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The Response of a Terminated
Two-Wire Transmission Line
Excited by a Nonuniform Electro-
magnetic Field

The present communication is a sequel
to an earlier investigation relating to the
response of transmission lines excited by the
nonuniform resultant electric field in prox-
imity to a cylindrical scatterer of finite
length.! The procedure followed in the paper
was, first, to find the resultant electric field

* the vicinity of the cylinder; second, to
place the differential electric field acting
along the line with equivalent point genera-
tors; and third, to integrate the generator
contributions along the length of the line to
determine the terminating impedance joad

currents. In the approach to the problem
used in this communication, the trans-
mission-line differential equations, including
appropriate source terms, are derived and
these equations (both of which are non-
homogeneous) are solved subject to the
boundary conditions. Evidently, the two
formulations must be equivalent.

Consider a two-wire transmission line,
illustrated in Fig. 1, lying in the xz plane
terminated in impedances Z, and Z, at =0
and z=s, respectively. 1t is assumed that the
source of line excitation is a nonuniform
electromagnetic field. Without loss of gen-
erality the B field is taken in the y direction
and the E field in the xs plane. The time
dependence assumed (but suppressed) in the
following development is exp(jwt). The nota-
tion employed in this communication is that
commounly appearing in the literature.
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Fig. 1. Terminated two-wire transmission line
excited by an arbitrary electromagnetic field.

In order to obtain expressions for the line
voltage and current it is convenient to inte-
grate curl E=—jwB by using Stokes’
theorem to yield

95 E-dl = — jo f B-#dS. (1)
aASs

Mannscript received June 20, 1085; tevised August
26, 19065,

987



988

Consider the surface AS to lie in the xz plane
bounded by x=0, b and z=z, z+Az, as
shown in Fig. 1. If n is considered to be
parallel to the y-axis then (1) yields

f ‘[E,(z, z+ Az) — Eulx, 2))dx
° g
= [T1E69 - Bo,2

= — jw f.rm‘ f:B,(x, z)dzdz. 2

The foregoing field components represent the
total electromagnetic field about the trans-
mission line.
vV (z) 1 pb
= lim —
adz ar~0 Az J
JEi(x, 2 + a2) — Eu(z, 2)]dz. (3)

The total electric field components in the
s direction on the conductors are

E((b,2) = Z4I z(z)§
Ex(or Z) = Zl'.Il(z)

where Zs* and Z\* are the internal impedance
per unit length of the upper and lower wires,
respectively, and I(z) and [(z) are the
axial currents in the wires. By using (4) it is
easily exhibited that

@

1 s
Ali-"io = [EL(8,2) — EL0,2)]dz
* = Zl‘-[IZ(z) - II(Z)I (5)

when it is assumed that the upper and lower
conductors are identicai. In general, trans-
mission-line and antenna currents are ex-
cited on the wires. The first are bidirectional;
the latter are codirectional, respectively.

The general expressions for the line cur-
rents may be written

Is(z) = I%(z) + 1 (3)%
Iz) = I4(z) — I(2)}’

Here I4(z) is the contribution to the current
from the dipole mode (or the symmetric com-
ponent of the current) and I{z) is the contri-
bution to the current from the transmission-
line mode (or the antisvmmetric component
of the current). By using (6) in (5) it is
readily shown that

©®

. 3 iy
216) = lim — f
‘ [E=(by Z) - El(o, 2)]dz (7)

where Zi=22Z,i. Substituting (3) and (7) in
(2) yields

;14 b
6(2)+Z‘1(z) = jo f By(x.z)dz.  (8)
z 1]
Neglecting displacement current the
Maxwell-Ampere law gives
b
f B, (x, x> — I1(z) ©)
0

wherel*=(u/x)Inb/d,u=4xX10""H/m, and
a is the conductor radius. The superscript s
denotes the scattered magnetic field com-

. ponent. The first transmission-line equation

is obtained by substituting (9) into (8). It is

114 ¢ LI
VE L 216 = jo f BS(x,2)dx  (10)
dz °

where Z=2i+4jwl* is the distributed series
impedance of the transmission line, The
superscript i used in (10) and in subsequent
equations denotes the incident-field com-
ponents.

To obtain the other transmission-line
equation it is convenient to begin with the
expression for the line voltage

22 . LI
— V@~ YZV()=2Y fo Ei(z, 9)dz (14a)

az
a—z’-l(z)—- YZI(z) -
= — Y[ES(}b. 2) — ES(0,2)]. (14b)

The terminal conditions are

»
Vo =~ [ EEae A e (1)
0 V(s) = I(s)Z. :
S;
nce . The solutions of (14a) and (14b) may be -
Euz,2) _Jw 9B, obtained by using conventional techniques.
53 =9 o These are
sinh vz sinh y(z — s) yAS
Y& =V o TV Ty T Zosmbws
-[sinh vz —3) f K. () sinh yuds + sinh vz f K,(s) sinh y(z — :)du] (162)
[} z
o) =1 sinh vz sinh v(z — s) 1
" " snhys ° sinhys Z. sinh s
- [sinh 766 — 9 | () sinb yadu + sinh vs [ "K(a)sinby(s s)du], (16b)
1] =
where where

is the propagation constant of the medium
about the transmission line,

w ad b
V) = — j— — | By(x, 2)dx. (12)
k* 3z,

Z,

]
Ko@) = j; Ei(z, 2)dx

K@) = [ES(,2) — EF0,2)],

with ¥¥*=YZ and Z.=+/Z/Y as the charac-
teristic impedance of the transmission li:
The terminal impedance currents Ip and :.
may be obtained from (10), (13), and (15).
They are

_ Zofed z,
I=-2 j; K(2) sinh 3(z — dz = >° fo 7 K@ sioh2(e — )de + 2% KO sinhys

Z.cosh ys 4 Z, sinh vs

Z b
_Bfo Edi(z,s) dz + =

Zy cosh ys + Z. sinh vs

= D
(Z. cosh ys 4+ Z, sinh s

B Dy

K@)
Dy
(Z. cosh ys + Z, sinh vs)

D

-+

The substitution of (9) into (12) leads to the
second transmission-line equation. It is

aI(z)
ds

where Y =j(k*/wl*) is the distributed shunt

admittance of the line conductors.

The coupled nrst-order equations for the
current and voltage may be combined to ob-
tain the following uncoupled second-order
differential equations

+ YW= -7 fo *Eai(x, z)dx (13)

f bE,"(z, s)dzx,
)

3
fo Edi(z, 0)dz an

f *K(2) sinh v(z — 5)dz
/]
? fo .-L-?;K(z) sinh 7(z — 5)dz

Z. b
(2. cosh s + Zosinh 43 sinh s + 3 f ES(z, 0)dzx
]

(18)

where
D = (Z.Zy + Z.Z.) cosh s
+ (2.2 + Z,Z,) sinh s.

Note that the currents in the loads are pr~ .
duced by only the E,f field along the linea

b}_f only E.* at the terminations. If the con-
tributions from E.f at the terminations are
neglected and the K(s) appropriate to a
cylindrical scatterer of finite length is em-

b

e



ploved, the currents in the load impedances
arc found to be identical to those obtained
by Harrison! using a different approach in

t C. W, Harrison, Jr., "Response of transmission
lines excited by the nonuniform resultant field in
proximity to a cylindrical scatterer of finite length.”
Sandia Corporation, Sandia Base, Albuquerque,
N. Mex., Reprint SCR-65-978, August 196S5.

which the effect of the electric field trans-
verse to the lines was omitted. In general,
this is not negligible and the previously ob-
tained currents are not the total currents.
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