?

52

/

/7

//GULSYSIN DD *

DO 96 J=1,NT2
F1{J)=P2%(EL(J)+E (D))
S1=CABS(EL1(J))

E3(J)=S1%S1

TF(E3(J)aBGTe5e%) E4(I)=5.5
CONTINUE

WRITE(3,259)

FORMAT (*OGAIN')
WRITE(3,25)(E3(0),J=1,NT,8)
WR[T&‘3v25)(I‘B(J)v\]=NT3vNTZvH)
DO 244 J=1,NT

S1=E3(J)

F3(4)=6.+S1%ST(J)
Ea(J)=5.+S1%Sh(J)

J1=J+NT

S1=k3(J1)

E3(J1)=6.-S1%ST7T()
E4(J]1)=5,+S1%S6(J)

CONTINUE

CALL LINF(E3(1)4E4(1)4NT41,0,0)
CALL LINE(E3(NT3),E4(NT3)4yNT4140,0)
E3(1)=1.

E3(2)=11.

£E3(3)=0.

E3(4)=10.

F4(1)=5.

Fal2)=5.

F4(3)=6.

Fala)=6,

CALL LINFUE3(1)4E4(1)424140,0)
CALL LINE(ES4(3)4E3(3)4291,0,07
NN 245 J=1,11

S1=J

CALL SYMBOL{S195e9e149134044=1)
CUNT INUE

N 246 J=1,11

Sl=J-1

CALL SYMBUL(6e9¢Slye14413,904649~1)
CONT INUE

S1=5,96

DO 253 0=1,5

S1=S1+1l.

J1=J+117

CALL SYMBOL(S145e19e1490140ay=1)
CONTINUE

CALL PLOT(11e90ey9—3)

CONTINUE

GO TO A8

CALL PLOT(6ey9y0e9=3)
STOoP

END

001041004073 0.4659995F+00

0.0

N0.0868 0.1736 00,2605 (0.3473

0.8687 0.9551 1.0419 11,1287 11,2155
1.7365 1.8233 1.9101 11,9970 2.0R83R
746047 2.6837 2.A863 2.5969 2.4184
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0e4341
13024
?2.1706
2.1570

7/760.ETO6F001 DD DSNAME=EEQO034 ,REVL,DISP=1ILLLUNTT=2314,
VULUME=SER=S100044DCB=(RECFM=V,BLKSI7E=1#00,LRECL=1796)

0.5209 00,6078
1.3892 1.4760
272574 223442
1eH21A  Ta4213M

NDe6946
l1e5628
24311
0.9772

O TR14
Ve 6697
2.91179
00,4971



-0.0000

0.0 0.4924
4.9240 5.4164
9.8481 10.3405
14,7721 15.2657

0.9848
5.9088
10.8329
15.7650

1.4772
6.4013
11.3253
16.2562

1.9696 2.4620
h.B937 T7.3861
11.8177 12.3101
16,7225 17.1478

2.9544
7.8785
12.8025
17.5177

3.4468
8.3709
13.2949
17.8195

3.9392
R,8633
13,7873
1R.0427

4.4316
9.3587
14.2797
18,1794

18,2260

004000001
4.3615

~0.5831¢k
~0.7668E

00,3861t

0.3052E

0.1B47E
-0.9956E

0.0

0.0

0.0

0.0

0.0
-0.3638E
~(0.,2289E
-0.1254E

0.1903¢

0.6301F

0.2204E

0.8802E
-0.8158E
-0.3637E

0.3159¢

0.72T764E

002003

543235 1.0000 0.0000
01-0.6227E 01-0.5165F 01-0.R1AK7E
01-0.B667TE 00-0,3104E O1 0.8818E
01 0.9170FE 01 0.4815E 01 0.7664E
01 0.4854E 01 0.1071E Ol 0.4053E
01-0,2151E 01 0.4689E 00-0.72277E
00-0.6002E 00-0.3912F 00 0.0

0.0

o000
e Rol ool

00 0.,3747E 00-0.7094E 00-0.3021¢E
01-0.1453E 01-0.18B91E 01-0.1505E
01 0.3052E 01-0.9794E 00 0.2764E
01 0.6261E-01 0.1563E 01 0.3577E
00 0.6217FE 00 0,1R39E 00 0.8129E

01 0.3355E 00 0.2642E 01-0.3390E
00-0.6354E 01 0.4015E 01-0.7719E

01 0.3273E 01-0.7168E 01 0.4026E~

01-0.1311€E 01-0.3707E Ol 0.6757E
01-0.1624E 00 0.3408E 01 0.1213E
01 0.1122E 01 0.2900E 01 0.2504E

0.0000

01-0.4043E

00 0.3428E

01 0.5300E

01-0.4773¢

01-0.6028E
0.0

cC OO0
[eReReNe

0.0
00-0.1030E
01 0.2609E
01-0.6430E
00 0.1238E
00-041351¢E
01-0.2297E
01 0.6202F
03-0.5529E
00-042936AE
01 0.3014E
00 0.2855F

~0.2404FE-01-0,1175E-01-0.5851E-01-0.8933E~-01-0.1031¢t
-0.721RF 00-0.,2078E 00-0.9031E 00-0.2579E 00-0.4097t
-0.3273E 00 0.,3980E 00-0.3383E 00 0.2594E 00-0.3302E
0e9742E-01-0.2608E 00 0.1062E 00-0.2058E 00 0.1305k
~0.9R05E-01 0.1466E 00=0.,1815E 00 0.7A48E~-01-0.2948E
0.9151E~01-0.1704E 00 0,7544E-01 0.4761E-01-0.1454E
0.1098E 01-0.6309E 00 0,2504E 01-0.9261E 00 0.4105t
-0.1423E 01 0.3757E 01-0.1545E 01 0.2166E 01-0.1546L
-0.4390F-01-0,116RE 01-0.5635F 00-0.8291F 00-0.8229¢
-0.5229E-01-0.78914E 00 0.2877E 00-0.5664E 00 0.5345E
~0.3853FE-01 0.5691E 00 0,8371E-01 0.3899E 00 0.7771E-01 0.1892E 00
~0.3105E-03-0.7578E-03-0.1201E=-02~0,7%585E-02-0.2892E-02-0,4317E-01-0,5469E-02
-0.1431E 00~0.8912E-02-0.2367E 00-0.1305E-01-0.1274t 00-0.1762E-01 0.6842E-01
-0.2223F=01 0.101BE 00~0.2645E-01 0.3994E-01-0.2983E~01-0.6448E=-02~0+3199E~01
~0e2235E-01-0.3263E~01-0.2)171E~01-0.3162E-01-0.14R9E-01-0.2901E-01-0.6747E-02
~0e?2488E-01-0.1663E~02~0.2102E~01-0.1251E-01-0.1997t=01-0.2046+~01~0,1507E~01
~0e1421E-01-0.5823E-02-0,4817E-02 0.3772F-02-0.17R8E~02 0.3112E-01-0.7132E~02
0¢1535F 00-0.1723E-01 N.,5114E 00~0,3226E-01 0.1108E 01-0.5146F-01 0.1481E 01
-0,7307¢-01 0.1241FE 01-0.9452E-01 0.724RE 00-0.1128€ 00 0.3403Fk 00-0.1251E 00
0.1362F 00-0.12B9E 00 0.3254E-01-0.1228E 00-0.2587E-01-0.1068E 00-0.6156E-01
-0.8211E-01-0.8178E-01-0.5145€E-01-0,8812E-01-0.1R37E-01-0.7648E~01 0.1055E-01
~0.4842E-01 0.,2320€-01-0,2127E-01 0.1775E~01~0.5497E~02 0.6368E-02

/%
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01~0.9039€E 01-0.2564E 01
01 0.2510E 01 0.8185E 01
01 0.5350E 01 0.5300t 01
00 0.3016t 01-0.1548E 01
00-0.1766E 01-0.9095E 00
0.0

SCOoOCO
[=leReRel

01-0.1361E 01-0.1288E 01
00-0.1436E 01 0.2391E 01
00 0.2299t 01-0.2827E 00
01 0.5755E 00 0.9081E 00
00 041507E 01 0.2153F-01
01-0.1789E 01-0.4455E 01
01-0.A351t 01 0.5921F 01
01-0.2443F 01-0.3479E 01
01 0.2224F 01-0.1646F 01
01 0.2231E 01 0.2147t 01
01-0.2988E 00

00-043228E 00-0.1544F 00
00-0.2995F 00 0.2419E 00
00 0.1377E 00-0.3036E 00O
00-0.1442¢ 00 0.1508E 00O
00 0.6018E-01-0.2RR4E 00
00 0433261 00-0.3597E 00
01-0+1204E 01 0.4701€ 01
01 0,8333E 00-0.14175 01}
00-0.4407€ 00-0.8812k 00
00-0.2864FE 00 0.6409E 00



p. Sample Output (Plotter output is that of Figure 9a.)
KV= 1 NPz 41 NMAX= 4 NT= 73 AKXz 0,4659995E 00
IH
[ CLNBAB L1736 0.2605 043473 0.4341
0,612 Ca9551 1.0419 11287 142155 1.3024
1. 7355  1.8233  1,9101 1.A97) 2.,0838 2.1706
2,60467 2.6R37 2,6863 2.5969 2.4184 2,1570
0.)
IH
0. (144924 (e984R 14,4777 1.7696 2.4620
4,4200 S.4l64 S,90R8 6.4013 6.8937 7.3861
9,941 10,3405 1048329 11.3253 11,8177 12.3101
14,7771 17,7657 15,7650 1642562 1647225 17,1478
1842240

EINST Tw) FLEMENTS OF ADMITTANCF MATRIX
0.2100k=0e NgGL92F~04 0,64493F-16 0,5208F=04

FIRST TwD FLEMENTS (OF ADMITTANCF MATRIX
0.2598E=08=0,2549(-02 0.41956-N5-0,7132F=02

FIRST TwO FLEMENIS OF ADMITTANCE MATRIX
D GIRSF-0¢ 011657 -6 0.6140E-06-0.2151F=02

Ne 5209
1.3892
242574
1. 8216

2.9544
7.8785
12.8025
17.5177

0.6078
1.4760
2,3442
1.4238

3e4468
843709
13,2949
17.8195

PIKST Twa FLEMENTS OF ADMEITTANCE MATRIX
0, 6TTHE=05-N, 17291 =12 0,30656~05-0,5397F-02
NX= o4 KKl 0 1?2 3
(K X7 ur up u
4a3lh 5e 3235 1. 0C00 e 0 0
VO TAGE MATKIX FOR THF EXP(J 0#) MODF
—0.543 0t 01=0,€227F 21-0,5165E N1-J,8167E
—0TEBRF Q) =, BASTE D0-0e 3104E€ 21 0.8818¢
0u336ik 01 vaQLT0F 01 0D,4815€ 01 Ve 7664E
0LIBSF O] 3, 68545 91 CLl0TIE A1 0,4083t
D 144TFE C1=)aZ2151T D1 NL&46RYE N0=0e2277F
—0.G956F Du=0.60921 00-0,3912E 20 Nl
AN e} et Ua 0 Nl
(VPR 0.0 0.0 0.
7.0 0.0 0.0 ol
J.0 3.0 0.0 Cot)
00 ¢.0 0.0 e
T UHRENT

4
n

01-2,4243E 01-0.9039F
00 D.342RF 01 0,2510F
01 245307F 01l 0,5350F
GL-C.,4773F 0N 0. 3016F
01-04602BE 00~0.1766F

2.0 0.0
Ja0 0.0
2,0 .00
a0 0.0
7.0 0.2
50 0.0

0.6946 Ca7814
1.5628 146497
2.4311  2.5179
0.9772 04971
3.9392 4.4316
8.8633 9.3557
1347873 14,2797
1847427 18,1798

01-0.2564E 01
01 0,8185E 01
Gl 0,5301¢ 0!
01-0.1943E Ol
C1=0.9095€ OC
0. 0
0.0

0. 1229E-02-0,2952F-02 C.2734F-02-0.8004L-02 063619F-02-0a 1038001 Ve 31L26E-07=(o1012F =0
—0‘32315-02—0,qu)E-D?-Oubé?WE-OZ De63ATE=02-0,6T1RE-CZ D0.1039E-01~0.3751F-02 CelénlE-0l
Ca7395E-02 Qo 16G9E-01 00 1260E-01 Ue1037€~01 1,1982F-C1 04 3478F-u2 0, 1n028E-Cl-Ne4317F-02

0n794Qﬁ-OZ-U.16?ZE-ﬁl 0el1956E=-02-0e1512€-Q1 -2 T3 T6E-03-0,B9N2F-C2~

0,0
a0
(SN
3o

MAGHITYDE 1 F CURRENT

N 614aYs
7,167
0.0
3N

vaLTAG
-0,3b3a1r
-4, 228”98
-0, 12546
D.10%
N 6301F
PP
N, B2
-3, PLAEL
-0.3637¢
RFERR-Y1d
Va2 7644

LURRENT

S5 328-03-0,1700%-42 D149t~
S7.37930-02 04 142IE-02= 1400 1E=22 056756 =02-0.9551E-02 Do 10
0.6300F-4" £.16936-01 0. 12AKE-01 ColeaDE-NL D 1T7THE-O0] C.lC
0126101 -Ce60508=02 Pa33PUE-L2=CaTTHTE=02-0,29T8E-02-
~0,2Q80F =13 Qe 4208-C2-0, 9383t -0% 04 1TO5€=02- ) i2RE-02
SNLATHAE -0 e 36208 2= S1IHLF-03 0 3T14F=02-0,946CF=0% Cawbilb-D? J,2600E-02

e
0.0
0.0

0.0
0.0

MATE 1A FOR THE ExP(Y

00 CLATATE
11-0. 14536
L1 e 3092%¢
~

0g Ca021TE
I Qe 2395E
CO-(s FAI6E
Ot Q.2273F
M-l 1311E
DB 1624F
0. v.1127¢

0. 62818~

Ne0

0,9
0.0

00=0, 7054
01-0,18%1€E
01-0,9796E
N2, 1963k
20 N4 133%€
N 264 2F
21 0,6015F
Y=g TLAYF
O1=0e 370 7E
M) 360RE
1 N 2900E

121

Jeir
Dot
Ul

Dol

0.r

Ge®

MOne

2 0,n5345-02 0,1099F-01 Q.1059E-01 JuT16BE~02 Ca3Td2F=02 3. 77996~
—01 Vel€326-01 Q. 1A206-01 Qa1682E-C1 G.1Tu2E-C1 Qe lB26F-L1 0n1524F-01L

e 40RUE-C4=ta2004F -2

3.0 CalG .0 Cels

0.0 0.0 3.0 Lel

0,0 0.0 .0 [\ 4
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